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Narrated Anas (RA): The Prophet(SAW) used to say, “O Allah! Our Lord!
Give us in this world that, which is good and in the Hereafter that,
which is good and save us from the torment of the Fire” (Al-Bukhari)
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Ex-1-1:

Ex-1-2:

Ex-1-3:

Fig-1-3

SECTION A (P1-C1-14-5-06)

2 2 2
-= -3 3 3 2 2
(i) Evaluate (lj *= @) z = (8)2 = 8 =(23)§ P Y Ly
8 N

3
3
(22°)  2%a%c  ga'%c® &

ii Simplif = = =
(i) Pty 32a°c® 32a°%° 32a°® 4ch

A is the point (3, - 4) and B is the point (- 7, 6). M is the midpoint of AB.
Determine whether the line with equation y = -3x—5passes through M.

M (_7;3,%): M (_—24%): M (-2,1)

y=-3Xx-5

1--3(-2)-5

?

1=6-5

?

1=1 =0k

Fig-1-3 shows the graph of y = f(x).

y=f(x)=x°
A

Draw the graphs of the following.

Ans:

i y=f(x-2

@ y="f(x-3)




y = f(x)=x?

= f(x-3) =(x-3)’

Fig-1-3 \
> X

3,0

y=f()-2=x"-2Y0»

Ex-1-4: (i) Expand and simplify (2\/5—3«/5)2

Ans:

(2\/5—3\/5)2 =(2J§)2 —2(2J§)(3\/§)+(3\/§)2 ~12-126 +18 =30—12/6

(ii) Express 20 in the form a\/B, where a and b are integers and b is

J20

as small as possible.

202 _20V2420 _ 20§40 _ ;5 2 A - oD

Ans: = =
20 20\20 20
Ex-1-5: Make rthe subject of z=7zr?(x—y), where r>0.

Ans:  z=xr’(x-y)

e —
(x-y)
z
r? =
z(x~y)
z z
r=+ =>r= OK
z(x—-y) z(x-y)
Ex-1-6: Solve the inequality 3x® +10x+3>0

6



Ans:

3x? +10x+3>0

(3x+1) (x+3)>0

y =3x*+10x+3

Bx+1)(x+3)>0 (x+3) (3x + 1)

=-3 x=-1/3

Bx+1)(x+3) + -

Ans:

Ex-1-7:

(M)

Ans:

(i)

-3>x or X >-1/3

Solve the inequality

4x -5

>2X+1

4x—5>7(2x+1)

4 -5>14x+7
4x -14x>7+5

-10x >12

1 6
X<—— = X<—-=
5




Ans: (X - 3)2 % > 2(X - 3)2 Very Important!

7(x—3)>2(x-3f
7x—21> 2(x* —6x+9)
2(x? —6x+9)< 7x-21
2x? —12x+18 < 7x - 21
2x* —12X +18 = 7x+21 <0
2x* —19x+39 <0
(2x—13)(x—3)<0

y =2x*-19x+39
A

13
.
3<x< 13
2
Ex-1-8: Find the coefficient of x° in the binomial expansion of (5+2x)" .

Note: Use the following, when n is positive integer!

(a+b)”: A a" + " a" b+ " a"b% + A a"h®+ n a"b* + " a"h® +...
0 1 2 3 4 5

Note: Use the following, when n is not integer!

n(n-1) 2 n(n-1)(n-2) . n(n-1)(n-2)(n-3) o

(1+x)" =1+nx+
2! 3! 41

Hence, in this example, n = 7, then use the following:




07 (D (7o Do o Do o T

7
Looking there properly: (5+2x) =..+ (5}52 (2x) + ...

o)

Ex-1-9:

Ans:

Ex-1-10:

(i)

(i)

7! _ Tx6x5!

= =21 and  5%(2x)’ =25x2°x° =800%°
(7-5)151  2Ix5!

.
= (5]52 (2x)’ = 21x800x° =16800x" ...ans: 16800

You are given that f(x) =4x> + kx+6, where k is a constant. When f(x) is

divided by (X—Z), the remainder is 42. Use the remainder theorem to find
the value of k. Hence find a root of f(x)=0.

f(x) =4x® +kx+6

f(2)=4x2° +kx2+6=42

4x2° +kx2+46=42=>32+2k+6=42=2k=42-38=4=k =2
f(x)=4x®+2x+6

f(-)=4(-1)°+2(-1)+6=-6+6=0=x=-1 is a root

You are given that k, k + 1 and k + 2 are three consecutive integers.

Expand and simplify k*+(k +1)2 +(k+ 2)2

k2+(k+1)2+(k+2)2 =k?®+k?*+2k +1+k?®+4k +4=3k?> +6k +5

For what values of nwill the sum of the squares of these three consecutive
integers be an even number?

k2 +(k+1)" +(k+2)" =3k> +6k +5=3k (k +2)+5 ~(Eq.1)
It is even for k =1,3,5, ...k = odd
Give a reason for your answer.

Reason: ans: 3k(k+2)+5




3k(k+2) is odd for n = odd, and 3k(k+2) is even for n = even, but 5 is
added at the end. Then, 3k(k+2)+5 is even for n = odd.

SECTION B(P-1)

Ex-1-11: Fig-1-11 shows a sketch of a circle with centre C (4, 2). The circle
intersects the x-axis at A(1, 0) and at B.

y y
1 t D(x,,,)

C(4,2)

[ J

Fig-1-11 .
> X — X
AL 0) B A(L,0) B(x.Y)

(i) Write down the coordinates of B.
Ans:

r:\/(4—x)2+(2—0)2 =13
r’=(4-xy+(2-0)° =13

(4-x) =13-4=9

(4—x)==3

(@) 4-x=3=>-Xx=-1=x=1
(b) 4—X=—"=>X=-"T=>X=7
= B(7,0)

(ii) Find the radius of the circle and hence write down the equation of the
circle.

Ans: Already found

(iii)  AD is a diameter of the circle. Find the coordinates of D.

10



X +1

Ans: 4 = 3)(1:8—1:7
2:y1—+0:> y, =4
= D(7,4)

(iv)  Find the equation of the tangent to the circle at D. Give your answer in the
form y=ax+b.

Ans:
Gradient of CD:m:ﬂ:E:mz :_i:_ﬁ
7— 3 m, 2
CD:m:4__2=g:>m2 =_i=_§
7- 3 m, 2
4:——(7)+c:>c:4+é:2—29
N
2 2
Ex-1-12: Fig-1-12 shows a sketch of the curve with equation y = (x—4)° —3
A A
A 4 X=4
y=(x—-4) -3
(0,13) (4-+3.0)
Fig-1-12
- X » X
N fa+43.0)
Min(4, - 3)

11



(i)

(ii)

(iii)

(iv)

Write down the equation of the line of symmetry of the curve and the
coordinates of the minimum point. See Fig-1-12.

Find the coordinates of the points of intersection of the curve with the x-
axis and the y-axis, using surds where necessary. See Fig-1-12.

The curve is translated by (3 . Show that the equation of the translated

curve may be written as y = x* —12x+33

Ans:  y=f(x)=(x—4) -3=x*—-8x+16-3=x*—-8x+13
f(x—2)=(x—2)° —8(x—2)+13 = x* —4x+4-8x+16 +13
f(x—2)=x*-12x+33

Show that the line y =8 —2x meets the curve y = x*> —12x + 33 at just one
point, and find the coordinates of this point.

Ans: y=8-2Xx

y=x*-12x+33

= x> —12x+33=8-2Xx = x* —-12x+33-8+2x=0=x*-10x+25=0

= (x-5=0=x%=%,=5 = P(5-2) only point.

Ex-1-13:

(i)

Fig-1-13 shows the graph of a cubic curve. It intersects the axes at (-5, 0),

(-2, 0), (1.5, 0) and (0, -30).

(-5,0) (-2,0) (L.5,0)

Fig-1-13

Use the intersections with both axes to express the equation of the curve in
a factorised form.

Ans:

(x+5)(x+2)(x-1.5)=0

12



(ii)

(iii)

(iv)

Ex-2-1:

Ans:

Ex-2-2:

Ans:

Hence show that the equation of the curve may be written as
y =2x> +11x* —x—30

Draw the line y =5x+10 accurately on the graph. The curve and this line

intersect at (-2, 0); find graphically the x-coordinates of the other points of
intersection.

Show algebraically that the x-coordinates of the other points of intersection
satisfy the equation 2x* +7x—-20=0.

Hence find the exact values of the x-coordinates of the other points of
intersection

PAPER-2

SECTION A(C1-12-1-05)

Solve the inequality 2(x —3) < 6x +15.

2(x—3) < 6x+15.
2X—6 <6x+15.
2X—6X <15+ 6.

—4x< 21,

13



Ex-2-3: Find the coefficient of X* in the expansion of (2+3X)°.

n n-1 _ N-2},2 _ _ n-3 3
a’ nxa b+n(n D)xa b+n(n )(n-2)xa b+.

Ans: - (@+D)="r e 2! 3 -0
eap L D200 SO E) 5@ SAEDXA)’ o
o 1 2! 3 T

= (2+3%)° = 2° +5(2)*(3x) +10(2)*(3x)? +10(2)2(3x)° + 5(2) (3x)* + (3x)°

The coefficient of X° is: 1080 x°

OR the following method is very good, always use this , if n is positive integer!!

(a+by =@a5 +@a4b+@a~°’b2 +@a2b3 +..

Looking there properly: (2+3x)5 = +(2J 2° (3x)3 + ...

5 I I
__ o =5X4X3':§=10 and 22(2x)3=4><33x3=4><27x3=108x3
3) (5-3)131  21x3l 2

5
= [3) 22(3x)’ =10x4x 27x* =1080x° ... ans: 1080

Ex-2-4: Find the value of the following.

Ex-2-5: The line L is parallel to Y = -3X+5 and passes through the point (4, 3)

Find the coordinates of the points of intersection of L with the axes.

Ans: The gradient of L is: M=-3, the equation is: Y = -3x+D

14



3=-3(4)+b =b=3+12=15 = y=-3x+15

The line L crosses the x-axis when Y =0, -3x+15=0 =3x=15=Xx=5
Point is: (5,0)

The line L crosses the y-axis when X=0, y=15

Point is: (0,15)

Ex-2-6: Express X° —6X in the form (x—a)* —b

Sketch the graph of Y= X% —6X , giving the coordinates of its minimum
point and the intersection with the axes.

Ans: X’ —6X+9—9=(X—3)2 -9
The coordinates of its minimum point (3,-9)

2
The intersection with the axes. Y = (x—3)" -9

The intersection with the x-axis. Y = (X—?:)2 -9=0 =>x=0, x=6

The intersection with the y-axis. = X=0, y=0

y
A
(0,0) (6,0)/ -
3-9)
Ex-2-7: Find, in the form Y =NMX +C, the equation of the line passing through A(3, 7)
and B(5,-1).

Ans:  Y=MX+C

m:yz_y1:_1_7:_—8:—4
X,—% 5-3 2

15



y=-4x+c
7T=-4x3+cC
c=7+12=19
= y=-4x+19

Show that the midpoint of AB lies on the line X+2Yy =10,

X, + X + 3+5 7-1
MidpointofAB=(12Z’ylzsz:[ , j:(473)

2 2

x+2y=10

4+2x3=10 =10=10 =0K

Ex-2-8: simplify (2++/3)(2—+/3)
ans: (2+3)(2B) =2 ~(B) =4-3-1
1442

Express 3 \/E in the form a+ b\/i, where a and b are rational.

1642 _[1+42)3+42)_3+v2+3V2+(2f 544V2 5 4[
342 3-+2J3+42) 3 (\2f 7

SECTION B (P-2)

Ex-2-9: Fig-2-9 shows a circle with centre C(2,1) and radius 5.

16



<

NS

Q Fig-2-9

(i) Show that the equation of the circle may be written as

X*+y?—4x-2y-20=0.

y
A
P
C(X;,X,)
\ - X
:
Q

(x=xf +(y-y.) =r*
(x=2) +(y-1) =5°

x> —4x+4+y* -2y +1=25
X*+y? —4x-2y=25-5=20
X +y>—4x-2y=20

X +y*—4x-2y-20=0

(i1) Find the coordinates of the points P and Q where the circle cuts the y-axis. Leave

your answers in the form at \/B

17



X*+y? —4x-2y-20=0
0°+y°—4x0-2y=20=y*-2y-20=0

“byb? —dac _2+(-2f ~4x1x(-20) 2:4-80 _2:T6 _2:612 1,353

2= 2a 2x1 2 2 2

(i)  Verify that the point A(5,-3) lies on the circle.

X +y>—4x-2y-20=0
52 +(=3)% —4(5)-2(-3)-20 =0

25+9-20+6-20=0=> 0K

Show that the tangent to the circle at A has equation 4y =3X—27

y=mx+b

Equation oftangent: y=mx+b= Z X+b

18



—3:—(5)+b:>b:—3——:—7
3 2
=—X——
4 4
=4y =3x-21
Ex-2-10: A cubic polynomial is given by f(X) =X* +x* —10x +8

(i) Show that (x-1) is a factor of f(x).
Factorise f(x) fully

Sketch the graph of y=f(x).

Ans: if (x-1) is a factor of f(x), then f(1)=0

f(x)=x>+x*-10x+8= f (1) =1°+1*-10(1) +8=1+1-10+8=0=0K

x*+2x-8
x=1| x*+x*-10x+8

X% —x2
-+

2x? —10x
2x% = 2x
+

—-8x+8
—8x+8
+ -

0

= () =x* + X =10x+8 = (X=1) (X* +2x—8) = (Xx=1) (x +4) (x-2)

y
A

-3
(ii) The graph of y=f(x) is translated by ( Oj.

19



Write down an equation for the resulting graph. You need not simplify your

answer.
y
y =(x+3)? y=(x—3)2
y=f(x)=x* @
The graph of y=f(x) is translated by ((S)J y=f(x-3)=(x-3)? @
The graph of y=f(x) is translated by (_03j y=f(x+3)=(x+3)° ®
Note: The graph of y=f(x) is translated by (ZJ y—-b=f(x-a)=(x-a)’
= f(X)=x* + X =10x+8 = (x=1) (x* + 2x—8) = (x=1) (x +4) (x - 2)
= f(x+3) = (x+3)* +(x+2)> -10(x +3) +8
Extra Information
y
A
y=x+3 _
® o @
3 < > X
y="f(x)=x y=f(x)=x ©)
3
The graph of y=f(x) is translated by {0] y=f(x-3) ®

-3
The graph of y=f(x) is translated by [ 0 J y=f(x-(-3)=f(x+3) ®

a
Note: The graph of y=f(x) is translated by [O] y=f(x-a)

Note: The graph of y=f(x) is translated by (ZJ y—b=f(x-a)

Find also the intercept on the y-axis of the resulting graph.

= f(x)=(x+3)*+(x+2)* -10(x+3) +8

20



= f(0)=(0+3)° +(0+2)*-10(0+3)+8=9+4-30+8=-9
Intercept (0, -9)

Ex-2-11: (i) Show that the graph of ¥ =X’ —5X+21 is above the x-axis for

all values of x.

25 25 ( 5)2 59
4

oy =X =5x+21= X2 -5X+—+21-—=| x—=
Ans: Y 1 1 >

59

The minimum is I when x = 0, hence always above x-axis

(iii)  Find the set of values of x for which the graph of Y = 2x% +x-10 is
above the x-axis.
2x*+x-10>0 = (2x+5)(x-2)>0

2x+5)(x-2)>0 (2x + 5) (x-2)
5
X=— — X=2
2
(x - 2) - - o +
(2x +5) - )] + +
(2x +5)(x - 2) + - +

Ans: x<_g OR x>2

(iv)  Find algebraically the coordinates of the points of intersection of the
graph of Y =X>—3x+11 and y=2x* -x-10
Ans: Y=2x"+x-10 and Yy=x*-3x+11

X2 —3x+11=2x*+x-10
X2 —2x% =3x-x+11+10=0
~ X —4x+21=0= x* +4x-21=0= (x-7)(x+3)=0

=>x=7, and x=-3 Points are: (7,95) and (-3, 5)

21



PAPER-3

SECTION A (C1-23-5-05)

Ex-3-1: Find the remainder when x*+2x®—5 is divided by x-3.
Ans:  f(x)=x*+2x*-5

= f(3)=(3)’ +2x(3)* -5=27+18-5=45-5=40

Hence the remainder is 40 as shown below for verification

X*+5x+15

X-3 | x3+2x%-5
X3-3x?
-+

5x2-5
5x2-15x
-+

15x-5
15x-45
ST+

40
Ex-3-2: Make X the subject of 4x—7y =2y —mx

Ans:  4X—-T7y=2y—-mx = 4X+mx=2y+5y="7y

7
=@+m)x=7y =Xx= Y
4+m
Ex-3-3: The smallest of three consecutive integer is n.

Write down the other two integers.

Prove that the sum of any three consecutive integers is divisible by 3.
Ans: If nis the smallest of the 3 consecutive numbers:

1** number =n

2" number=n+1

3" number=n+2

Sum of the 3 consecutive numbers is: n+(n+1)+(n+2)=3n+3. If divided by 3, it

is equal to n+1.

22



Ex-3-4: A line has equation 9X+7Y =15 Find its gradient and the coordinates of
the points where it crosses the axes.

Ans: The standard equation of a straight line is: Y= mx +b , where M is the

gradient and b is the y-intercept.

SX+7y=15 =7y=-x+15 = y:—gx+§

Hence, M=— = and the point where it crosses the y-axis, i.e. x=0

7

15 15

y 27, and the point is (O 7] The point where it crosses the x-axis, i.e.

5 15
y:o,:y=—§x+7=0 =5X=15 =X=3 and the point is (3,0).

Ex-3-5: Find the binomial expansion of (2— X)3.

,_a" nxa™ n(n-L)xa"h* n(n-1)(n-2)xa"b’ .
Ans: (a-=h) BTRET + ) - 3 +..-Db

3 2 2 0,3
:>(2—X)3:2——3X2 X+2><3><2X _1><2><3><2 X 8- 10x 46X — X
0! 1 2! 3!

OR the following method is very good, always use this instead, if n positive integer!!

(a+b)’ = G] a’ +E’J a’b +(2J ab’ +[2) b
ol et e

M T
| ST

3!
(3-1)11! T oLl

3 3 3 _
2) (3-2)12! 1x2! 3) (3- 3'3' T o3l

oo e )

23



(2-x)’ =2° —3x22x+3x2x* - X°

(2-x)’ =8-12x+6x2 —x*

Ex-3-6:

Ex-3-7:

Ans:

Ans:

Ex-3-8:

Simplify the following.

bO

b =1

a7 sl g = g™ = gl

(9a6b2)_; 1 11
(9a6b2); V9a°h? 3a’h

@) Simplify V24+43
V27 +43=1/9x3+3=19x3+3=3/3+3=443

36
(i) Express 5 \/7 in the form a+ b\ﬁ, where a and b are integers

% B(+v7)  366+47) 36(+v7) 36[447)
5-7 B-V7Jo+7) s-(y7f BT 18 =2+

10+ 247

Fig.8 is a plan view of a rectangular enclosure. A wall forms one side of the
enclosure. The other three sides are formed by fencing of total length 30m.

The width of the rectangle is x m and the area enclosed is 112 m?.

Xm

Fig-3-8

24



30 -2x

Area=
X(30—2X) =112 = -2x* +30x =112 = -2x* +30x-112 =0 = X’ -15x+56 =0
Show that X* —15X+56=0.

By factorising, solve this equation and find the possible dimensions of the

rectangle.
= X" -15x+56=(x-8)(x-7)=0 =x=8 and X=7 7by16or8by 14

Ex-3-9: Find the x-coordinates of the points of intersection of the line Y =3X+2

and the curve Y = 3X* = 7X+1. Leave your answers in surd form.

Ans: At the point of intersection, the values of X and Y of both the straight line
and the curve are the same.

Sy=3x+2=3x"-Tx+1l =3, -Tx+1-3x-2=0

= 3x*-10x-1=0
. —bib®  —(-10)%4/(-10)? —4(3)(-) 10++100+12
L2 2a 2(3) 6
1044112 _10£16x7 1011617 _10+4V7 527
6 6 - 6 6 3
SECTION B (P-3)
Ex-3-10: (i)  Write x> —=8x+25 in the form (x—a)>+b

Ans:  Xx?—8x+25=x?-8x+16-16+25=(x—4)"+9

(i1) State the coordinates of the minimum point on the graph of
y = x> —8x+ 25 and sketch this graph.

y=x2—8x+25=x’—8X+16-16+25=(x—4)’ +9
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The minimum value of y =9 when x=4. Hence the coordinates of the
minimum point is: (4,9)

A y=(x-4)*+9

(0,25) \J

(4.9)

(iii)  Solve the inequality x> —9x+25>11

X* —9x+25>11 = x* —9x+25-11>0

=x*-9x+14>0 = (x-7)(x-2)>0

x=7)(x-1)>0 (x-1) x-7)
x=1 x=7

(x-7) - - 0 +

(x - 1) -0 + +

(X =7)(x-1) + - +

Ans: X<l OR x>7

0

. State an equation for
- 20] a

(iv)  The graph of Y= x> —8X+25 is translated by [
the resulting graph.

Ans: replacey by y + 20 i.e.
y—(-20)=X*-8x+25=>y+20=x" -8+ 5=y =x"—8x+25-20
= y=x"-8x+5

Note: Consider the followings:

a
y= f(X) is translated by (bj

Replace X—X—a and replace Y > y-D
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3
Ex-3-11: The graph of Y = x> —8X+25 is translated by [_ 2] .

y—(-2)=(x=3) —8(x~3)+25
y+2=X"—6X+9-8x+24+25
y=x"-14x+9+24+25-2

y=x*-14x+56

-3
Ex-3-12: The graph of ¥ = X* —8%X+25 is translated by [_ ZJ .

Replace X = X—(-3) = X > X+3

And replace Yo Y-(-2)=>Yy—>y+2
y—(-2)=(x+3)" ~8(x+3)+25
y+2=X+6x+9-8x-24+25
y=X2+6X+9-8x-24+25-2

y=x*-2x+8

Ex-3-13: The points A(0,2), B(7,9) and C(6,10) lie on the circumference of a circle as
shown in Fig-3-13

y
A

Fig-3-13

(i) Find the length of AC.
Prove that triangle ABC is right-angled at B.
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Ans:

AC =./(6-0)% +(10—2)? =~/36+64 =/100 =10

AB =./(7-0)? +(9—2)? =49+ 49 = /98

BC =,/(6-7)° +(10-9)* =+/1+1=+/2

AC? = AB” +BC? =100 =98 +2

(ii) Hence show that the centre of the circle is (3,6) and its radius is 5.
Find the equation of the circle.

(x- X1)2 +(y— y1)2 =r?

AC is the diameter

(xljtx2 y1+y2j=(0+6 2+10}=(3 6)

2 2 2 2

(x=3)" +(y-6)" =5

(iii)  Find an equation for the tangent to the circle at C.

y
A
C(6,10)

A(0,2)
X

y=mx+b
10-2 8 4
ient of AC=M=——=—=—
Gradient of 6-0 6 3
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1 4
Gradient of =M, =—=—=——
m

3

4
Equation oftangent: y=mx+bh=- §X+b
4
10:—5(6)+b:>b=10+8:18

4
=——X+18
Y 3

Find the coordinates of the points where this tangent crosses the axes.

Ans:  When this tangent crosses the x-axis, theny =0

y:—ﬂx+18:0:>ﬂx:18:>4x:54:>x:%: P(%,O)
3 3 4 4

When this tangent crosses the y-axis, then x =0

y= —%x+18 = —%(O)+18 -18=P(0,18)

Ex-3-14: In the cubic polynomial f(x), the coefficient of X is 1. The roots of f(x)=0,
are -1, 2, and 5.

(i) Write f(x) in factorised form.
Ans:  T(X)=(x+1)(x-2)(x-5)=0

Show that f(x) may be written as T (X) = X* —6x° +3x+10

Ans:  T(X)=(X+1)(x-2)(x-5) =0= Multiply the factors correctly, then you will
get f(X)=x*-6x>+3x+10

(ii) Sketch the graph of y=f(x).

y
A

(, 11)

(iii)  Show that x = 4 is one root of the equation f(x) + 10=0
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Hence find a quadratic equation which is satisfied by the other two roots of
the equation f(x) + 10 =0

Ans:  f(X)=x>-6x*+3x+10
f(X)+10 = x> —6x* +3x+10+10 = x> —6x* +3x+20
= f(x)=x*-6x"+3x+20
f(4)=4°—6x4*+3x4+20=64-96+12+20=0
X’ —2Xx-5

X—4 X3 —6x% +3x+20
3 2
X :_4x

—2x% +3x
—2x% +8x
+ -

-5x+20
—-5x+20
+ -
0
f(X) = x> -6x? +3x+20:(x—4)(x2 —2x—5)

Hence, the quadratic equation is X2 —2x-5

PAPER-4

SECTION A (C1-16-1-06)

Ex-4-1: n is a positive integer. Show that n2+n is always even.
Ans:  N°+n=n(n+l)

If nis even, n+1 is odd, then, even X odd = even

If nis odd, n+1 is even, then, odd X even = even

Ex-4-2: Fig-4-2 shows graphs A and B
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<

4
A B,
L
i
1
p X
01234 Fig-4-2

(i) State the transformation which maps graph A onto graph B.

2
Ans:  Graph A is translated by [0]

(ii) The equation of graph A is y=f(x).
Which one of the following is the equation of graph B?

y=f(x)+2 y =f(x) -2 y = f(x+2) y = f(x-2)
y = 2f(x) y = f(x+3) y = f(x-3) y = 3f(x)
Note: Ans: y =f(x-2) and see the following for more detail.
y
A
y=x+3 _
y=X y=x-3
® @/ @
3 2 > X
y=f(x)=x y="f(x)=x
3
The graph of y=f(x) is translated by (Oj y= f(X -3)
-3
The graph of y=f(x) is translated by ( 0 j y=f(x=(-3))=f(x+3)
a
Note: The graph of y=f(x) is translated by (Oj y=f(x-a)
Note: The graph of y=f(x) is translated by [a) y-b=f(x-a)

b

® © ©
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Ex-4-3: Find the binomial expansion of (2+ x)*, writing each term as simply as
possible.

n n-1 _ N-2},2 _ _ n-3 3
a’ nxa b+n(n D)xa b+n(n )(n-2)xa b+

Ans: - (@+b)" ="k, 2l 31 +b

4 3 22 1,3 4
(2+x)4:2—+4X2 x+4(3)><2 X +4(3)(2)><2 X +4(3)(2)x
o 1 2! 3! 41

(2+x)* =16 +32x + 24x° +8x° + x*

OR the following method is very good, always use this when n is positive integer!!

(a+b)' = @ a’ +@ a’b +@ a’b? +@ ab’® +(j]b4
BT N e N R

4 41 41 4 41 41
oj (4-0)10! " 41x0! (1} (4-1)111 3nx!

2)7 (4=2)121” 21x21 2x1x2x1 4

|
(4)2( 4! Al _4x8x2x1_24 .
|

4 41 41 4 41 41
3) (4-3)131 011x3! [4) (4-4)141" 011x4!

oS e e Joe e

(2+X)4=2" +4x2°x+6x 2°X* + 4% 2xX° +X*

(2+X)4=16+32x+24x* +8x° + X"

Ex-4-4; Solve the inequality 3(2x+1) > —6
Ans @»e —3(2x+1)>—24  =6x+3>-24 =6x>-24-3
= 6x>-27 :>x>—2—7:—g
6 2
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Ex-4-5: Make C the subject of the formula P =

C+4
Ans: P:L =PC+4P=C =PC-C=-4P =C(P-1)=-4P
C+4
P-1
Ex-4-6: When x*® +3x+k is divided by x—1, the remainder is 6. Find the value of
K.

Ans:  f(X)=x*+3x+k =f0)=1+3+k=6 —=k=6-4=2

Ex-4-7: The line AB has equation y =4x—5 and passes through the point B(2, 3), as

shown in Fig-4-7. The line BC is perpendicular to AB and cuts the x-axis at
C. Find the equation of the line BC and the x-coordinate of C.

\A

B(2,3)

Fig-4-7

Ans: The equation of line AB: y =4x-5, the gradient is: m=4. Because BC is

perpendicular on AB, therefore, its m= —%. The equation of line BC:

y :—%x+b and because it passes through B(2,3),
3:—1(2)+b —b=3+2-3+1_7 — y=—Zx+Z is the equation of BC
4 4 2 2 4 2
Ex-4-8: (i) Simplify 5V8 + 4@) Express your answer in the form a\/B,
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where a and b are integers and b is as small as possible.

Ans:  5v8+4450) =5x4x2 +425x2 =542 + 442542 =5% 242 + 4x542
=10v2 + 202 =30v2
V3

(ii) Express 6 \/5 in the form P+ q\/§ , where p and q are rational.

V3 _ 36-3) _6V3-WBf 643-3_-3+68_ 3 6 &
T 6B - Bler3) e-(Bf ®3 0B B B

1 2
124
11 11
Ex-4-9: (i) Find the range of values of k for which the equation
X2 +5X+k =0 has one or more real roots.
Ans: For real roots: h?—4ac>0

52-4k>0 -4k>-25 4k<25 :>k<27:5

(ii)  Solve the equation 4x* +20x+25=0

L _-bxyb?  —20+(20)’ -4(4)(25) _-20++/400-400
1,2 — 2a 2(4) 8
-20+J0_ 20 _ 5 5

—— =X =X, =—=
8 8 2 1 9

OR factorise the expression:

4%* +20x+25=0=(2x+5)(2x+5)=0=x =X, :—g
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SECTION B(P-4)
Ex-4-10: A circle has equation X° + y2 =45,
(i) State the centre and radius of this circle.
Ans: The centre is at (0,0) and the radius is \/4_5

(i1) The circle intersects the line with equation X+ Y =3 at two points,
A and B. Find algebraically the coordinates of A and B.

Ans:  X°+y° =45
X+y=3 =y=3-X
X*+(3-X)2=45 =>x°+9-6x+x"=45 =2x*-6x=45-9=36
=2x*-6x-36=0 =>x*-3x-18=0 = (x-6)(x+3)=0
=>X=6 and x=-3

Points: A(6,-3), and B(-3,6)

Show that the distance AB is v162

AB = (x, =, +(y, -y, =(-3-6) +(6-(-3)f =(-9) +(0 =BL+81 =162

Ex-4-11: (i) Write x> —7x+6 in the form (x—a)* +b

2 2 2 2
2 Tx+6=x2 —Tx+|[ L] <[ L] +6=x?—7x+[ L] +6-2-[x-1] -
2 2 2 4 2

M—@_@ qzzs

Ans:

+

4

(ii) State the coordinates of the minimum point on the graph of
y=x>—7x+6

2
Ans: y:x2—7x+6:(x_1j _é,
2 4
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the minimum value of y= —2745 when x :% , the coordinates of the minimum

A 7 25
pointis: | —,——
2 4

(iii)  Find the coordinates of the points where the graph of y = x> —7x+6
crosses the axes and sketch the graph.

(iv)  Show that the graphs ¥ =X"—=7X+6 and ¥ =X° —=3X+4 intersect only
once. Find the x-coordinate of the point of intersection.

Ans:  Y=X'-7X+6 and y=Xx"-3x+4

=X -TX+6=X"=-3X+4 = x> —X*—TX+3x+6-4=0

=-A4X+2=0 =>-4x=-2 :x:% and

1Y (1 17 1 11

=X*-Tx+6=|=| -7 = |[+6==-—+6=—" R

y (2} (2) 19 ,  Hence point (2 4)
Ex-4-12: (i) Sketch the graph of y = x(x—23)?

(i) Show that the equation y = x(x —3)® — 2 can be expressed as

X*—6x* +9x-2=0,
Ans: y=xX(x=3) —2=x(x? ~6x+9)-2=x* ~6x? + 9x -2

(iii)  Show that X=2 is one root of this equation and find the other two roots,
expressing your answer in surd form.

Ans: f(x)=x*—6x*+9x-2

f(2)=2°-6x2°+9x2-2=8-24+18-2=0
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X2 —4x+1
X—2 X3 —6x2+9x—2

3 2
X :_2x

—4x% +9x
2
24X7+8X

X—2

- F
0

F(X) =X =62 +9x—2 = (x—2) (x? —4x+1]

Hence, the quadratic equation is X —4x+1

_—b+yb*-4ac N _—b—Vb*-4ac
2a

L 2a ‘
b1y(-8)2—4xIxl 44416-4 4+12 4+VAx3 41243 943
2x1 2 2 2 2

4-\(-4)7-4x1x1 4-\16-4 4-12 4-4x3 4-2\3 3

X, = = = = =
’ 2x1 2 2 2 2

Show the location of these roots on your sketch graph in part(i)

PAPER-5

SECTION A(C1-6-6-06)

1
Ex-5-1: The volume of a cone is given by the formula V= gﬂfzh . Make I the

subject of this formula.

Ans: V:%ﬁrzh =>r’ :— >r= +F \/ﬁ
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Ex-5-2: One root of the equation X>+ax*+7=0 is X=—2. Find the value of a.

Ans: Because X=-2 isaroot, then (-2)°+a(-2)°+7=0 =4a=8-7
1
—4a=1 :>a:Z

Ex-5-3: A line has equation 3X+2Y =6. Find the equation of the line parallel to this
which passes through the point (2,10).

3
Ans: 3X+2y=6 =2y=-3x+6 :>y:—EX+3,theslopeofalinewhichis
parallel to this is: M=— E,
3 3 3
3y:—§x+b :>10=—§(2)+b =b=10+3=13 3y:—§x+13

3
The equation of the line is: Y =—EX+13

Ex-5-4: Find the coordinates of the point of intersection of the line Y = 3x+1 and

X+3y="6
y=3x+1

X+3y =06
10
X+3y=6 =x+3(3x+)=6 =x+9x+3=6 =10x=3 :>x:§-
10
And Y =3x+1=3 ? +1=10+1=11

Ex-5-5: Solve the inequality X° +2X <3

Ans: X +2x<3 = x2+2x-3<0 = (x+3)(x-1)<0
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(x+3)(x-1)<0 (x+3) (x - 1)

Xx=-3 x=1
(x +3) - - 0 +
(x-1) -0 + +
(x +3)(x - 1) + - +
Ans: -3<x<1
y
A

\ )
N/

(07-3)

The value of y is positive above the x-axis and the value of y is negative below the

x-axis. Hence —3< X <1 is the answer.

Ex-5-6: @) Simplify 6v2x5v3-+24
Ans: 632 x543 = /24 =30+/6 — +/4x 6 = 3076 — /4 x /6 = 30+/6 — 2/6 = 286

2
(i) Express (2 —3\/3) in the form ad + b\/g, where a and b are integers

ans: (2-3V5[ =22 -2x2x3V3 + (845 =4-123+ 45 = 49123
Ex-5-7: Calculate 6

6! 6x5x4x3x2x1 720
Ans: 6C = = = :20
3 (6—3)!3! 3x2x1x3x2x1 36
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n!
Note: N :m

Ex-5-8: Find the coefficient of X’ in the expansion of (1— 2X)6

Ans:

a" nxa"'b N n(n-1)xa"*b* n(n-1)(n-2)xa"’b’ .
o 2! 3! -

(P 6xI°(2x) 6x5x1°x(2x) 6x5x4x1(2x)
T

+..

6x5x4x(2x)° 960
Therefore, the coefficient of X" is: — ( ) == 5 =-160x°

3!

OR the following method is very good, always use this, if n is positive integer!!

(a+b)’ =@a6 +(16]a5b+(2ja4b2 +@a3b3 o

Looking there properly: (1—2x)G =... +(2]13 (—2X)3 + .

6 1 I
(j:( 6! _6><5><4><3.2120220 and 13(—2X)3:—8X3

3) (6-3)131 313! 6

6
= [3}13 (—2x)’ =—20x8x* = 160" ...ans: -160

Ex-5-9: Simplify the following.

1
362 6 6 6 6
2 2 2 47 qn

(P
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15(a’c) 1520 15a'b°
4a’c’® 4a’c® 4¢?

(if)

Ex-5-10: Find the coordinates of the points of intersection of the circle X* + y2 =36

and the line Y =2X. Give your answer in surd form.
X +y* =36

y =2X.

X+ =36 =X +(2X)*=36 =X +4x*=36 =5x"=36 :x:i\/?

% 6 6 645 645 1245

>X=t,[—=t—F—=ft—==1% =t and Y=2X=1t——

5 5 5 Bxf5E 5 5

SECTION B (P-5)
Ex-5-11: A(9,8), B(5,0) and C(3,1) are three points.

(i) Show that AB and BC are perpendicular.

1
Ans: If AB and BC are perpendicular, then their gradients should be M; =~ m_ Gradient

2
o AB=m =t 028 =8,
X,-% 5-9 -4

y,-y, 1-0 1 1
Gradient of BC =M, ==2—1="—=-"-=—= Bacayse M, =—— therefore AB

X, =% 3-5 -2 2 )

and BC are perpendicular.

(ii) Find the equation of the circle with AC as diameter. You need not simplify
your answer.

Show that B lies on this circle.

Ans: Since AC is the diameter of the circle, then ' =—— and the coordinates of the

2

centre of the circle are the midpoints of the diameter AC:
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AC =/(1-8)2 +(3-9)? =/49+36 =85

_AC_ B
2 2

X, + X + 9+3 8+1
Midpoint ofAC=Centre=( 12 Z,ylzyzj:( S j:(G, 4.5)

Equation of the circle= (x—6)° +(y—4.5)° =%

Now to show that B lies on the circle, the coordinates of point B must satisfy the
equation.

(x—6f+(y—45F =85  =(5-6) +(0—4.5Y =1+%=%

(iii)  BD is a diameter of the circle. Find the coordinates of D.

X, + X - 5+x 0+
Midpoint of BD=Centre=( 12 2’Y1 zyzj:( 5 2yj=(6, 4.5)

:>5L2X:6 —x+5=12 :»x:12—5:7:>0L2y:4.5 —~y=9

Coordinates of BD= =(7,9)

Ex-5-12: You are given that f(X)=Xx>+9x* +20x+12.
(i)  Showthat X=-2 is a root of f(X)=0.

Ans: If X=—2 isaroot of (X)=X+9x*+20x+12=0, then f(-2)=0
= £(=2)=(~2)° +9(=2)? + 20(=2) +12 =—8+36 - 40 +12 = 48 - 48 =0
Since f(-2)=0, then X=-2, isaroot of f(X)=0.

(i)  Divide f(X) by X+6.

Ans:

42



X2+3x+2

X+6 | X3+9x2+20x+12
X3+6x°

3x2+20x
§x2118x

2X+12
2x+12

0
(iii)  Express f(X) in fully factorised form.
Ans:  F(X)=X>+9%% +20X+12 = (X+6)(X* +3x+2) = (X +6)(X+ 2)(x +1)
(iv)  Sketch the graph of ¥ = f(X).

(v)  Solve the equation f(X)=12.

Ans:
f)=x+9x*+20x+12=12 =x*+9x°+20x=0 = X(x* +9x+20) = Xx(x+4)(x+5) =0
= X=0,-4,-5 are the roots of f(X)=12

1
Ex-5-13: The insert shows the graph of Y = N X#0.

(i) Use the graph to find approximate roots of the equation ; = 2X+3, showing your

method clearly.
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(ii) Rearrange the equation ; =2X+3 to form a quadratic equation. Solve the

E

r

resulting equation. Leaving your answers in the form
1
(iii)  Draw the graph of Y = ; + 2, X#0, on the grid used for part(i).

1
(iv)  Write down the values of X which satisfy the equation ; +2=2X+3.

PAPER-6

SECTION A (C1-16-1-07)

Ex-6-1: Find in the form Y = ax+h , the equation of the line through (5,12) which is
parallel to Y =-2X+5.

Ans: Y=-2X+5 the slope of a line which is parallel to this is: M=-2,
= Yy=-2X+b :>12=—2(5)+b =>b=12+10=22 = y=-2x+22

The equation of the line is: Y =—2X+22

Ex-6-2: Sketch the graph of Y =16—x".

Ans:

<

16

A T
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Ex-6-3: Make @ the subject of the equation 2a+5C =af +7c.

Ans: 2a+5c=af+7c —=2a-af=7c-5c=2c =a(2-f)=2c

Ex-6-4: When X*+kx+5 is divided by X—2, the remainder is 5. Use the remainder
theorem to find the value of k.

Ans:  f(X)=x’+kx+5 =f(2)=2°+2k+5=5 =2k=5-5-8=-8
=k=-4

Ex-6-5: Calculate the coefficient of X' in the expansion of (X+5)°.

Ans:  (x+5)° =x° +6x°(5) +15x* (5)% + 20x° (5)° +15x*(5)" + 6x(5)° + (5)°
= (x+5)° =x®+30 x* +375 x* + 2500 x°+9375 x*+18750 x+15625

Therefore, the coefficient of x* is 375.

OR the following method is very good, always use this if n is positive integer!!

6 6 6 6 6
(a+b)6 = (Oj a’ +[1Ja5b+[2J a’b? +[3] a’b® {4) a’h* +...

Looking there properly: (x+5)6 =... +[4j x* (5)2 + ..

6 I I
- 6! =6X5X4':§=15 and x“(5)2=25x4
4 (6—4)!4! 21x 41 2

6
= (4] x*(5)° =15x 25x* =375x* ans: 375

Ex-6-6: Find the value of each of the following, giving each answer as an integer or
fraction as appropriate.

3
2

() 25 =(y25 =5° =125
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5\ 57 3¢ 9
@ 13 3275 25

3 9-417 9++17
Ex-6-7: You are given that a:E,bZ 1 , C= 1 . Show that
3 9-V17 9+17 6+9-V17T+9+V17 24
a+b+c:E+ 1 + .- 1 =I=6

s G S B e

=abc=a+h+c=6

Ex-6-8: Find the set of values of K for which the equation 2X> +kX+2=0 has no
real roots.

Ans: The equation 2x* +kx+2=0 has no real roots when
b’-dac<0 =k*-4(2)(2)<0 =k’-16<0 =k’<16=>-4<k<4

V]
N/

(0,-16)

-4<k<4
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x=4)(x+4)<0 (x+4) (x-4)

X=-4 Xx=4
(X - 4) - - 0 +
(X + 4) - 0 + +
(X =4)(x +4) + - +
Ans: -4<x<4
Ex-6-9: @)  Simplify 3a’bx4(ab)’.

Ans:  3a®hx4(ab)? =(3a° fdah? )=12 a%h’

x> -4

— —— = as a fraction in
x> —5X+6

(ii) Factorise x*—4 and X’ —5X +6. Hence express

its simplest form.

x* -4 (x=2)(x+2) _x+2

Ans: =
X*-5X+6 (x-2)(x-3) x-3
2
Ex-6-10: Simplify (mz +1)Z —(m2 —1) , showing your method.
Hence, given the right-angled triangle in Fig.10, express P in terms of M,
simplifying your answer.
2
Fig.10
P

Ans: (m2 +1)2 —(m2 —1)2 =m*+2m? +1—(m4 —2m? +1): m* +2m? +1-m* +2m? -1=4m?
p’= (m2 +1)2 —(m2 —1)2 = 4m?

= p=2m
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Ex-6-11:

Ans:

(iff)

Ex-6-12:

SECTION B (P-6)

The graph of Y = X+; is shown on the insert. The lowest point on one

branch is (1,2). The highest point on the other branch is (-1,-2).

(i) Use the graph to solve the following equations, showing your method
clearly.
1

A X+—=4
(A) X

1
(B) 2X+—=4

X

The equation (X—1)° + Y* =4 represents a circle. Find in exact

form the coordinates of the points of intersection of this circle with the y-
axis.

When this circle crosses the y-axis,

x=0 =(0-1°+y’=4 =y*=4-1=3 =y=+3

The coordinates of the points of intersection of this circle with the y-

Axis are: (0,+/3) and (0, —+/3)

State the radius and the coordinates of the centre of this circle.
Explain how these can be used to deduce from the graph that this circle

touches one branch of the curve Y = X+; but does not intersect with the

other.

Use coordinate geometry to answer this question. Answers obtained from
accurate drawing will receive no marks.

A and B are points with coordinates (-1,4) and (7,8) respectively.

(i)

Find the coordinates of the midpoint, M, of AB.

Show also that the equation of the perpendicular bisector of AB is

y+2x=12,
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7-18+4
Ans: The coordinates of the midpoint, M, of AB= T’T = (3’6)

Gradient of AM=M= 7-(1)

=2

Hence, gradient of perpendicular bisector is=T, :_E
y=-2x+b =6=-23)+b =b=6+6=12

y=-2x+12

(i1) Find the area of the triangle bounded by the perpendicular bisector, the y-
axis and the line AM, as sketched in Fig.11.

Ans:
_ _m= 8-4 _ﬂ_l

Gradient of AM 7_(_1) 8 2

y:1x+b :>4:1(—1)+b :>b:4+1:g
2 2 2 2

1 9 9
y= EX‘FE point where it crosses y-axis: (O’E . Hence coordinates

9
of point N is: (Oij =(0,4.5)

Fig.11
N(0,4.5)

A(-1,4)
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y=-2x+12 = P(0.2)

NM =1/(3-0)2 +(6-4.5)* =+/9+2.25 =11.25

MP =/(0-3)2 +(12—6)* =/9+36 =45

NM xPM  11.25 x /45
2 2

Area=

Ex-6-13: Fig-6-13 shows a sketch of the curve Y = f(X) , Where f(X) = x* -5x+ 2.

Fig-6-13

(i) Use the fact that X =2 is a root of f(X) =0 to find the exact values of the

other two roots of f(X)=0, expressing your answers as simply as possible

X2 +2x-1

X-2 | x3.5x+2
x3-2x2
S

2x2-5x
_2x2_7_4x

-X+2
-X+2

+
0

f(X)=x*=5x+2=(x=2)(x* +2x-1)

= (x*+2x-1)=0
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_-bxb? -2+ -4@)(-1) _-2+V4+4

2a 2(0) 2

-2+ -2+
_ 2£J§: 2—22‘5:—11\/5

= X2

The roots are: X, =2, X, =142, X, =-1-\2
(i)  Show that f(x—3)=x>-9x*+22x-10.

f(x)=x*-5x+2 = f(x=3)=(x-3)*-5(x-3)+2=x>-3x*(3) +3x(3)* —3* ~5x +15+2
= f(x=3)=x>-9x* +27x - 27 -5x +17

= f(x=3)=x>-9x*+22x-10

(i)  Write down the roots of f(X-3)=0. Do it?

PAPER-7

SECTION A(C1-7-6-07) Calculators: No

Ex-7-1: Solve the inequality 1-2X<4+3x .

Ans:  1-2X<4+3X

—2x-3x<4-1
-5x<3
3
X>—
5
1 .
Ex-7-2: Make t the subject of the equation S = Eat .
1 .
Ans: S=—at
2
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Ex-7-3: You are given that (X) =X’ +KX+C. The value of f(0) is 6, and X—2 is a
factor of f(X).

Find the values of K and C.
Ans:  f(X)=x*+kx+c
f(0)=0°+kx0+c=6 =c=6

f(2)=2+kx2+6=0 =2k=-6-8=-14 —k=-7

Ex-7-4: ()  Find a, given that a° = 64x"y°.
1

Ans: a’=64 x"%y° :>a:(43x12y3)3 =4x%y

1y 1° F 243
(") Find the value of 5 = ? = 1—5 = T = 243
Ex-7-5: Find the coefficient of X’ in the expansion of (3_2)()5.

n n-1 _ N2}, 2 _ _ n-3 3
a' nxa b+n(n I)xa b+n(n )(n-2)xa b+

Ans: - (@+b)" ="k, 2l 3l +b

3 5><34(—2X)+5><4x33(—2x)2

5x4x3x 3 (=2x)’
(3—2x)5:a+ § 2 (-2

1 2! 3!

+..

Bx4x3x32(=2x)’
XaXx X3I ( ) :_43620)(3:_720)(3

The coefficient of x° is: -720

OR the following method is very good, always use this if n is positive integer!!

6 6 6 6 6
(a+b)6 = [0} a® +(1Ja5b+(2j a’b? +[3j a’b® +[4J a’h’ +...

Looking there properly: (3—2x)5 =... +(2J(3)2 (—2X)3 + ..
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5 | |
o D45 and 3 (-2x) =-72¢
3) (5-3)131 231 2

= @(3)2 (-2x)’ =-720%*

The coefficient of x° is: -720

4x+5

-3
2X

Ex-7-6: Solve the equation

S g S fX=8x45 S 6X-4X=5 S-10X=5 > x=-=—1
2 0 2

Ans:

Ex-7-7: @)  Simplify V98 —+/50
Ans: VI8 —/50 =4/49x2 —25x2 =72 -52 =22

6v5
(i) Express 2+\/§ in the form a+ b\/g, where a and b are integers.

65 _ 65x[2+15) _12J5+6(V5] _1245+30

ST o P R R

Ex-7-8: (i) A curve has equation Y = X*~4. Find the x-coordinates of the

points on the curve where Y =21,
Ans: y=X'—4 =2=x"-4 =x*=25 —=x=15

2
(i)  The curve Y =X>—4 is translated by [Oj

Write down an equation for the translated curve. You need not simplify
your answer.

Ans:  y=(x-2)°-4
Ex-7-9: The triangle shown in Fig-7-9 has hight (x+1)cm and base (2x-3)cm. Its

area is 9cm’

53



Ans:

Ex-7-10:

(P

X+1

Y
|<7 2x-3 4>|

Fig-7-9

Show that 2x*-Xx-21=0.

AreaI%(X+1)(2X—3)=9 = 2% -3x+2x-3=18 =2x*-x-21=0

By factorising, solve the equation 2x* —x-21=0. Hence find the height
and base of the triangle.

2" -x-21=0 = (2x=7)(x+3)=0
7
(2x-7)=0 :>x:§ (x+3)=0 =x=-3(NA)

Base=2X—3=2(gJ—3:7—3:4

High —x+1—g
ight= —2

SECTION B (P-7)

A circle has centre C(1,3) and passes through the point A(3,7) as shown in
Fig-7-10.

Show that the equation of the tangent at Ais X+2y =17,

71-3
-1

4
Ans: Gradient of CA=—— = E =2

3
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1
The gradient of the tangent at A is= _E

1 1 17
The equation of the tangent at A is y=—§x+b :>7=—§(3)+b :>b=7+1.5=3

1 17
The equation of the tangent at Ais Y = —EX+E =>x+2y=17 =0K

(i1) The line with equation Y =2X—9 intersects this tangent at the point T. Find the
coordinates of T.

N
ns: Y= 5 5
1 17
y:2x—9:—5x+? =4x-18=-x+17 =5x=35 =x=7
y=2x-9=2(7)-9=14-9=5 Point T=(7,5)
Ex-7-11: ()  Write 4X° —24X+27 in the form a(Xx—b)*+c.

Ans:  AXZ—24x+27 :4[x2 —6x+%):4(x2 —6x+9—9+%j:4(x—3)2 -9

(ii) States the coordinates of the minimum point on the curve

y =4x2 = 24x+27 .

Ans:  4X*—24x+27=4(x-3)*-9

The coordinates of the minimum point on the curve: (3,-9)

(iii)  Solve the equation  4X*—24x+27=0.
Ans:
4x* ~24x+27 =4 (x-3)* -9=[2(x-3)-3]2(x-3) +3]=0 = (2x-6-3)(2x-6+3)=0
= (2x-9)(2x-3)=0 =

If (2x-9)=0 :x:% and  If (2x-3)=0 :x:g
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(iv)  Sketch the graph of the curve Y = 4x* —24x+27

AX7 - 24%+27 =4 (x~3)° -9

\_ ]

y
A

15 3 /45
(31-9)
Ex-7-12: A cubic polynomial is given by f(X) =2x° —x* -11x-12

() Show that (X—=3)(2X* +5x+4) =2x> —x* -11x-12 .

Hence show that f(X) =0 has exactly one real root.
(x—3)(2x* +5x+4) = 2x> +5x* +4x —6x* —15x —12 = 2x* — x> —11x-12
f(X) = (x-3)(2x* +5x+4) =0

If (x-3)=0 =x=3
and  If (2x°+5x+4)=0 =b*-dac=25-4x2x4=-T,

No real roots. Hence only one real root of X=3

(i) Show that X=2 is a root of the equation f(X)=-22 and find the other
roots of this equation.

f(x)=2x° - x> -11x-12 =-22

If X=2 is a root of f(X)=2X’ —X* ~11x~12 =22 then
F (D=0 =2x2-2 -11x2-12=16-4-22-12=-22 =0K

(iii)  Using the results from the previous parts, sketch the graph of Y = f(x).
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PAPER-8

SECTION A(C1-9-1-08) Calculator: No

1
Ex-8-1: Make V the subject of the equation E= Em\/z.
1 2E 2E
Ans: E=-mv? =Vi="" ov=t [—
m m
X -Tx+4
Ex-8-2: Factorise and hence simplify T

X -Tx+4  (3x-4)(x-1) 3x-4

Ans: =
x* -1 (x+)(x-1) x+1
1 0
Ex-8-3: (i) Write down the value of Z .
0
1
Ans: |—| =1
-
_8
(ii)  Find the value of 16 ?
3 3
-5 -5 1 1
Ans: 16 2=(2%) 2=270=2 =2
ns ( ) 26 64
Ex-8-4: Find algebraically, the coordinates of the point of intersection of the lines

y=2X-5 and 6X+2y="7,

Ans:  Y=2X-5
6X+2y=7 =6x+2(2x-5)=7 =6x+4x-10=7 =10x=17 :>x=%
17 17 8 17
:ZX—5:2— —5:——5:—— = X=— —__
y (10] 10 and y :
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Ex-8-5: (i) Find the gradient of the line 4X+5y =24,

Ans: 4x+5y=24  —=5y=24-4x :>y=—§x+%4

4
Gradient M=— g

(ii)  Aline parallel to 4X+5Yy =24 passes through the point (0,12). Find the
coordinates of its point of intersection with the x-axis.

Ans:  AX+5y=24=05y=-4x+24= y:—gx+§

5

y=mx+b:—gx+b =12=b

4
=——X+12
y 5

4 60
The intersection with x-axis happens when y=0, —g X+12=0 =x= _? =-15

Point of intersection with x-axis is: (—15, 0)

Ex-8-6: When X° +kx+7 is divided by (X— 2) , the remainder is 3. Find the value of
k.

Ans:  f()=x'+kx+7 =2 =2°+2k+7=3 =2%k=3-7-8=-12
=>k=-6

Ex-8-7: (i) Find the value of 8.

8! 8x7x6x5!
S G

58



8
1

(ii) Find the coefficient of X* in the binomial expansion of (1—5)(] .

Ans:

n n-1 _ N2 2 _ 3 =313
Ans: (a+b)“:a_+”xa b+n(n Dxa""b +n(n )(n-2)xa b+
0! 1 2! 3!

+b"

==+ + + +.
0! 1! 2! 2!

2 3
8 . 8x1’ x —EX 8x7x1°x —EX 8x7x6x1° x —EX
(1_1)() 1 2 2 2
2

1 3
8><7><6><15><(—Xj ]
2') @6 ((F) .
2! 8

The coefficient of x* is: -21

OR the following method is very good, always use this in n is positive integer!!

(a+b) = @ a® +@ a7b+@ a’h’ +@ a%h’ +..

. 1 Y 8) s 1 Y
Looking there properly: I-=x| = 4| Q)| —Zx | + ..
2 3 2
8 1 | 3 3
_ 8! _8x7xbx5! o (1)5(_1)() _x
3)  (8-3)13l  5Ixal 2 8

) )

The coefficient of x* is: -7

Ex-8-8: (i) Write m+\/§ in the form aJE, where a and b are integers

and b is as small as possible.

Ans: VA48 +43=16x3+/3=43++/3=5\3
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1 1
.o S- l-f +
W) simelty B 5B

1 1 5-B+5+3 10 10 10 5

Ans: 5+\/§+5_\/§—(5_{_\/5)(5_\/5)_(52_(\@)2):25—3_521_1

Ex-8-9: (i) Prove that 12 is a factor of 3n°+6n for all even positive integer n.
24 n=2
) 12 n=4
Ans: NS +6n=3n(n+2)=
ns: 144 n=6
240 n=8
SECTION B(P-8)
1
Ex-8-10: Fig-8-10 shows a sketch of the graph of Y = ;
y
A
0 > X
j Fig-8-10
(i) Sketch the graph of Y = X—’ showing clearly the coordinates of any points where

it crosses the axes.

1

(ii) Find the value of X for which ﬁ =5

(ili)  Find the x-coordinates of the points of intersection of the graphs of Yy =X

and Y =——. Give your answers in the form ai\/B.

Show the position of these points on your graph in part(i)
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Ex-8-11: (i) Write X*=5X+8 in the form (X—él)2 +b and hence show

that X*=5X+8>0 for all values of X.

2 2 2 2
Ans: x2—5x+8:x2—5x+(§j —(Ej +8:(x—§j —§+8:[x—§j o
2 2 2 4 2 4

(i)  Sketch the graph of Y =X —5X+8, showing the coordinates of
the turning point.

y
A

(5/2,-714)

57
Ans: Coordinates of the turning point: (E,Zj

(iii)  Find the set of values of X for which x* -5x+8>14

X2 —5x+8>14 =x*-5x+8-14>0 =x*-5x-6>0
= (x-6)(x+1) >0

Ans:

y
A

- \\\/6 =
(01'6)

Ans: b6<x<-1
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v) If T(X)=X"=5X+8, does the graph of Y = f(X)-10 cross the x-axis? Show
how you decide.

Ans:  f(X)=x*-5x+8
y=f(x)-10=x*-5x+8-10=x* -5x -2

Now in order to cross the x-axis, y should be equal to zero.

x? —5x-2=0
. —bib? —(5)£y(-5)-41(-2) 5+25+8
L2 2a 2(1) 2
5+/33 5+4/33 5-./33
= =X = , and x, =
2 2 2
Ex-8-12: A circle has equation X* + y2 -8x-4y=9

(i) Show that the centre of this circle is C(4,2) and find the radius of the circle.

Ans: X2 +y?-8x—-4y=9 =x*-8x+16-16+Yy*-4y+4-4=9
=(x-4)°+(y-2*=29

The centre is at: (4,2) and the radius is: I' = \/E
(ii) Show that the origin lies inside the circle.

(iii)  Show that AB is a diameter of the circle, where A has coordinates (2,7) and
B has coordinates (6,-3).

Ans: If AB is a diameter, then centre should be the Midpoints of AB.

Mid Point(i;,?j =(4,2) =O0K

(iv)  Find the equation of the tangent to the circle at A. Give your answer in the
form Y=MX+C.

The gradient of AB=m _—3-7_10_5
6-2 4 2

Hence, the gradient of the tangent is=—

arln

1
m
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The equation of the tangent is:

y:gx+b :7:(gj(2)+b :>b:7_ﬂ:§
5 5 5 7

I
5 7

PAPER-9

SECTION A(C1-15-5-08) Calaculator: No

Ex-9-1: Solve the inequality 3X—-1>5-X.
Ans:  3X-1>5-X
3X+Xx>5+1

4x > 6

6
X>—
4
3
X>—
2

Ex-9-2: (i) Find the points of intersection of the line 2X+3Y =12 with the

axes.

Ans:  The line intersect the x-axis when y=0, 2X+3(0)=12 = x=6

The line intersect the y-axis when x=0, 2(0)+3y=12 =y=4
Points: (6,0) and (0,4)

(i) Find the gradient of this line.

Ans:  2X+3y=12 =3y=-2x+12 :y:—§x+4

The gradient of the line is: M= —g

Ex-9-3: (i) Solve the equation 2X°+3x=0.
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Ans:  2X°+3x=0 =2X(x+3)=0 =x=0 and x=-3
(i)  Find the set of values of K for which the equation 2X°+3X—k =0 has no
real roots.
The equation 2X°+3X—k =0 has no real roots when b’ —4ac <0, hence
) 9
3" -4(2)(-k)<0 =8k<-9 :>k<—§
Ex-9-4: Given that N is a positive integer, write down whether the following
statements are always true (T), always false (F) or could be either true or
false (E).
(i) 2n+1 is an odd integer (T)
Ans:  When N=0dd | then 2n+1=Even +0dd =0dd is always ODD
(i)  3n+lisaneveninteger (E)
Ans:  When N=0dd | then 3n+1 is always EVEN
When N=Even, then 3n+1 is always ODD
(iii) N isodd = n* is odd (T)
Ans:  When N=0dd | then N*=nxn=0dd xOdd =0dd is always ODD
(i) N®isodd = n° is even. (F)
Ans:  When N°=0dd , then N=0dd . Hence N*=nxnxn=0dd xOdd xOdd =0dd is
always ODD
X+3
Ex-9-5: Make X the subject of the equation Y = n .
X+3
Ans: y:——z = yX-2y=X+3 = yx-x=3+2y =x(y-1)=3+2y
X_

_2y+3
y-1

=X
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1V
Ex-9-6: (i) Find the value of (£j

(2x2y3z)5
(ii) Simplify 4y22
2,3, P 5,10,,15.5
Ans: (2X Y Z) =2 *y? =8X10y1324
T 4y 4y°z
1 a+by3
Ex-9-7: (i) Express 5-|-\/§ in the form , where a, b and c are integers.

1 5-43 5-43 5-43

58 B3 -3 2

Ex-9-8: Find the coefficient of X° in the binomial expansion of (5—2X)5.

n n-1 _ N2}, 2 _ _ n-3 3
a' nxa b+n(n D)xa b+n(n )(n-2)xa b+

Ans: - (@+b)" ="k, 2l 3l +b

;5 5><54(—2X)+5><4><53(—2X)2

5x4x3x52(=2X)°
(5-2x) :a+ + e ( )

1 2! 3!

+...

5x4x3x5% (=2x)’
— 24 :—15:0x3:—2000x3

The coefficient of x* is: -2000

OR the following method is very good, always use this if n is positive integer!!
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(a+b) =@a5 +@a4b+@a~°’b2 +@a2b3 +..

Looking there properly: (5—2x)5 =... +(5j(5)2 (—2X)3 + ...

. =210 and 5°(-2x)’=-200%’

5) 51 ~ 5x4x3! 20
(5-3)131  2Ix31 2

= @(5)2 (-2x)’ =-2000%°

The coefficient of x° is: -2000

Ex-9-9: Solve the equation y°—7y+12=0.
Hence solve equation X' —7x*+12=0.
Ans: Y -Ty+12=0 (y-3)(y-4)=0
=y=3 and y=4
Let Y=X°, then X' =TX*+12=y*-7y+12=0
When X>=y=3 =X=13

When X’ =y=4 = x=tJ4=+2

Ex-9-10: (i) Express x> —6x+2 in the form (x—a)’ +b

Ans:  X*—6X+2=X*-6X+9-9+2=(x-3)*-7

(ii) State the coordinates of the minimum point on the graph of

y=x>—6Xx+2
Ans:  X*—6x+2=(x-3)"-7

The coordinates of the minimum point is: (3,-7)
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(iii)  Sketch the graph of y =x*—6x+2. You need not state the coordinates of
the points where the graph intersects the x-axis.

Ans:  X?—6x+2=(x-3)*-7

)
L/

(0!'7)

(iv)  Solve the simultaneous equations Yy = x> —6X+2 andy = 2X-14 . Hence,
show that the line intersect only once. Find the x-coordinate of the line

y =2X—-14 is a tangent to the curve Y =X>—6X+2.
Ex-9-11: You are given that f(X)=2x*+7x*-7x-12.
(i) Verify that X =—4 is a root of f(X)=0.

Ans: If X=—4 isaroot of f(X)=2X>+7x*-7x-12, then f(—4)=0
— f(~4)=2x(—4)* +Tx(4)? - Tx(-4)-12=-128+112 + 28-12=0 =OK
(ii) Hence express f(X) in fully factorised form.

2x% -x-3

X+4 2X3+7X3-Tx-12
2x3+8x°

X2 -TX
2
X +4x

-3x-12
-3x-12
+ +

0

Ans: F(X) =2 +7x% =7x =12 = (x—4)(2x* = x—3) = (x—4)(2x=3)(x +1)
(iii)  Sketch the graph of ¥ = f(X).

(iv)  Show that f(x—4)=2x*-17x*+33x.
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f(x)=2x° +7x* = 7x-12

= f(x=4)=2(x-4)* +7(x-4)* = 7(x - 4)-12

= 2] —3x2(4) +3x(4)? — 4|+ 7(x* —8x+16) ~ Tx+ 2812
=2%° —24%° + 96X —128 + 7x* —56X +112 — 7x+ 28 -12
=2x°-17x*+33x = 0K

Ex-9-12: (i) Find the equation of the line passing through A(-1,1) and

B(3,9).

=mx+b m= §—2
Ans: Y= and 3_(_1) 4

y=mx+b=2x+b =9=23)+b =b=9-6=3

y=2X+3

(ii)  Show that the equation of the perpendicular bisector of AB is 2y +X =11

-1+3 1+9
Mid-Point of AB:( 5 ,Tj = (1,5)

The gradient of the perpendicular bisector is M= _E

1 11

1 1
ionis: Y=—=X+b =5=-=(1+b =b=5+===
The equation is: Y 5 2() )

e cqmtons: y—— e L
e equation is: 5 5

(iii) A circle has centre (5,3), so that its equation is (X—5)2 +(y—3)2 =K. Given
that the circle passes through A, show that k =40 . Show that the circle
also passes through B.

Ans: If the circle (X—5)2 +(y—3)2 =k, passes through A, then

(-1-5%+(1-3)° =k =k=6"+2°=36+4=40
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(iv)  Find the x-coordinates of the points where this circle crosses the x-axis.
Give your answers in surd form.

Ans: The x-coordinates of the points where this circle crosses the x-axis is:
(x-5)°+(0-3)° =40 =(x-5)%=40-9=31 = x-5==%31

:>X:5J_r\/ﬁ

PAPER-10

SECTION A(C1-9-1-09) Calculator: No

Ex-10-1: State the value of each of the following.

Ans: 9°=1

Ex-10-2: Find the equation of the line passing through (-1,-9) and (3,11). Give your
answer in the form y=mx +c.

| P T
Ans: Gradient of the line 3_(_1) A

y=5x+b  =11=5@3)+b =b=11-15=-4

y=5x-14

Ex-10-3: Solve the inequality 7—Xx <5x—2.
Ans:  7-—-Xx<5x-2.

—X—-5x<5x-2-7
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—6Xx<-9

X>—

X>—

Ex-10-4: You are given that f(x)=x"+ax—6and that x—2is a factor of f (x) . Find
the value of a.

Ans:  f(x)=x"+ax—6
If x—2 is a factor of f(x)=x"+ax—6,then f(2)=2"+a(2)-6=0

=2a=6-16=-10 =a=-5

Ex-10-5: (i) Find the coefficient of X’ in the expansion of (X2 —3XX3 +17X +1).

Ans: (xz—3)(x3+7x+1):....+7x3—3x3+ .....

The coefficient of & is: 4

(i)  Find the coefficient of X° in the binomial expansion of (l-l- 2X)7.

n n-1 _ N-2},2 _ _ n-3}43
a' nxa b+n(n D)xa b+n(n D(n-2)xa b+

Ans: - (@+b)"=r+—) 2l 3l +b

7 6 5 2
1+24) :1_+7><l (2X)+7><6><1 (ZX) .
0! 1 2!

7x6x1(2x)
3%1():%2:84%

The coefficient of X2 is: 84

OR the following method is very good, always use this if n is positive integer!!
7 7 7
(a+b)7 =| |a"+| |a%+| _|a°b® +...
0 1 2
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.
Looking there properly: (1+ 2x)7 =.. +(2j (1)5 (2x)2 + .

7 | I
oM _TXOS A2 o) ang 15(2x) = 4%
2) (7-2)r2r 52t 2

:[Zj(l)f’(zx)z —8ax?

The coefficient of X2 is: 84

X+1
2X

Ex-10-6: Solve the equation 4

Ans: 3);—”:4 =8x=3x+1 =8x-3x=1 =5x=1 :x:%:O.Z
X

Ex-10-7: (i) Express 125 V5 in the form 5.

1 7

Ans: 1255 =5%x52 =52
(i)  Simplify (4a3b5)2.
Ans: (42 [ =4%ah® =16 a® b

Ex-10-8: Find the range of values of K for which the equation 2X° +Kkx+18 =0 does
not have real roots.

Ans:  The equation 2x* +kx+18 = 0 has no real roots when
b?—dac<0 =k’-4x2x18<0 =k*-144<0

\ L
Y

(0,-12)

71



-12<k<12
Ex-10-9: Rearrange Y+5=X(Y+2) to make Y the subject of the formula.
Ans:  Y+5=X(y+2)

= y-Xy=2x-5

= y(1-x)=2x-5

Sy- 2X=5
1-x

Ex-10-10: (i) Express \/7_5+\/@ in the form a\/§.
Ans: 75 +4/48 =4/3x25 +/3x16 =53 +4/3=9y3

14
(i)  Express 312 in the form b+cVd .

14 14(34.\/5) :42+14\/§:42+14\/§:£+¥:6+2\/§

A2 v2fa2) 92 77

Ex-10-11: Fig-10-11 shows the points A and B, which have coordinates (-1,0) and
(11,4) respectively.

A(-1,0)

y
A
QB(MA)

Fig-10-11

(i) Show that the equation of the circle with AB as diameter may be written as:

(x=5)°+(y-2)° =40
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Ans r:% — AB = J(LL— (1)’ + (4—0) =144 +16 =160
_AB _ 160
2 2

The coordinates of the centre is the Midpoint of AB

11-1 4+0)
C[T’T]‘(S’Z)

J160) 160
Equation of the circle is: (X_5)2 +(y—2)2 =r’ :(T =—=40

Hence, equation of the circle is: (X—5)°+(y—2)*=40

Find the coordinates of the points of intersection of this circle with the y-
axis. Give your answer in the form ai\/B .

Ans: The intersection of this circle with the y-axis happens when x=0,

=0-5+(y-2°=40 =25+(y-2)°=40 =(y-2)*=15

:(y—Z):i\/E :>y=2ix/E

Point of intersection with y-axis: (0, Zi\/ﬁ)
(iii)  Find the equation of the tangent to the circle at B. Hence find the
coordinates of the points of intersection of this tangent with the axes.

11-(-1) 12
Ans: Gradient of AB= D =—=3

4-0

1
The gradient of the tangent at B is= —§

1 1 11 23
The equation of the tangent at bis Y =—=X+D :>4=—§(11)+b 3b=4+—=§
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23

The equation of the tangent at b is Y =—§X+§

The intersection of this tangent with the x-axis happens when y=0.

y__lx+§ 3_1x+§—0 =X=23.H int (23,0
3¥3 313 . Hence point (23,0)

The intersection of this tangent with the y-axis happens when x=0.

y 1x+23 =y 0+23 =y 23 y (0 23)
=——X+— =U+— =—". Hence point | Vi~
37 3 3 3 g 3
Ex-10-12: (i) Find algebraically the coordinates of the points of intersection

of the curve Y =3X*+6X+10 and the line Y =2-4x.
Ans: Y =3x*+6x+10
y =2-4x
=3 +6x+10=2-4x =3’ +6x+10-2+4x=0 =3x*+10x+8=0

3’ +10x+8=0 =(3x+4)(x+2)=0

If (3x+4)=0 :>x:—ﬂ and y=2-4x=2- _4 :9
3 3) 3

If (x+2)=0 = x=-2 =y=2-4x=2-4(-2)=2+8=10

410

Points of intersection: (g,g) and (— 2, 10)

(i)  Write 3x +6x+10 in the form a(x+b)’ +c

Ans: X +6x+10 :3[x2 +2x+%) = S[X2 +2x +1—1+%) = 3{(x+1)2 +ﬂ =(x+1)° +7

(iii)  Hence otherwise, show that the graph of ¥=3X"+6X+10 is always above

the x-axis.
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Ans:  3x* +6x+10=(x+1) +7, the minimum value is 7 and the other values are always
greater than 7. Hence, always above x-axis.
Ex-10-13: Answer part (i) of this question on the insert provided.

1
The insert shows the graph of Y = ; .

(i) On the insert, on the same axes, plot the graph of Y = x> —5X+5 for
0<x<5.

(i1) Show algebraically that the x-coordinates of the points of intersection of

1
the curves Y = o and Y =X*—5X+5 satisfy the equation X°—5x*+5Xx-1=0.

(iv)  Given that X=1 at one of the points of intersection of the curves, factorise
x> —5X* +5X -1 into a linear and a quadratic factor.
Show that only one of the three roots of x* —5x* +5x-1=0 is

rational.
PAPER-11
SECTION A (C1-14-5-2006)
2 2 2 2 )
Ex-11-1: (i) Evaluate (ij . ) 32 = (27)23 = (27)s =(33)§ =3"=9
21) (2ry: (@: 1

(4a2c)4 _4*a’ct 256a’ct 4a’
64a°c’ 64a°c’ 64ac’ c?

(i)  Simplify

Ex-11-2: A is the point (2, - 5) and B is the point (- 6, 3). M is the midpoint of AB.
Determine whether the line with equation y =—-3X — 7 passes through M.

M[_62+2,3%5j: M(_?A',_?z): M(-2,-1)

y=-3x-7
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Ex-11-3: Fig-11-3 shows the graph of y = f(x).

y=f(x)=x"
A

Fig-11-3

Draw the graphs of the following.
i y=f()-2
@ y="f(x-3)

Ans:

y="f(x)=x>
A
y="f(x)=(x-3)

Fig-11-3 \
> X

3,0

y=f()=x"-2 Yo.2

Ex-11-4: (i) Expand and simplify (3\/5 - 2\/5)2

Ans: (3v2 - 23)" = (82 — 2(3v2)(2v3)+ (2v3) =18 -1216 +12 =30 126
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(ii) Express 2043 in the form a\/E, where a and b are integers and b is as

V30

small as possible.

20¥3 2043430 20490 2049410 60410 W

Ans: = =

ns. =
V30 /30430 30 30 30

Ex-11-5: Make r the subject of z=zr?(x—Yy), where r>0.

Ans:  z=7xr’(x-y)

L -
(x-)
i ﬁ(xz— y)
e ﬂ(xz— y)
- ﬂ(xz— y o
Ex-11-6: Solve the inequality 3x* +10x+3>0

Ans:
3x2 +10x+3>0

(3x+1) (x+3)>0

y =3x*+10x+3

77



Bx+1)(x+3)>0 (X + 3) (3x + 1)

X=-3 x=-1/3
- - 0 +
- 0 + +
(Bx +1) (x +3) + - +
Ans: -3>x or X>-1/3
Ex-11-7: Solve the inequality
M 0o

Ans:  4x-5>7(2x+1)

4x—-5>14x+7
4x -14x>7+5

—-10x >12

Ans:

x —3Y I > 2(x —3Y Very Important. (x—3 2is always positive
X—3

7(x—3)> 2(x - 3)
7x—21> 2(x? —6x+9)

2(x? —6x+9)< 7x—21

78



2x° —12x+18 < 7x-21
2x° —12x+18 - 7x+21<0
2x* —19x+39<0

(2x-13)x-3)<0

y =2x*-19x+ 39
A

13
3\/ "
3<x< 13
2
Ex-11-8: Find the coefficient of X° in the binomial expansion of (5+2x)’ .
7 7 7 7 7 7 7 7
(a+b)' =| |a"+| [a°0b+|_[a°b?+|_[a*b®+| |a’b*+| |a%0®+| _|ab®+| _ b’
0 1 2 3 4 5 6 7
7
looking there properly: (G+2x) =..+ (SJSZ(ZX)S + ..
7 ! !
-1 _TxESt_, and  5°(2x)° =25x2°x° =800x°
5) (7-5)5  2Ix5!

7 2 5 5 5
=1 P (2x)’ = 21x 25x32x° =16800 X° ... ans: 16800
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Ex-11-9: You are given that f(x) =4x® +kx+ 6, where k is a constant. When f (x) is
divided by (X—2), the remainder is 42. Use the remainder theorem to find
the value of k. Hence find a root of f(x) =0.

Ans:  f(X)=4x> +kx+6
f(2)=4x2° +kx2+6=42
4x2° +kx24+46=42=32+2k+6=42=>2k=42-38=4=k =2
f(x)=4x>+2x+6
f(-)=4(-1)°+2(-1)+6=-6+6=0=x=-1isa root

Ex-11-10: You are given that n, n + 1 and n + 2 are three consecutive integers.

(i)  Expand and simplify n? +(n+1)* +(n+2)’
n2+(n+1 +(n+2f =n*+n®>+2n+1+n®+4n+4=3n> +6n+5
(ii) For what values of nwill the sum of the squares of these three consecutive
integers be an even number?
n?+(n+1)° +(n+2)° =3n? +6n+5=3n(n+2)+5
It is even for n=1,3,5,..n=0dd
Give a reason for your answer.
SECTION B (P-11)
Ex-11-11: Fig-11-11 shows a sketch of a circle with centre C (4, 2). The circle
intersects the x-axis at A(1, 0) and at B.
/ /
D(x., Y;)
C(4.2)
[ ]
> X > X
A(1,0) B A(1,0)
Fig-11-11 B(x.y)
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(i)

Ans:

(ii)

Ans:

(iii)

Ans:

(iv)

Ans:

Write down the coordinates of B.

r=y(4-x)+(2-0) =13
r’=(4-x)+(2-0) =13
(4-x)?=13-4=9

(4—x)=43

(a) 4—-x=3=>-x=-1=x=1
(b) 4—xXx=-3=>-X=-T=>x=7
= B(7,0)

Find the radius of the circle and hence write down the equation of the
circle.

Already found

AD is a diameter of the circle. Find the coordinates of D.

4=x1+1

=X, =8-1=7

2=le+o:>yl=4 - D(7,4)

Find the equation of the tangent to the circle at D. Give your answer in the
form y=ax+Db.
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Gradient of CD:m:ﬂ:g:mzz_i:_E
7-4 3 m, 2
CD:m:4;2=g:>m2:_i:_§
7-4 3 X 2
4:——(7)+c:>c:4+é:2—29
o 3B
2 2

Ex-11-12:  Fig-11-12 shows a sketch of the curve with equation y = (x—4)" —3

y=(x-4) -3

033\ 5.

> X > X

Fig-11-12 \0/ (4+\/§’0)7

Min(4, - 3)

(i) Write down the equation of the line of symmetry of the curve and the
coordinates of the minimum point. See Fig.12

(ii) Find the coordinates of the points of intersection of the curve with the x-
axis and the y-axis, using surds where necessary. See Fig.12

(iii)  The curve is translated by [é] . Show that the equation of the translated
curve may be written as y = x*> —12x+ 33
Ans:  y=f(x)=(x-4) -3=x>-8x+16-3=x*—8x+13
f(x=2)=(x—2)° —8(x—2)+13 = x* —4x+4—-8x+16 +13
f(x—2)=x*-12x+33

(iv)  Show that the line y =8—2xmeets the curve y = x* —12x+ 33 at just one
point, and find the coordinates of this point.

82



Ans: y=8-2x

y=x"-12x+33

= x> -12x+33=8-2x=x?-12x+33-8+2x=0= x> -10x+25=0

=(x-5=0=x=x,=5 = P(5,-2) only point.

Ex-11-12:

(i)

Ans:

(ii)

(iif)

(iv)

Fig-11-12 shows the graph of a cubic curve. It intersects the axes at (-5, 0),

(-2, 0), (1.5, 0) and (0, -30).

(-5,0) (-2,0) (.5,0)

Fig-11-12

Use the intersections with both axes to express the equation of the curve in
a factorised form.

(x+5)(x+2)(x=1.5)=0

Hence show that the equation of the curve may be written as
y =2x% +11x* —x—-30

Draw the line Yy =5X+10 accurately on the graph. The curve and this line

intersect at (-2, 0); find graphically the x-coordinates of the other points of
intersection.

Show algebraically that the x-coordinates of the other points of intersection
satisfy the equation 2x* +7x—-20=0.

Hence find the exact values of the x-coordinates of the other points of
intersection
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PAPER-12

SECTION A(C2-23-5-05)

Ex-12-1: Differentiate x+f{/F

3 _2
Ans:  Let y=x+§/§=x+x5 :ﬂ=1+§x 5 -1+ 8
dx 5 5 51/)(2
Ex-12-2: The n'term of an arithmetic progression is 3+2n. Find the sum of the

first 30 terms.
Ans: a,=3+2n
a,=3+2n = a, =3+2=5
a=3+2=5
a, =3+2x2=7
a,=3+2x3=9

d=a,—a =7-5=2

S, :2[231+(n—1)d]:%[2><5+2(30—1)]=1020

Ex-12-3: Given that sin 9:?, find in surd form the possible values of cosé.

Ans:

/)

Or sin®@+cos’d=1 =cosf@=+1-sin@ = 1—§= 4-3 _

A

N‘
N |~

Ex-12-4: A curve has equation y =x+ 1
X

Use calculus to show that the curve has a turning point at x = 1.
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A 2
%zslopezgradientzo and d 2/

/

At this point (i.e. Maximum or turning point)

N

At this point (i.e. Minimum or turning point)

<0

dy B Lo y 0
&_slope_gradlent_o and ol
2
Ans:y:x+1:x+x‘1 :ﬂzl—x‘zzl—iz:x 21:0 = x==1
X dx X X
Show also that this point is a minimum.
For minimum
2 2
Q:O and OI—3/>0 :d—¥:2xf3:% =2>0 = Minimum
dx dx dx x*|x=1

Ex-12-5: (i) Write down the value of log. 25

Ans:log, 25 =log, 5° = 2log;5=2
.. . 1
(i)  Find log 3(§j

Ans:  log 3@) =log,(3)° =-2log,3=-2

(ili) Express log, x+log a(xs)as a multiple of log, x

Ans: log, x+|oga(x5):loga Xx+5log, x=6log , X

Ex-12-6: Sketch the graph y=3"
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Solve the equation 3" =50, giving your answer correct to 2 decimal places.

Ans:
3" =50 = log 3" =log 50 = xlog 3 =log 50 :>x=log—50=@=3.561;3.56
log3 0.477
Ex-12-7: The gradient of a curve is given by % = % The curve passes through
X X
(1, 4).
Find the equation of the curve.
Ans:
dy 6 dy 73 . B Ex 3
—=— = -—==6X" =dy=6x"dx = |dy=|6x"dx =—=y= +C
dx x° dx Y I Y I Y -2
6x > 3 3
= +C=——+4+C =4=——4+C =C=7 =Dy=——+7
V=73 x? 1 Y=

Ex-12-8: (i) Solve the equation cosx =0.4 for 0° < x<360°
Ans: cosx=04 = x=66.422° 293.58°

(ii)  Describe the transformation which maps the graph of y=cosxonto
the graph of y =cos2x

Ans: The values of x will be stretched by half and y will remain the same.
SECTION B (P-12)

Ex-12-9: Fig-12-9 shows a sketch of the graph of y=x*-10x* +12x+72
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Fig-12-9

// J

(i) Write down =2,
dx

\/
X

Ans:  y=x®-10x* +12x+72 :%:3x2—20x+12
X

(il)  Find the equation of the tangent to the curve at the point on the
curve where x=2

Ans: gradient of the tangent at x=2

ﬂ:3x2—20x+12 =12-40+12 =-16
dx X

This line is tangent at point (2, 64) on the curve.
The equation is: y=mMX+C=-16X+C =64=-16(2)+c —=c=96
The equation is: y=-16x+96

(ili)  Show that the curve crosses the x-axis at x = -2. Show also that the
curve touches the x-axis at x = 6.

=0

If the curve crosses the x-axis at x=-2, then y 5
X=-

=—8-40-24+72=0 OK

=y =x°—10x* +12x+ 72
X=-2

X=-2

The equation is: y=mx+c=-16X+cC =64=-16(2)+c =c=96

(iv)  Find the area of the finite region bounded by the curve and the x-
axis, shown shaded in Fig.9

6 4 3 2
Ans: Area:j(x3—10x2+12x+72)dx:x——1ox L 1ex +72x|6
) 4 )
4 3 2 4 3 2
:Area=(6) —10(6) +12(6) +72(6)—[(_2) —10(_2) +12(_2) +72(—2)]
4 3 2 4 3 2
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= Area =324-720+216+432 —(4+ 26.667 + 24—144) =252+89.333=341.333

Ex-12-10:  Arrowline Enterprises is considering two possible logos:

11.4cm

Fig-12-10-1 Fig=12-10-2

(1) Fig-12-10-1 shows the first logo ABCD. It is symmetrical about AC.
Find the length of AB and hence find the area of this logo.

H 0
11.4 AB g _ LLAxsin(42°)

= = =7.8cm
sin102°  sin 42° sin102°

Area = %(11.4>< 7.8xsin(36°)) = 26.133 cm?’

(i)  Fig-12-2 shows a circle with centre O and radius 12.6 cm. ST and RT are
tangents to the circle and angle SOR is 1.82 radians. The shaded region
shows the second logo.

Fig-12-10-2

Show that ST=16.2 cm to 3 significant figures.
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(12.6><16.21) (12.6><16.21j 1
Area = +

1.82(180)
T

~104.28°

Ans:182 radian = =52.14°

=104.28° =0,

tan 6, = tan52.14° :% = ST =12.6tan52.14° =16.21cm

Find the area and perimeter of this logo.

Ans:

- E(12.6)2 (1.82) = 204.246 —144.472 = 59.774 cm”?

Ans:

SR=r0=12.6x1.82 =22.932 cm = Perimeter = ST + RT + SR =16.21+16.21+ 22.932 = 55.352 cm

Ex-12-11:

Year 1

There is a flowerhead at the end of each stem of an oleanderplant.
The next year, each flowerhead is replaced by three stems and
flowerheads, as shown in Fig-12-11.

« o
I
Year 2 Fig-12-11 Year 3

(i) How many flowerheads are there in year 5?

Ans: Flowerheads are: 1, 3, 9, therefore, geometric with ratio=r=3

a,=ar™ —a,=ar'=3)"=81
Find also the sum to infinity of this progression.

a, 4 4

& for inf inite GP =S = = S
1-r 1-r 1-05 05

Ans:S =
(ii)  How many flowerheads are there in year n?
Ans:a, =ar"t=@3)"*

(ifi)  As shown in Fig.11, the total number of stems in year 2 is 4,
(that is, 1 old one and 3 new ones). Similarly, the total number
of stems in year 3 is 13, (that is, 1+3+9).

89



3"-1

Show that the total number of stems in year n is given by

a, 4 4

Ans: S = 2 for inf inite GP = S= = - —
1-r 1-r 1-05 05

(iv)  Kitty’s oleander has a total of 364 stems. Find

(A)  Its age,
3"-1 n n
a, = > =364 =3"-1=728 =3"=729 =nlog3=log 729
log 729  2.863
n= = =6 years
log 3 0.477

(B) How many flowerheads it has.

a,=art=0Q)""=3"=3"=243

(v)  Abdul’s oleander has over 900 flowerheads.

log ,, 900 N

Show that its age, y years, satisfies the inequality y > 3
Og 10

1

a, =(3)"" > 900

log ,, 900 v log ,, 900 N
log,, 3 log ,, 3

(y=Dlog3>lbg900 =y-1> 1

Find the smallest integer value of y for which this is true.

S log ,, 900

+1>6.19+1>7.19 y =8 years
log,, 3
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PAPER-13

SECTION A(C2-16-1-07)

5

Ex-13-1: Differentiate 6x2 + 4

5
y=6x2+4
3 3
ﬂ= 6><§x2 =15x2
dx 2
Ex-13-2: A geometric progression has 6 as its first term. Its sum to infinity is 5.

Calculate its common ratio.

a, =ar"

w

_ % _ % 5 5 56 = 5r=6-5-1 —r=_1
1-r 1-r 5

—>0

Ex-13-3: Given that cosé@ =% and @ is acute, find the exact value of tané.

cosH:1
3

tand = @ =48
Ex-13-4: Sequences A, B and C are shown below. They each continue in the
pattern established by the given terms.
A: 1, 2, 4, 8, 16, 32,
B: 20, -10, 5, -2.5, 1.25, -0.625,
C: 20, 5, 1, 20, 5, 1,
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(1) Which of these sequences is periodic? Ans: Cis periodic
(il)  Which of these sequences is convergent? Ans: B is convergent
(ifi)  Find, in terms of n, the nth term of sequence A.

Ans: a, =ar"t=2""

n

Ex-13-5: A is the point (2, 1) on the curve y :i2 .
X

B is the point on the same curve with x-coordinate 2.1.
(i) Calculate the gradient of the chord AB of the curve. Give your

answer correct to 2 decimal places.

g
X?_
4 4 4
== = =——=001
Y= |x=21 (217 441

A2,1) and B(2.1, 0.91)

y,-y, 091-1 009

m = gradient = = = =
X, =%  21-2 0.1

0.9

(ii)  Give the x-coordinate of a point C on the curve for which the

gradient of chord AC is a better approximation to the gradient of the
curve at A.

(ili)  Use calculus to find the gradient of the curve at A.

y:i2_4x‘2

X
O g 8 8
dx XX =2 8
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Ex-13-6: Sketch the curve y =sin x for 0° < x<360°

y
A
1=~
180° 360°
Al 2D ~
270°
Solve the equation sin x =-0.68 for 0° < x <360°
y
sind =+ sind =+
cosf =— cosd =+
tan o = — tan@ =+
> 0
42.84° —42.84°
sing =— sing =—
coso = — cosd =+
tand =+ tan @ = —

0=180+42.84°=222.84° and 0 =360-42.84° =317.16°

Ex-13-7: The gradient of a curve is given by ? = x* —6x. Find the set of
X

values of x for which y is an increasing function of x.

—% = x* -6x
dx
y:x2—6x>0 X(x—6) >0
dx
x=0 X=6
- - +
)
)
- + +
+ - +
0>x OR x>6
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Ex-13-8: The 7 term of an arithmetic progression is 6. The sum of the first 10
terms of the progression is 30.

Find the 5" term of the progression.

a,=a +(-1d

6=a+(7-)d =—a+6d=6  ..Q)

s=g[2a1+(n—1)d] :>30=%(2al +9d) =103, +45d =30  ...(2)
—2a,+9d=6  ..(2)

—a+6d=6  ..()

d=2 and a =-6
a,=a,+(n-)d=>a,=—6+(5B-)(2)=-6+8=2

Ex-13-9: A curve has gradient given by % =6x° +8x . The curve passes through
X

the point (1, 5). Find the equation of the curve.

dy _ 6x% +8x
dx

dy = (6x2 +8x)dx
) 6x>  8x? s )
y:I(Gx +8x)dx:—+—=2x +4X° +C
3 2
5=2(1)°+4(1)2+c —=c=5-2-4=-1
y=2x°+4x° -1

Ex-13-10: (i) Express log , x* +log a(%) as a multiple of log, x

Iogax“+Ioga(1j=4logax+|ogax‘1 =4log, x—log, x =3log , X
X

(i)  Given that log,,b+log,,c =3, find bin terms of c.
log,,b+log,,c=3

log,,bc=3

bc =10° =1000 =>b=——




SECTION B (P-13)

Ex-13-11: Fig-13-11a shows a village green which is bordered by 3 straight
roads AB, BC and CA. The road AC runs due North and the
measurements shown are in meters.

Fig-13-11a

(i) Calculate the bearing of B from C, giving your answer to the nearest
0.1°

- ) 2 _ (118)° +(82)* —(189)° _
(189)° =(118)° +(82)° —2(118)(82)cos¢, = cosd, = 2(L18)(82) =-0.7789

=cosf, =-0.7789 =6, =141.16°
=cosf, =-0.7789 =6, =141.16°

Ans: bearing of B from C: 0, =180° -141.16° = 38.84° = 38.8°

(i)  Calculate the area of the village green
A(village — green) = %(118)(82)sin 6, =3031.5

The road AB is replaced by a new road, as shown in Fig-13-11b. The village
green is extended up to the new road.
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82

130

Fig-13-11b
130 ™.

New road

130 S

130 ™,

New road

_ (130)2 + (130)? — (189)°

(189)" = (130)" +(130)" —2(130)(130)cos 6; = cosb; = 2(130)(130)

0
— 056, = -0.0568 = 0, = 93.256° = % =1.6276 ~1.63

The new road is an arc of a circle with centre O and radius 130 m.
(iii)  (A)  Show that angle AOB is 1.63 radians, correct to 3

significant figures.

=-0.0568

(B)  Show that the area of land added to the village green is

5300 m®correct to 2 significant figures.

Land added :%(130)2(1.63) —%(130)(130)sin 93.256° =13773 —8438 = 53355

Ex-13-12:  Fig-13-12 is a sketch of the curve y=2x*-11x+12

y
A

0 (4,0)

Fig-13-12
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(i)

(if)

(iiff)

Ex-13-13:

Show that the curve intersects the x-axis at (4, 0) and find the
coordinates of the other point of intersection of the curve and the x-

axis.

y =2x*-11x+12

y=2x*-11x+12=0 =(2x-3)(x-4)=0 =x=4 and x=g
Point on the x-axis: (4,0)
Find the equation of the normal to the curve at the point (4,0).

Show also the area of the triangle bounded by this normal and the
axes is 1.6 unit?

y=2x*-11x+12

dy =4x-11 =16-11=5
dx(x=4 X=4
m, __t_ 1 y=mx+c:—lx+c :>O:—1(4)+c:0 :>c:ﬂ
m, 5 5 5 3]
yo Lt
5 5

Find the area of the region bounded by the curve and the x-axis.

y
A A:lbh:l(4)[4 :E:LGm
2 2 5) 10
4
[0,5j y:—lX-Fﬂ
5 5
0 N

Answer part (ii) of this question on the insert provided.

The table gives a firm’s monthly profits for the first few months after the

start of its business, rounded to the nearest £100 .

Number of months after start-up (x) | 1 2 3 4 5 6
Profit for this month (£y) 500 | 800 (1200 | 1900 | 3000 | 4800

The firm’s profits, £y, for the xth month after start-up are modeled by

y =k x10%, where aand k are constants.
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(1) Show that , according to this model, a graph of log,, y against x gives a

straight line of gradient a and intercept log Kk .

y =k x10%

log y =log( k x10*) = log k + axlog 10 = ax + log k

log y = ax+log k

y=mx+c

(i)~ On the insert, complete the table and plot log,, y against x, drawing by

eye a line of best fit.

(iii)  Use your graph to find an equation for y in terms of x for this model.

(iv)  For which month after start-up does this model predict profits of about

£75000 ?

(v)  State one way in which this model is unrealistic.

Number of months after start-up (x) | 1 2 3 4 5 6
Profit for this month (£Y) 500 | 800 (1200 | 1900 | 3000 | 4800
log,, ¥ 2.699| 2.9 |3.079(3.279|3.477| 3.681
log,, y
A

3
2
1
0
1 2 3 4 5 6 7

log y = ax+ log k

logk=c=25 = k=316.22

a= gradient=m= 35=27 105 063

5-1 4
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y =k x10% = 316.22 x10°***

y =316.22 x10°2%%

75000 =316.22 x10%%%* = 10%%%% = 3716—22 =237.2 = 0.263t =log(237.2) =2.375
=>t= 2315 =9 months
0.263
Number of months after start-up (x) 1 2 3 4 5 6
Profit for this month (£y) 500 | 800 | 1200 | 1900 | 3000 | 4800
]ﬂgm y 2.70 2.9 3.079 | 3.279 | 3.477 | 3.681
logip y ¢
4 |
(h 3 ?_A )
3 e
L=
(8
= FH 2370
2
1
0

log y = ax+ log k
logk=c=25 = k=316.22

3.681-2.7 0.981

a=gradient=m=
6-1 5

=0.1962

y = kx10¥ = 316.22 x10%1%°2

y = 316.22 x10°°%2
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75000

75000 =316.22 x10°192  — 100192 — 31622 =237.2 = 0.1962t = log(237.2) = 2.375
=>t= & =12.1 months
0.1962

PAPER-14

SECTION A(C2-9-1-08)

Ex-14-1; Differentiate 10x* +12

Ans: let y=10x" +12 :%:40%
X

Ex-14-2: A sequence begins
1 2 3 4 5 1 2 3 4 5 1

And continues in this pattern

(i) Find the 48"™ term of this sequence.

Ans: 48/5=9 and 3 remainder. Hence, 3 is the 48" term.
(i1) Find the sum of the first 48 terms of this sequence
Ans: 1+2+3+4+5=15. Hence Sum=9x15+1+2+3=135+6=141
Ex-14-3 You are given that tanQ:% and the angle 4 is acute. Show, without

. 4
using a calculator, that cos® 6 = :-

Ans:
5 1
/)
2
cos¢9—i :cosze—(ijz _4
J5 J5) 5
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Ex-14-4: Fig-14-4 shows a sketch of the graph y = f(x). On separate diagrams,

sketch the graphs of the following, showing clearly the coordinates of
the points corresponding to A, B and C.

A
y (1, 6) 3, 6) y
A TTTETAN o A
a,3) 3,3) (-2, 3) ©,3)
AN s &0 _A\/C
Y 2,1 Fig-14-4 gL
- X » X X
y=f(x) y=2f(x) y=f(x+3)
(i) y=2f(x)
(i1) y=f(x+3)
Ex-14-5:
: 12x° x% 3 2
_[(12x5 +§/;+7}ix:j 12x° + x% +7 [dx = 5 +T+7X+C =2x° +ZX3 +7x+C
3
Ex-14-6: (i) Sketch the graph of y=siné for 0<6<2x
y
A
1l=..—.
0 0
180 360 >0
90° \\/
Al ) ~
270°
Ans:
(ii)

Solve the equation 2sin@=-1 for 0< 0 <27z .Give your answer in the
form kz

Ans:
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2sinf=-1  =sin 0:—% = 6 =sin*(0.5)=210°, 330°

180 6 180 6

5
Ex-14-7: (i)  Find Y 2¢=2742°+2'+2°=4+8+16+32=60

k=2

5

Ans: Y 2“=2"42°+2"+2°=4+48+16+32=60

k=2

(i)  Find the value of n for which for 2" = é
Ans: 2”:i=16:2’6 =2"=2" =n=-6
64 2

Sketch the curve with equation y =2"

Ex-14-8: The second term of a geometric progression is 18 and the fourth term

is 2. The common ratio is positive. Find the sum to infinity of this
progression.

Ans:

a =ar" =a,=ar'=ar=18 =ar=18 ..Q

and a,=ar*'=ar’=2 =ar’=2 ()
3

Dividing Eq.2 and 1: ar_2 _ . 1 _ 1
ar 18 9 3




Ex-14-9:

log,, ¥
A

Sketch the graph of log,, y =3x+2.

—, 10

(1 )I091010:1:3x+2:x:%
3

log ,, y =3Xx+ 2

» X

(i)

(iiff)

(iv)

Find the value of x when y=500, giving your answer correct to 2
decimal places.

Ans: log,,y=3x+2 =log,,500=2.699 =3x+2 =x=0.233=0.23

Find the value of y when x = -1.

Ans:

g, y=3x+2 =log,y=-3+2=-1 :y:10‘1:%

Express for log 10(y4) in terms of x.

Given: log,, y =3x+2
log,, y* =4log,, y=4(3x+2) =12x+8

Find an expression for y in terms of x.

log,, y=3x+2 = y:103X+2 =10210%* =100 x 103
= y=10"% =10%10* =100 x10**

=y =100 x10*
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Ex-14-10:

hcm

(i)

Ans: The volume: V =x*h=120 =h

SECTION B (P-14)

Fig-14-10 shows a solid cuboid with square base of side x cm and
height h cm. Its volume is 120 cm®

Fig-14-10

Xcm

Xcm
Find h in terms of x. Hence show that the surface area, A cm?.of the

cuboid is given by A= 2x? 430
X

1

XZ

Ans: The surface area:

x2+x2+hx+hx+hx+hx:2x2+4hx:2x2+4x(

120 J _oy? 480

XZ

X
2
(i1) Find d—A and d—f
dx dx
2
A:2x2+@:2x2+480x‘l :>OI—'A‘:4X—480x‘2 and d 'ZA‘:4+960x‘3
X dx dx
d_A—4X_@
dx X?
2
and dx'f‘—4+9xi3O

(iiff)

Hence find the value of x which gives the minimum surface area. Find
also the value of the surface area in this case.

For maximum area,

3 —
LA 4820 _ & 2480 —0 =4 =480 = x=3120 =493
dx X X
and  A=2x? + 20 204,932+ _ 48,658 +97.323 =145 9
X 4.932
X =4.932
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Ex-14-11: (i) The course for a yacht race is a triangle (see Fig-14-11-1).

The yachts start at A, then travel to B, then to C and finally back to
A.

348m

Fig-14-11-1

B
(A)  Calculate the total length of the course for this race.

(B)  Give that the bearing of the first stage, AB, is 175°, calculate the
bearing of the second stage, BC.

Ans:
Find BC? =(302)% +(348)* —2(302)(348) cos 72° =147356 .18 = BC =383.87m
The total length of the course=302+348+383.87=1033.87m

302 383.87 . 302 sin 72°
and ——= =snB=———

- — =0.74826 = B=48.44°
sinB sin72 383.87

Bearing of BC=360°-5%-48.44°=306.56°
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(i)  Fig-14-11-2 shows the course of another yacht race. The course
follows the arc of a circle from P to Q, then a straight line back to P.

The circle has radius 120 m and centre O; angle POQ =136°

360° —136° = 224°

Fig-14-11-2

o
Calculate the total length of the course for this race.

The length of the arc S =r6 :120[212;0ﬂ

j =120(3.91) = 469.14m
Find PQ2 = (120)2 + (120) — 2(120)(120) cos136° =49284 = PQ =222 m

The total length of the course=PQ+5=222+469.14=691.14

Ex-14-12: (i) Fig-14-12 shows part of the curve y=x* and the line y =8x,
which intersect at the origin and the point P.

y

Fig-14-12

X

f Q >

(A)  Find the coordinates of P, and show that the area of triangle OPQ is 16
square units.

Ans: At point P, the values of y are the same:
x'=8x =>x(x*-8)=0 =x=0, and x*=8 =x=2 =P=(216)

Area of the triangle OPQ=: %(OQX PQ)=%(2><16) =16 square unit
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(B)  Find the area of the region bounded by the line and the curve.

y

2
2 2 2 5 5 5
8x X X 2 32 48
—y,)dx=[8x—x*jJdx=——-"—| =4x* -] =4(2)* -—-0-0=16-——=—=956
!(yl ) !( J > E | =4 - =

(i)  You are given that f(x)=x"
(A)  Complete this identity for f(x+h)
f(x+h)=(x+h)* =x* +4x°h +6x°h* + 4xh* + h*

(B)  Simplify
f(x+h)—f(xX)  x*+4x°h+6x°h* +4xh®+h* —x*  4x°h+6x°h? +4xh® +h*
h - h - h

= f(x+hr)]_ 0D _ 4% + 632 + 4xh? + 1’

(€ Find im, , =T

=lim,,_(4x° +6xh + 4xh” + h°) = 4x°
(D)  State what this limit represents.

Ans: This limit represents j—f
X
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PAPER-15

SECTION A (C2-13-1-09)

5 E! B
X L 6 2)x 2 +C = 4x® —12X 2 +C

3
Ex-15-1:  Find j(zox“ n GXZde -

Ex-15-2: Fig-15-2 shows the coordinates at certain points on a curve.

> X

Use the trapezium rule with 6 strips to calculate an estimate of the area of
the region bounded by this curve and axes.

Ans:  Area~ g[y0 +y, +2(y, +2y, +2y, +2y, + 2y, )] from Formula sheet

h=b—a=30—0=5
n 6

Area ~ 2[4.3+0+ 2(4.9+4.6+39+2.3+1.2)]=25(38.1)=95.25

5
Ex-15-3: Find L
—=1+k

5
Ans: Y 1 1,11 1. 1 30+20+15+12+10 _87 29 _, o
al+k 2 3 4 5 6 60 60 20

Ex-15-4: Solve the equation sin 2x=-0.5 for 0° <x<180°

Ans: sin2x=-05 = 2x=sin"(-0.5)=-30 °(ie. 210 °,330°) =x=105°165°
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Ex-15-5: Fig.5 shows the graph of y= f(x)

y
A
8
6
4
y = 1{(x)
2
» X
—4 -2 0 2 4 6 8
-2
Fig. 5
On the insert, draw the graph of
i y=f(x-2
(i) y=3f(x)
(i) y=f(x—2) (ii) y = 3f(x)
A A
8 8
6
/
4 LN/
®3)
41)
- - 0 4 > A - 0

» X
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Ex-15-6: An arithmetic progression has first term 7 and third term 12

(i)  Find the 20" term of this progression.

Ans: a,=a +(n-1)d=7+(n-1d =a,=7+(n-1d
=a,=7+3-D)d=12 =2d=12-7=5 =d=25

—a, =7+(20-1)(25)=7+475=545

(i)  Find the sum of the 21 to the 50" terms inclusive of this
progression.

Ans:
n 30
Sn :E(a1 ta, ):7(a21 + a50)

—a, =7+(21-1)(25)=7+50=57
—a,=7+(50-1)(25)=7+122.5=129.5

Sy = % (a,, +ag,) =15(57 +129.5) = 2797 5

Ex-15-7: Differentiate 4x? +1 and hence find the x-coordinate of the
X

. . 1
stationary point of the curve y =4x*+=
X

Ans: y=4x° P loa :>%=8x—i2
X dx X
3 —
For stationary point: ﬂzSX—%zO = 8x > 1=0 =X’ :1 :>x:1
dx X X 8 2
Ex-15-8: The terms of a sequence are given by:
u, =192
u.,=——=u

(1) Find the third term of this sequence and state what type of sequence
it is.
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Ans:

u, =192

1 192
U, =—=-u, =———=-96
2 2t 2

1 %
Ug=——U,=—=48
2% 2

It is a geometric series with the ratio:

1
r=—=
2
(i)~ Show that the series u, +u, +u, + ... converges and find its sum to

infinity.
Because : |r| <1

The series will converge

.=t =£21:128
1-r 147+
2

Ex-15-9: (1) State the value of log, a
Ans: log,a=1

(i)  Express each of the following in terms of log, x
(A)  log, x* +log, v/x

Ans: Iogax3+Ioga\/§:3I0gax+%logax:glogax

® g,
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SECTION B (P-15)

Ex-15-10:  Fig-15-10 shows a sketch of the graph of y=7x-x* -6

y=7x-Xx>-6

\
x

Fig-15-10

(i) Find % and hence find the equation of the tangent to the curve at
X

the point on the curve where x=2

ans: W_7_o¢ —7-4-3-m- gradientof thetan gentat(2,4)
dx X=2
y=mX+Cc=3X+C =4=3(2)+c =c=4-6=-2:
y=3x-2

(il)  Show the curve crosses the x-axis where x = 1 and find the x-
coordinate of the other point of intersection of the curve with the x-
axis.

Ans: When the curve crosses the x-axis, y=0
0=7x-X*-6 =X -7Xx+6=(Xx-6)(x-1)=0 =x=1 and x=6

Hence, points of intersections are: P1(1,0) and P2(6,0)

2
(iii)  Find J'(7x—x2—6)dx
1

2
2 2 3 2 3 2 3
j(?x-xZ—G)dei—X——(sx B A % U CAE S S (RS A
) 2 3 | L2 3 2 3 2" 3

Hence find the area of the region bounded by the curve, the tangent and
the x-axis, shown shaded on Fig.10.
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y y=3x-2

y=7X-Xx*-6

\
X

-

y1 = 3x-2

|

2 2 2 2 3
Area:J'(yl—yz)dx:j(Bx—2—7x+x2+6)dx:'[(4—4x+x2)dx:4x—4i+x—
0 0 0 2 5 O
4x*  x® 2 4x2* 23 8 8
Area=4x— 2+ 2| =4(2)- +5 0-0-0=8-8+2°=2
2 5 5 3 3

0

Ex-15-11: (i) Fig-15-11 shows the surface ABCD of a TV presenter’s desk. AB
and CD are arcs of circles with centre O and sector angle 2.5 radians.
OC = 60 cm and OB = 140 cm.

A B
80cm
D _-c
\\ 2 5 ///
\\O’// 60cm '
0 Fig-15-11
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Calculate the length of arc CD

a

N

And the length of the arcis a=r 0
CD=rf#=60(2.5)=150cm
(A)  Calculate the area of the surface ABCD of the desk

Area= :% rf@(radian)—% r,20 (radian) :%(rf 5l :%(802 — 602 )(2.5) = 4500 cm’

(ii)  The TV presenter is at point P, shown in Fig-15-11-1. A TV camera can move
along the track EF, which is of length 3.5 m.

3.5m
E — F
< =
AN _ -
\\ Pt
1.6 m \\ /// 2.8m
N\ -
N _ -
N_ -7
5]
Fig-15-11-1

When the camera is at E, the TV presenter is 1.6 m away. When the camera is at F,
the TV presenter is 2.8m away.

(A)  Calculate, in degrees, the size of angle EFP.

Ans:

2 2 ep?2 2 2 2
EP? — EF? + FP? — 2(EF)(FP) cos(F) = cos F = -+ P _EP”_ (35 +(28) ~(L6)

2(EF)(FP) 2(3.5)(2.8)
CosF =0.8944 = F = cos*(0.8944) = 26.57°

(B)  Calculate the shortest possible distance between the camera and the
TV presenter.
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3.5m

E 2 — F
AN 26.570/!//
\\ ///
AN
AN
N
AN -
P

—

-7 2.8m

—
—
-~
—
-

1.6 m '\

The shortest distance from the camera to P is PQ as:

sin 26.57° :Z—Cé = PQ =2.8sin 26.57° =1.2524 m

Ex-15-12:  Answer part (ii) of this question on the insert provided.

The proposal for a major building project was accepted, but actual
construction was delayed. Each year a new estimate of the cost was
made. The table shows the estimated cost, £y million, of the project
t years after the project was first accepted.

Years after proposal accepted(t) 1 2 3 4 5

Cost (Ey million) 250 | 300 360 440| 530

The relationship between y and t is modeled by y =ab' , where a and b are
constants.

(i) Show that y=ab' may be written as log,,y=Ilog,,a+tlog,,b

Ans: Y=ab =log,,y=log,,ab' =log,,a+log,,b" =log,,a+tlog,,b

=log,,y=Ilog,,a+tlog,,b
(i) On the insert, complete the table and log,, y plot against t,

drawing by eye a line of best fit.
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Years after proposal accepted (1)

]

Cost (£y million)

250

300

360

440

530

log,,y

2.398

2.477

2.556

2.643

2.724

AN

(iii)  Use your graph and the result of part (i) to find the values
of log,,a and log,,b, and hence a and b.

log ,, b = gradient=

log,,a=y—intercept=2.32 = a=208.93

(i) According to model, what was the estimated cost of the project when

[}

it was first accepted?

log,, y =log,,a+tlog,,b

2.556 —2.398
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log,, y =2.32+0.079t = log |, yt _o" 2.32+1.2t =232 = y =208.92

(ii)  Find the value of t given by this model when the estimated cost is
£1000 million. Give your answer rounded to 1 decimal place.

log,,y=log,,a+tlog,,b

3-2.32

g5 y =2.32 +0.079t = log ,,(1000) =3=2.32 + 0079t = t = = —-= =8.61

PAPER-16

SECTION A (C2-12-1-05)

Ex-16-1: Find & when y =x%+4/x

dx
Ans: y=x6+\/§:x6+x% 3ﬂ=6X5+1X7%:6X5+i
dx 2 24/x
Ex-16-2: Find | (x3 +i3jdx
X

4

1 X3+1 X—3+1 X X X 1
Ans: || x°*+= [dx=|(x* +x° Hx= + 22 2 2 Lc
J( x3jd -[( )j 3+1 -3+1 4 2 4 2x?

Ex-16-3:  Sketch the graph of y=sinx for 0°<x<360°

Ans:

0 0
180 360 > X

90° \\\\\\\_////
Alm 2D

270°

Solve the equation sin x=-0.2 for 0° <x<360°
Ans: sinx=-0.2 = x=sin""(-0.2) =191.54°, 348.46°
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Ex-16-4: For triangle ABC shown in Fig-16-4, calculate

(1) The length of BC,
(ii)  The area of triangle ABC.

Ans: Because 2 sides and the angle between them is given, then cosine
rule is used:

a® =b*+c® —2bccos A= (4.1)* +(6.8)* —2x4.1x6.8c0s(108°) =16.81 + 46.24 — 55.76(—0.309)
—=a’=80.28 =—=a=8.9cm

; 0
a _b _c 8% _ 4l 68 _ g p_ 4LxSU08) 4 5
sihA sinB sinC sin(108°) sinB sinC 8.96
= B =27.232°

C =180 — (108° +27.232) = 44.768°

Area = %bexsin A= %(4.1>< 6.8xsin(108°))=13.258 cm?
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Note: Area of a triangle

The formula always uses 2 sides and the angle formed by those sides:

Area = %bcsin A= %absin C= lacsin B

Ex-16-5: The first three terms of a geometric progression are 4, 2, 1.

Find the 20" term, expressing your answer as a power of 2.

19
a,=ar" = a,=ar*" =4r" and r= % :% = a,, = 4(%} =(2)(2)=2"
Find also the sum to infinity of this progression.

Ans: S=-3 forinfinite GP —S= % —_ 4 _ 4 _g
1-r 1-r 1-05 05

Ex-16-6: A sequence is given by:
a =4
a,=a+3
Write down the first 4 terms of this sequence.
Ans: a =4
a,=a,=a+3=4+3=7
a,=a,=a,+3=7+3=10
a,, =a,=a,+3=10+3=13
a,,=a =a,+3=13+3=16

Find the sum of the first 100 terms of the sequence.
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Ans: It is an arithmetic series as the difference, d=13-10=3

S :2(a+l) 8100=%(4+I) and l=a+(n-1)d =4+ (100 —1)(3) = 4+ 297 = 301

n

= S, = 100 (4+301)= 30500 _ 1595
2 2

Ex-16-7: Fig-16-7 shows a sector of a circle of radius 5 cm which has angle &
radians. The sector has area of 30cm®

5cm 0

Fig-16-7
(i)  Find @.

Ans: A=Area

2
L 120 (radian) = 0 = @ - M _ 5 4 radians = 24180
2 r 25cm ju
(i)  Hence find the perimeter of the sector.

-

And the length of the arcis a=r 0

=137.51°

a=rf@=524)=12cm P = perimeter=r+r+a=5+5+12=22cm

Ex-16-8: (1) Solve the equation 10* =316
Ans: log(10*) =log(316) = xlog 10 = x = log(316) = 2.4997
1
(1) Simplify 109 .(a?)-4log a(gj
Ans

Ioga(az)—4loga[§j =log ,(a?)-4log,(a)* = 2log, a+4log,a=6log, a=6
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SECTION B(P-16)

Ex-16-9: (i) A tunnel is 100m long. Its cross-section, shown in Fig-16-9-1, is

modelled by the curve y= %(10x -x?),

Where x and y are horizontal and vertical distances in meters.
y

\
x

0 10
Fig-16-9-1

Using this model,
(A) Find the greatest height of the tunnel,

2
Ans: Formaximumvalue:ﬂzo and d Z<0
dx dx
y=2hox-x) =%_lw-20-0 =10-2x=0 =x=5,
4 dx 4
2
and d2y=—1<o :ym:1(10x5—52)=1(50—25)=§=6.25
dx 2 4 4 4

10
(B) Explain why 100jydx gives the volume, cubic meters, of earth removed
0
to make the tunnel. Calculate this volume.
10
Ans: _[ydx = Area under the curve
0

And if area is multiplied by the height, then it will give volume.

10 10 1 100 10 10
10ojyolx:100[(2(1ox_x2)j0|x:T (10x — x? Jax = 25 [ (10x — x Jix
0 0 0

0

10
2 3 2 3 _
— Volume = 25(102’( _ X?J - 25[10 leo _ %} - 25(M) _ 4166.67 cm®

() The roof the tunnel is re-shaped to allow for larger vehicles. Fig-16-9-
2 shows the new cross-section
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5.64m 6.44 m 6.44 m 5.64m

2.15 m 2.15m

2m 2m 2m 2m 2m

Use the trapezium rule with 5 strips to estimate the new cross sectional
area.

Hence, estimate the volume of earth removed when the tunnel is reshaped.

Ans:

y=%(10x—x2) h=——==——=2m

2.15 2.15m
ol—Y Y y Y ys=0
a=0 2m 4m 6m 8m b=10m

10

1 h
= Iz(lox—xz)dXzE(yo +2Y, +2Y, +2Y, +2Y, + ;)

0

10
= j%(le — X2 Jdx ~ 5[2.15 +2(5.64+6.44 + 6.44 +5.64) + 2.15] = 52.62m?

0

Volume =100(52.62) = 5262 = Volume Removed = 5262 — 4167 =1095 m*.

122



Ex-16-10: A curve has equationy = x> —6x*+12.

(i) Use calculus to find the coordinates of the turning points of this
curve. Determine also the nature of these turning points.
Ans: For turning point or (maximum/minimum), the following should

apply.
2
%:gradientzo and d ¥<O for Maximum
X X
2
ﬂ:gradientzo and d Z>O for Minimum
X X

y=x>-6x*+12 :%=3x2—12x=0 =3x(x-4)=0 =x=0 and x=4
X

2

2 2
and 9 Y _6x-12 =12 and 1Y _a4-12-12
dx x=0 dx? [x =4

Hence, there are 2 turning points: Max at (0,12) and Min at (4,-20)

(ii)  Find in the form y=mx +c, the equation of the normal to the curve
at the point (2, -4).
Ans:

% =3x* -12x )= 3(2)? —12(2) =12 — 24 = —12 = gradientof the tan gentat (2,~4)
X X =

. . 1
Hence, the gradient of the normal ism, = BT

. 12
y:mx+c:ix+c :>—4:i(2)+c :>c:—4—1:_§;
12 12 6 6
1.5
12 6

Ex-16-11:  Answer part (iii) of this question on the insert provided.

A hot drink is made and left to cool. The table shows its temperature at ten-
minute intervals after it is made.

Time (minutes) [10 | 20 | 30| 40 | 50
Temprature (C°) | 68 | 53 | 42| 36 | 31

The room temperature is 22C°. The difference between the temperature of
the drink and room temperature at time t minutes is zC°. The relationship

between z and t is modeled by z = 2,10 “where z,and k are positive

constants.
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O m = m m  m  Em Em = =N
O O = N W M Ul o

© o o

logz m=

'\,

Give a physical interpretation for constant z,

Show that log,,z =-kt+log,, z,

Ans: z=12,10"" = log,, z = log 10(2010"“)= log,, z, + log ,,(10)
log,, z, —ktlog,,10 = log,, z, —kt

On the insert, complete the table and draw the graph of log,,z

against t.

Use your graph to estimate the values of k and z;

Hence estimate the temperature of the drink 70 minutes after it is
made.

Yo=Y _ 1.55-1.0 _ 0.55 0018

CX,—X%  50-20 30

t 110 20 30 | 40 50
z 46 | 33 22 | 16 11

logz|1.662(1.518]1.342|1.204 1.041

log10z=-kt+log10zo

logozo = y-intercept=1.9
Zo=log™" (1.9)=79.43

> t

z=2,10" =79.43e %"

Z

= 79.43e 091470 _ 79 43712 — 79 .43(0.283) = 22.53

t=70
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k = grasdient = =-0.0157 = k =0.0157

PAPER-17

SECTION A (C2-16-06)

Ex-17-1: Given that 140° = kz radians, find the exact value of k.

140°x7 _ T _

Ans: 140° =
180 9

kz :kzz
9

5
Ex-17-2: Find the numerical value of st

k=2

5
Ans: st =22 4+3%4+4%4+5°=8+27+64+125 =224
k=2
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Ex-17-3: Beginning with the triangle shown in Fig-17-3, prove that that

sin 60° = ﬁ .
2
2 2
Fig-17-3
2

Ans:

AB=+22-1=43

sin 60° = E
2
Ex-17-4: Fig-17-4 shows a curve which passes through the points shown in the

following table.

y

9

8

7

6

5

4

3

2 Fig-17-4

1

0 + + + + > X

1 2 3 4

X 1 |15/ 2 | 25| 3|35/ 4
y 82| 64|55 5 |47] 44| 42

Use the trapezium rule with 6 strips to estimate the area of the region
bounded by the curve, the lines x=1 and x=4, and the x-axis.

State, with a reason, whether the trapezium rule gives an overestimate or
an underestimate of the area of this region.
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Ans:  Area~ g(y0 +2Y, +2Y, + 2y, +2Y, +2Ys +Y,)

b-a 4-1

h: :_:0.5
n

Area ~ 0_;3[8.2 +2(6.4+55+5+4.7+4.4)+4.2]=0.25(64.4)=16.1

10
= I%(le—xz)dx z%[O+2(5.64+6.44+6.44+5.64)+O]= 48.32m?

0

Hence, overestimated

Ex-17-5: (i) Sketch the graph of by y=tanxfor 0°<x<360°.

y =tanx

z 3
2(” 2(2” - X

(iii)  Solve the equation by 4sin x=3cosx for 0° <x<360°.

Ans:  4sin x = 3c0s X :>S|n—X=tanx:§ — x =36.87°, 216.87°
COS X 4
) . . dy ., ., d?%y
Ex-17-6: A curve has gradient given by d—:x —6x+9. Find —-.
X X
2
Ans: ﬂ:x2—6x+9 :>d Y _ ox—6x
dx dx?

Show that the curve has a stationary point of inflection when x = 3.
Ans: For stationary point the following should apply.
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2
%:gradientzo and %<O for Maximum
X X
d?y

X2

dy

d—=gradient:0 and >0 for Minimum
X

%:x2—6x+9:0 = (x-3*=0 =x=3
X

Hence, there is a stationary point at x=3

Ex-17-7: In Fig-17-7, A and B are points on the circumference of a circle with
centre O.

Angle AOB = 1.2 radians.
The arc length AB is 6 cm.
A

Fig-17-7
(1) Calculate the radius of the circle.

(ii)  Calculate the length of the cord AB.
- <>

And the length of the arcis a=r@ —a=r0 =r=—-=—=>5cm

|
[N
i\>|c”

A Cord AB

r=5cm

0 r=5cm

1.2x180
T

1.2radians = = 68.755°
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AB? =57 +5% —2(5)(5) c0s 68.755° =50 —50c0s68.755° =31.88 = AB =+/31.88 =5.646 cm

3
1 1 2 -2 3
Ex-17-8: Findj X2 +£ x:J' X2 +6x7° dx:X—+6X =§x2—i+C
x® 3 -2 2 X

Ex-17-9: The graph of log,, y against x is a straight line as shown in Fig-17-9.

log,, ¥
A
(4, 5)

Fig-17-9
0 » X

Q) Find the equation for log,, y in terms of x.

Ans:  log,,y=mx+c m:i;:

w

o
IR N
N

:Iogloy:%xm :>3z%(0)+c =c=3

:Iogloy:%x+3

(i) Find the equation for y in terms of x.

l><+3J
2

:>Iog10y=%x+3 = y=1o(

SECTION B (P-17)
Ex-17-10:  The equation of a curve is y =7 +6x—x°

(1) Use calculus to find the coordinates of the turning point on this
curve.

Find also the coordinates of the points of intersection of this curve
with the axes, and sketch the curve.

129



5
(i)  Find _[(7+6x—x2)dx, showing your working.
1

(ifi) The curve and the line y = 12 intersect at (1, 12) and (5,12). Using
your answer to part (ii), find the area of the finite region between
the curve and the liney = 12.

Ans: For stationary point the following should apply.

2

%:gradientzo and d Z<O for Maximum
X X
2

%:gradientzo and d ¥>0 for Minimum
X X

y=7+6x—x° Z%ZG—ZXZO =x=3 = Point =(3,16)
X

This curve intersects x-axis when y = 0;
y=746x-%x"=0 =>x*-6x-7=0 =>X-7)(Xx+D)=0 =x=7,and x=-1
= P, =(-10) and P, =(7,0)

This curve intersects y-axis when x = 0;

y=7+6x-x>=7 =P, =(0,7)

Ans:
5 2 3 5 2 3 2 3
j(7+6x—x2)dx=7x+6i—x— _75)+ 2O 5 7 BT L a5 05 15 5 5,1
) 2 31 2 3 2 3 3 3
~110.333 —51.667 = 58.667
y
A A
y=12 y=12
(1,12) (5,12) (1,12) (5,12),
7 7
(-1,0) (7,0) - (-1,0) (7,0) > x
( \ [ e .
5-1=4

5
Ans:  Area = [(7+6x—x")dx —(4x12)=58.667 — 48 =10.667 unit’
1
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Ex-17-11:

The equation of the curve shown in Fig-17-11is y=x*-6x+2.

y
A

N L

0
Fig-17-11

(i)

Find ﬂ

dx

y=x>—6x+2 :%:3%—6

(if)

(iiff)

Ans:

X

Find, in exact form, the range of values of x for which x® -6x+2 is a
decreasing function.

The function is decreasing when

%=3x2—6<0 Sx2<2 —-2<x<42.
X

Find the equation of the tangent to the curve at the point (-1, 7).

Find also the coordinates of the point where this tangent crosses the
curve again.

Gradient of the tang‘ent=m=%=3x2 -6 1=3—6=—3.
X

Ans: y=-3x+¢c =7=-3(-1)+c —=c=7-3=4

= y=-3x+4

If this tangent crosses the curve again, then
X*—6x+2=-3x+4 =x*-3x-2=0 =x=-1and x=2 arethesolution

The coordinates of the other point is: (2, -2)
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Ex-17-12:

Ans:

Ans:

(i) Granny gives Simon £5 on his 1° birthday. On each successive
birthday,

she gives him £2 more than she did the previous year.
(A)  How much does she give him on his 10*" birthday?

This is arithmetic progression or series. The n™ term of an arithmetic
sequence is given by:

a, =a+(n—-1)d =5+2(10-1)=5+18 =23
How old is he when she gives him £51?
a,=a+(n-1)d =51=5+2(n-1) =2n=51-3=48 =n=24

How much has she given him in total when he has had his 20™"
birthday present?

S, =g[2a+(n —1)d]:2—20[2><5+2(20—1)]:10[10+38] — 480

Grandpa gives Simon £5 on his 1°** birthday and increases the amount
by 10% each year.

(A)  How much does he give Simon on his 10" birthday?

a =ar"' =51.1)""=501.1)° =5(2.3579) =11.79  because r =1.1

n

This is a geometric series and r=1.1

Ans:

= log,,5+1=1log,,5+(n-1)log,,1.1=>n-1=

(B)  Simon first gets a present of over £50 from Grandpa on his n*"

+1 Find the value of n.

birthday. Show that n>
log,,1.1

a, =ar"t =50=5110)" =log,,50=log,,5.1)""

log,,50 =log,,(5%10) =log,,5+log,,10 = log ,, 5+1

and log,,5(1.1)"* =log,,5+log,,(1.1)"* =log,,5+ (n-1)log,,1.1

+1=26

=n=
log,,1.1 log,,1.1
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PAPER-18

SECTION A (C2-14-1-11)

Ex-18-1: 26:12

r=3 r

6
Ans: 21222 L 1: 162—4+3+24+2 11.4

=88 4
6

OR ZE=— 2 E+E=4+3+22+2=113
Ly 4 5 6 5 5

1
Ex-18-2: I£3X5 + 2x_2]dx

1

1 6 2 6 1
Ans: I(BXS + 2X 2de:?’i+zx—+c—x—+4x +C
1 2
2
Ex-18-3: At a place where a river is 7.5 m wide, its depth is measured every 1.5 m

across the river. The table shows the result.

Distance across river (m) 0 15 3 45 6 75

Depth of river (m) 0.6 2.3 3.1 2.8 1.8 0.7

Use the trapezium rule with 5 stripes to estimate the area of cross-section of the river.

Ans:

h
Area = (Yo + Y5 +2Y; + 2, +2Y, +2,)

Area ~ %[0.6+O.7+2(2.3+3.1+ 2.8+1.8]=0.75(21.3)=15.975 = 16.0 (3s.f)

Ans: Look at The following first, before answering this question.
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Y1
A A
(-4,0) (3,0) > X (-4,0) (3,0) > x
(©, -12) ©, -12)
y=f(X)=x*+x-12 y, =3f(x) =3x* +3x-36
Minimum pointf(—1 —121) Mini int = = 363
5127 inimum point =| —=,-36
y=f(X)=x*+x-12=(x+4)(x-3)=0 y, =3f(X) =3x% +3x—36 =3(x +4)(x—3) =0
= x=-4, x=3= points are: (-4,0) and (3,0) = x=-4, x=3= points are: (-4,0) and (3,0)
y=f(x)=x>+x-12 y, =3f(x) =3x* +3x-36
Y oxs1-0mx=—+ D Gyi3-0mx=—t
dx 2 dx 2
2 2
y 1=(—1J —(%—12:1—3—12:—121 y 1:3(7% 73(1j736:§7§736:736§
X=-= 2 2 4 2 4 X=—= 2 2 4 2 4
2 2
- . 1 3
= Minimum point :(—3-121) = Minimum point :[_5’_362j
2 4

Note: as it can be seen very clearly, that the y-value of the minimum/maximum point is
affected. If y= f(x) has a minimum/maximum point of Pl(a,b), then y=3f(x) will

have a minimum/maximum point of P, (a, 3b). For example, if y = f(x) has the minimum

point of Pl(—%,—ﬂ%j, then the minimum/maximum point for y=3f(x) will be

oLs2).
2 4

Also: (very important): If y= f(x) has a minimum/maximum point of Pl(a,b), then
y =-3f(x) will have a maximum/minimum point of Pz(a,—Bb). For example, if y = f(X)

has the minimum point of Pl(—%,—ﬂ %j, then the maximum point for y=-3f(x) will

be Pz(—%,sagj.
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Look at this also:

(-4,0) (3,0)

0, -12)
y=f(x)=x*+x-12

Minimum point = (—1,—121j
2 4
y=f(X)=x*+x-12=(x+4)(x-3)=0
= x=-4,x=3= points are: (-4,0) and (3,0

y=f(x)=x"+x-12

ﬂ:2x+l:0:>X:—1
dx 2
2
it 1=(-3) (3)e-t-trz- et
x=—= | 2 2 4 2 4

= Minimum point = [—1,—12%
2 4

Max _ point = (—E,SGEJ
2 4 Y

(0,36)

40) Go -

y, ==3f(x) = -3x* —3x+36

y, ==3f(X) =—3x* —3x+36 =-3(x+4)(x-3) =0
= x=-4, x=3= points are: (-4,0) and (3,0)
y, ==3f(x) =-3x* -3x+36

W gy 3o0mxo—t
dx
2
Y| 1=- s -3 s +36=—§+§+36=36§
X=-= 2 2 4 2 4

Also look here:

(-4,0) (3,0)

©, -12)
y=f(x)=x"+x-12

Minimum point = —1,—121
2 4

y=f(X)=x>+x-12=(x+4)(x-3)=0
= x=-4,x=3= points are: (-4,0) and (3,0)
y=f(x)=x>+x-12

ﬂ:2x+1:03x:—1
dx 2

2
y 1:[_1) _ 1)_12:1_1_12:—121
2 2 4 2 4

= Minimum point = —E,—121
2 4

(-2,0 (1.5,0)

0, -12)
y, = F(2x) = (2x)* +3(2x) -12

4
y, = F(2x) = (2x)° +(2x) 12 = 4x* +2x-12=0

Yy, =4x% +2x-12=2x> +x-6=0=(2x-3)(x+2) =0
= x=-2, x=15= points are: (-2,0) and (1.5,0)

y, =4x* +2x-12=0
dy,
dx

Minimum point = Ezl‘.'ﬂl

=8x+2=0:>x=—1
4

= Minimum point = —1,—12E
4 4

135



Now lets repeat the question again:

Ex-18-4: The curve y = f(x) has a minimum point at (3, 5

).

State the coordinates of the corresponding minimum point on the graph of

(i) y=3f(x)
(i) y="f(2x)
Ans:

The curve y = f(x) has a minimum point at (3, 5).

(i) y =3f (x) has a minimum point at (3, 3x5): (3, 15).

(i) y = f(2x) has a minimum point at (%X?}, 5) = [g 5) .

Ex-18-5: The second term of a geometric sequence is 6 and the fifth term is -48.
Find the tenth term of the sequence.
Find also, in simplified form, an expression for the sum of the first n terms
of this sequence.
Ans:
u, =ar*?
u,=ar’*=ar=6 @
up=ar’*=ar*=-48  ..(2

Dividing Eq.2 by 1:

4
ar _ =8 el gr-
ar 6

ar=6:>a:§=£:—3
r -2

u =ar** =u, =ar* =ar’ = 3x(-2)’ =7

I (S I
r-1 -2-1 -3




Ex-18-6: The third term of an arithmetic progression is 24. The tenth term is 3.
Find the first term and the common difference.

Find also, the sum of the 21 to 50" terms inclusive

Ans:
u,=a+(n-1d
u;=a+@B-d=a+2d=24 ...(D)
Up=a+10-1)d=a+9d =3 ...(2)
Subtracting Eq.2 from 1:
—-7d=21=d=-3
a=24-2d =24-2(-3)=30
S, =%n[2a+(n—1)d]=%x30[2><30+(30—1)><—3]=15[60—87]= —405
Ex-18-7: Simplify
(i) log,, x° +3log,, x*
(i)  log,,1—log, a"
Ans
(i) log ,, x° +3log,, x* =5log,, x+12log,, x =17 log,, X = log ,, X"’
(i)  log,1-log,a* =0-blog,a=-b
Ex-18-8: Showing your method clearly, solve the equation

5sin* 6 =5+ cos & for 0° <0 <360°

Ans:
5sin* 6 =5+ cos &
Remember: sin®6@+cos?d=1=sin?0=1-—cos’o

= 5sin 2 0:5(1—c03249):5+0050:>5—500529:5+c03<9
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= —5¢0s” @ —c0s@ =0 = cos@(5cos0+1)=0

= cosf(5cos0+1)=0=cosd =0= 6 =90°, 270°
If 5cos¢9+1:0:>00549:—%:><9:101.54°, 258°

Ans: 6 =101.54°,90°,270°, 258°

Ex-18-9: Charles has a slice of cake; its cross-section is a sector of a circle, as shown

in Fig-18-9. The radius is r cm and the sector angle is % radians.

He wants to give half of the slice to Jan. He makes a cut across the sector as
shown.

acm

acm

Fig-18-9

T
Show that when they each have half the slice, a = \/;

Ans: Remember this:

B
a Area:iabsinc:lacsinB:EbcsinA
2 2 2

r2
Area of the total sector= 1 r’g = 1 r2xZf-r
2 2 6 12

. Sector—Area 1(zr*) zr?
Area of the triangle= == =
2 2\ 12 24

2
Also Area of the triangle== LaxaxsinZ=lazsinZ 2
2 2 6 4

6
a> xr? ., zr? |7r? \/;
4 24 6 6 6
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SECTION B (P-18)

Ex-18-10: A is the point with coordinates (1, 4) on the curve y=4x*. B is the point
with coordinates (0, 1) as shown in Fig-18-10.

y
A

A(1,4)
B(0,1)

Fig-18-10

(i) The line through A and B intersects the curve again at the point C. Show that the

coordinates of C are (—llj
4 4

(i1) Use calculus to find the equation of the tangent to the curve at A and verify that

equation of the tangent at Cis y = —2X—% .

(iii)  The two tangents intersect at the point D. Find the y-coordinate of D.

Ans:

Line AB: y:mx+c:>m:4—_0:3:>y:3x+c:>1:0+c:>y:3x+1

1

-

Now y =3x+1 and y =4x? should intersect at C.

= 4x* =3x+1=4x* -3x-1=0= (4x+1)(x-1) =0=x=-1 and x:—%
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4 16 44

y = 4x°
y=mx+cC
m:y:8x =8=y=8x+c=>4=8(1)+c=>c=-4=y=8x-4

dx x=1

dy 1
m = — = 8x 1="2=2>Yy=-2X+C=>—-=-2|—— |+C=>C=———=——=> Y =-2X——

dX X=—— 4 4

4
y:_zx_i and y =8x—4 intersect
:>—2X—E=8X—4:>—10X=—4+1=—E:>X=E=§ and y=8x—4=8(3j—4=—1
4 4 4 40 8 8

Intersection point is: (g —1)

Ex-18-11:  Fig-18-11 shows the curve y=x*-3x*—-x+3.

3
(i) Use calculus to find J'(x3 —3x2 —x+3)dx and state what this represents.
1

(i)  Find the x-coordinates of the turning points of the curve y=x*>-3x*>-x+3,
giving your answers in surds form. Hence, state the set of values of x for
which y=x®-3x*—-x+3, is a decreasing function.

y
A
[ ~__73 **
Fig-18-11
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Ans:

P C—

(x3 -3x° —x+3}ix:—————+3x:——x3——+3x
4 3 2 4 2

x* 3 x? x* x2

1

3 4 2 4 2
j(x3 —3x? —x+3}jx:3——33—3—+3x3— o lis =§—27—9+9—(1—1—1+3j=
) 4 2 4 2 4 2 4 " 2

The above integral represents area under the curve.

(b)

y=x>-3x" —x+3

dy ., 6+36+12 61448 6+443 3+2y3
—=3X"-6x-1=0=>x,, = = = =
dx : 6 6 6 3

L _3+23 3-23

W _ gy

dx

Ex-18-12:

and X, 3

—6x—1>0 for increasin g function Try This!

The table shows the size of a population of house sparrow from 1980
to 2005.

Year (t) 1980 | 1985 | 1990 |1995 | 2000| 2005
Population (P) 25000 | 22000 | 18750 | 16250 | 13500| 12000

The ‘red alert’ category for birds is used when a population has
decreased by at least 50% in the previous 25 years.

(i) Show that the information for this population is consistent with
the house sparrow being on red alert in 2005.

The size of the population may be modelled by a function of the form
P=ax10", where P is the population, t is the the number of years
after 1980, and a and k are constants.

(i)  Write the equation P=ax10™*" in logarithmic form using base
10, giving your answer as simply as possible.

(iii) Complete the table and draw the graph of log,, P against t,
drawing a line of best fit by eye.
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(iv)  Use your graph to find the values of a and k and hence the
equation for P in terms of t.

(V) Find the size of the population in 2015 as predicted by this
model

Would the house sparrow still be on red alert? Give a reason for your
answer.

Ans:
P=ax10™
log P =log(ax10™) = log a —ktlog 10 = —kt+ log a

log P=—kt+log a

y=MX+C
Year (t) 1980 | 1985 | 1990 |1995 | 2000 2005
Population (P) 25000 | 22000 | 18750 | 16250 | 13500| 12000
log,, P 4.4 | 434 |427 | 42| 41| 4.08
Log,,P
A
5.3
4.4
1
\LJJJ, D
4.34
4.27
199542
4.2 9
4.1 .
4.08 N
1980 1985 1 7995 00 2005~ ! (Year)
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42-434 ~ 014

= =-0.014
1995-1985 10

Gradient =

c=y—intercept =5.3

log P=—-kt+log a
loga=c=y-—intercept=5.3= a = 200000
—k = gradient=-0.014 = k =0.014
y=mx+cC

log,, P =-0.014t +5.3

log,, P =-0.014 x 2015 +5.3=-28.21+5.3=-22.91

P =ax10" = 200000 x10 %0 = 39810 x 1000152014 _ 9
t = 2015

PAPER-19

SECTION A (C2-27-5-10)

Ex-19-1: You are given that u, =1

— uﬂ
1+u,

n+l

Find the values of u,, u, and u,. Give your answers as fractions.

1
u, = = —5
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Ex-19-2: (i)

1+1_12+6+4+3_g§
3 4 12 12

>, 1 1 1 1 1
> = + + o+
—r-1 2-1 3-1 4-1 5-1

1 1
S+ +
1 2

(ii)  Express the series 2x3+3x4+4x5+5x6+6x7 in the form Z f(r)
r=2
where f(r) and a are to be determined.
6

Ans: 2x3+3x4+4x5+5x6+6x7=>) r(r+1)
=2

r

Ex-19-3: (i) Differentiate x® —6x* —15x+50

y =x° —6x° —15x +50

dy =3x?-12x-15
dx

(i)  Hence find the x - coordinates of the stationary points on the curve
y =x° —6x° —15x +50

%:3x2—12x—15:0 = (Bx+3)(x-5=0 =x=5 and =x=-1
X

Y, = X% — 6x2 —15x+50‘ 6= 5% —6(5)? —15(5) + 50 =125 —150 — 75 + 50 = —50
X = X

y =x3—6ﬁ—45x+5%
1 X

.= (-1)% - 6(-1)> —15(~1) +50 = ~1— 6 +15 +50 = 58
X=- -

Coordinates: P,(5,-50) and P,(-158)

2
W g 12x-15-0 =9V
dx dx

6X —12‘ =30-12=18 = PR, (5,-50) Minimum
X

=—-6-12=-18 = P,(-158) Max
1
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Ex-19-4: In this question, f(x)=x*—5x. Fig-19-4 shows a sketch of the graph
of y=f(x).

y
A

Fig-19-4

P X
o\‘/S

(2.5, -6.25)

On separate diagrams, sketch the curves y = f(2x) and y =3f(x), labelling the

coordinates of their intersections with the axes and their turning points.

A A
[
4 f(x) 4 f(2x) 3f(x)
Fig.4
> x 2.5 > x I
(2.5, -6.25) (1.25, -6.25)
(2.5, -18.75)

5
Ex-19-5:  Find j(l—%}dx
X
2

5 5 5
j(l-%)dx:j(l—ax3)o|x=x—ix2=x+i2 =5+3—(2+§j=5—2+3—§=E=2.37
U x ) iy X227 25 25 4 100

1
Ex-19-6: The gradient of a curve is 6x? +12x2. The curve passes through the

point (4, 10). Find the equation of the curve.
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1 1 3 3
ﬂ=6x2+12x2 :>y='|' 6x* +12x2 dx=6i+12(g)x2+c
dx 3 3

3 3

3 — —
y=6%+12(§sz +c=2x"+8x2+c=10=128+64+c =c=10-192 =182

3

= y=2x%+8x2 -182
Ex-19-7: Express log, x°* +log, Jx in the form klog, x .

Ans:

1

log, x* +log, v/x =3log, x+log , (x)2 :3Iogax+%logax:glogax

Ex-19-8: Showing your method clearly, solve the equation 4sin? @ =3+cos’ @4,
for values of § between 0° and 360°.

4sin®@=3+cos’0=3+1-sin’0 =5sin’0=4 :>sin2¢9:g =sinf=+

Sl

0 =sin -1(1 %j =sin *(+0.8944 ) = 63.43°, 116.565°,243.43°, 296.568°

Ex-19-9: The points (2, 6) and (3, 18) lie on the curve y =ax".

Use logarithms to find the values of a and n, giving your answers
correct to 2 decimal places.

y = ax
6=a(2) (1)
18 = a(3)" . (2)

Dividing Eq.2 by 1:

6 a(z)n (2) 2 2 log 1.5

6=a(2)" =a(2)>™ = log 6 =log(ax2>™)=log a+2.71log 2
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—loga=log6-2.71log 2=0.778 —0.816 =-0.0378 = a = log *(~0.0378) = 0.917

OR

y = ax
log y =log a+nlog x

log 6 =1log a+nlog 2 ...(1)

log18 =log a+nlog 3 ...(2)
Subtracting Eq.2 from 1

log18 —log 6 =log a—1log a+ nlog 3—nlog 2

log18 —log 6 =Inlog 3—nlog 2

log % =log 3" —log 2" = log (g) =nlog(1.5)=log 3

no 1993 o7
log(1.5)

6=a(2)" =a(2)*" =log6=log (ax 22'”): log a+2.71log 2

—loga=log6-271log 2 =0.778 —0.816 =-0.0378 =>a = log *(~0.0378) = 0.917

SECTION B (P-19)

Ex-19-10: (i) Find the equation of the tangent to the curve y=x* at the

point where x =2. Give your answer in the form y=mx+c
y=X

Gradient= dy =4x3 =32
dx X=2

y=mx+c=32x+Cc now y=x"'=2°=16
16=32(2)+c =c=16—64=-48
= y=32x-48

(il)  Calculate the gradient of the cord joining the points on the
curve y=x"* where x=2 and x=2.1
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Yo=Y

Gradient= ——=
Xz _Xl
y, =x* . 2=16 P,(2,16)
=x =(2.1) P(2.1,19.448
. =x' _, =@y R )

Gradient= Y2~ Y1 _ 19.448-16 _3.658 _ 36.58
X, %, 21-20 01

(i) (A) Expand (2+h)’
4x3x2°h?* 2x4x3x2h®

+ +h*=2*+32h+24h? +8h®* +h*
2x1 2x3

(2+h) =2* +4x2°h+

4 o4
(B) Simplify%
4_ 4 4 2 3 4  H4 2 3 4
(2+h2] 2t 2 +32h+24hh+8h +h*-2 :32h+24hh+8h +h o oahagh? 1

(C)  Show how your result in part (iii) (B) can be used to find
the gradient of y=x* at the point where x =2

Ex-19-11: (a) A boat travels from P to Q and then to R. As shown in Fig-19-
11-1, Qia 10.6 km from P on a bearing of 45°. R is 9.2 km from P on
a bearing of 113°, so that angle QPR is 68°. Calculate the distance
and bearing of R from Q.

N

9.2 km

Fig-19-11-1
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QR? =(10.6)* +(9.2)* —2(10.6)(9.2) cos68° =112.36 +84.64 — 73.06 =123.94
= QR =+/123.94 =11.133km

N
. 0
LIR 02 ., 92568 e
sin 68 siné@ 11.133
0, = 0 =sin"*(0.766) = 50°

= 6, =180° -50° =130°

Bearing of R from Q =45+130=175°

9.2 km

Fig-19-11-1

(b)  Fig-19-11-2 shows the cross-section, EBC, of the rudder of a boat.

rudder Fig-19-11-2 Detail of construction

BC is an arc of a circle with centre A and radius 80 cm. Angle CAB = 2?” radians.

EC is an arc of a circle with centre D and radius r cm. Angle CDE is a right angle.

rudder Fig-19-11-2 Detail of construction

(i) Calculate the area of a sector ABC.

Area of ABC = % r’e = %(80){%) = 6702.06 cm?

(i)  Show that r =40+/3 and calculate the area of triangle CDA.
Ans:
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Di—-¢7A
— G

| 60/
rem,
| 80cm
1308

|
v
C

sin 60° =é:> r = 80sin 60° =80><§:40\/§ cm

(ifi)  Hence calculate the area of cross-section of the rudder.

Area of the triangle=%CD x AC xsin 30° = % x 40~/3 x80 = 2771.3 cm?

Area of DEC =%r2¢9 =%(40\/§)2 x% —3769.9 cm®

Area of AEC = Area of DEC — DAC = 3769.9—2771.3 =998.6 cm?
Area of EBC = Area of ABC — AEC =6702.1—998.6 = 5703.5 cm?

PAPER-20

SECTION A (C2-6-6-06

Ex-20-1: Write down the value of log, a and log, (a)°

Ans:  log,a=1, and log,(a)’=3log,a=3

Ex-20-2: The first term of a geometric series is 8. The sum to infinity of the
series is 10. Find the common ratio.

Ans: 5 -_% -8 10 —10-10r-8 —-10r-8-10=—2 =—r=1:
l1-r 1-r 5
Ex-20-3: 0 is an acute angle and sin 8 = % Find the exact value of tan@.
Ans:
4
1 1
tand =—
Vis - A
16-1=+/15
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2
Ex-20-4: Find _[(x“ —%+1jdx , showing your working.
1

X
Ans:
2 2 5 —2+1 5 2 5 5
_[[x“ —iz+1jdx='f(x4 ~3x7? +1)dx=x——3x ex=X 3 o2 3 (L3
1 X ] 5 -1 5 x L 5 2 5 1
=99-42=57
Ex-20-5: The gradient of a curve is given by % =3-x?. The curve passes

X
through the point (6, 1). Find the equation of the curve.

Ans:

3 3
%:3—% :>dy:(3—x2)dx:>jdy:_[(3—x2)dx:> y:3x—%+c:>l:3(6)—%+c:>c:55

3

= y=3x—%+55

Ex-20-6: A sequence is given by the following.
u, =3.

Uy, =U, +5

(1) Write down the first 4 terms of this sequence.
Ans: a =3
&, =a,=a+5=3+5=8
a,=a,=a,+5=8+5=13

a,=a,=a,+5=13+5=18

(i)  Find the sum of the 51° to the 100" terms, inclusive, of the
sequence.

Ans: It is an arithmetic series as the difference, d=13-8=5
S, :g(2a+(n—1)d) S =%[2><3+5(50—1)]= 25[6 + 245 ] = 6275
Ex-20-7: (i) Sketch the graph of y=cosxfor 0° <x<360°.

Ans:
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A cosX C0S 2X

A oS X

0° 180° 270°  360°

On the same axes, sketch the graph of y =cos2xfor 0° < x<360°.
Label each graph clearly.

(ii)  Solve the equation cos2x=0.5 for 0° < x<360°.

Ans: cos2x=05 =2x=60° 300°, 420°, 660° = x=30° 150°, 210°, 330°

2
Ex-20-8: Given that for y =6x® ++/x +3, find % and %
X X
dy 1 -1 1
Ans: y=6x°++/x +3 2L -18x*+=x 2=18x"+—=
y = dx 2 2J/x
2 _3
S Wy L S0 gy Iy
dx 2./X dx 4
Ex-20-9: Use logarithms to solve the equation 5% =100 . Give your answer

correct to 3 decimal places.

Ans: log,,5* =log,,100=2  =3xlog,,5=2 = x= 30y, 5 0.954
SECTION B (P-20)
Ex-20-10: (i) At a certain time, ship S is 5.2 km from lighthouse L on a

bearing of 48°. At the same time, ship T is 6.3 km from L on a

bearing of 105°, as shown in Fig-20-10-1. For these positions,
calculate
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=z

Not to scale

Fig-20-10-1

6.3 km T

(A)  the distance between ships S and T,

S

I
I
I
I
I
I Not to scale
I

I

105°
T

ST? = (5.2) +(6.3)2 — 2(5.2)(6.3) c0s 57° = 27.04 + 39.69 + 65.52 cos 57°
ST? =31.04

ST =5.57

(B) the bearing of S from T.

=z

Not to scale

. 0
S57_ 52 Gy 22SNST _7g3 _g-s5153°,a
sin(57°) sin@ 5.57

=31.04
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=z

Not to scale
5.57 km

5.2 km

Fig-20-10-2

-

Ship S then travels at 24 kmh™ anticlockwise along the arc of a circle,

keeping 5.2 km from the lighthouse L, as shown in Fig.10.2.

Find, in radians, the angle @ that the line LS has turned through in 26 minutes.

Ans:

km 26 10.4 2(180)

SM=24—x—hr=104km =SM=r0=520=104 =0=—=2rad =
hr 60 5.2 s

0, =114.59° —48° = 67°
6, =90° -6, =90° — 48° = 42° B

L .
0, =180° —67° —48° —42° = 23° Fig.-20-10-2
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Hence find, in degrees, the bearing of ship S from the lighthouse at this

time.

Bearing of ship S from the lighthouse=180° +48° + 42° + 23° =293°

Ex-20-11: A cubic curve has equation y=x>-3x* +1.

(i) Use calculus to find the coordinates of the turning points on this
curve. Determine the nature of these turning points.

y=x>-3x*+1

Q:3x2—6x:0 =3X(x-2)=0 =>x=0 and x=2

dx

d?y d?y .
—=6x-6 =6 =>Max(01) and —=6x-6 =12-6=6= Min (2,-3)
dx x=0 dx X=

(ii)  Show that the tangent to the curve at the point where x = -1 has
gradient 9.

=3(-1)%-6(-1)=3+6=9
x=-1

gradientzﬂ =3x% - 6x
dx|x=-1

Find the coordinates of the other point, P, on the curve at which the

tangent has gradient 9 and find the equation of the normal to the
curve at P.

gradient=%=3xz—6x:9 =x*-2x-3=0 =(x-3)(x+1)=0 = x=3 other point
X

y=x*-3x? +J‘X_3=27—27 +1=1

P31 =>m= —% Perpendicular

y:mx+c:—1x+c :1=—1(3)+c :>c=ﬂ
9 9 3

Y
9 3

Show that the area of the triangle bounded by the normal at P and the x- and y-
axes is 8 square units.
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4
0,—
( CJ y=—1x+§

9 4

0 (12, 0)

Area =+ (12)@) =8
2 3

Ex-20-12:  Answer the whole of this question on the insert provided.

A colony of bats is increasing. The population, P, is modeled by P =ax10",
where t is the time in years after 2000.

(i) Show that, according to this model, the graph of log,, P against t

should be a straight line of gradient b. State, in terms of a, the intercept on
the vertical axis.

P=ax10"

log P =log(ax10™) =log a + btlog 10 = bt + log a
log P=Dbt+log a

y=mX+cC

(i)  The table gives the data for the population from 2001 to 2005.

Year 2001 2002 | 2003 | 2004| 2005

t 1 2 3 4 5

P |7900 | 8800 {10000 (11300| 12800

Complete the table of values on the insert, and plot log,, P against t. Draw
a line of best fit for the data.

(iii)  Use your graph to find the equation for P in terms of t.

(iv)  Predict the population in 2008 according to this model.
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Year | 2001| 2002 [ 2003 | 2004| 2005
t 1 2 3 4 5
P {7900 | 8800 (10000 |11300| 12800
logP  |3.897|3.944| 4 14.053| 4.107
log,, P
A /
/ I
P |
(1,3.897) (5,4.107)
1 2 3 4 5
log P=Dbt+log a
loga=c=370 = a=5012
] 4,107 —-3.897 0.27
b = gradient=m= 38 = 3 =0.0682

P =ax10™

5-1

P =ax10" =5012 x 1020652

P = 5012 x10°%°%2

P =ax10" =5012 x10°%0652

P = 5012 x10°%°6828) — 17604
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Year 2001 2002 | 2003 2004 2005

P 7900 8800 | 10000 | 11300 | 12800
P| 3.897 | 3.944 4 4.053 | 4.107

log,g

A
log,, P

o~
5y

%
=4
dn
~

log P=Dbt+log a
loga=c=384 — a=6918

4.053-3.897 0.273
4-1

b = gradient=m= =0.052

P=ax10"

P=ax10" = 6918 x10°%*
P = 6918 x10°%52

P =ax10" = 6918 x10%%*

P = 6918 x10%%%® =18029 .4
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Ex-21-1:

Ans:

Ex-21-2:

Ans:

Ex-21-3:

Ans:

Ex-21-4:

Ans:

Ex-21-5:

Ans:

Ex-21-6:

Ans:
OR

Ex-21-7:

Ans:

Ex-21-8:

Ans:

PAPER-21

DERIVATIVES
y=au"
dy _ nau™* du
dx dx

Find the derivative of y =3x".

ﬂzGX.
dx

Find the derivative of y=4x*+6x® +3x* +8x+34.

dy =16x® +18x° +6X +8.
dx

Find the derivative of y=3x*+7x+8.

ﬂ:6x+7.
dx

Find the derivative of y=(x+4).

dy 2
2 =3 4y .
™ (x+4)

Find the derivative of y =(3x+4)’.

%:3(3x+4)2><3:9(3x+4)2.

Let u=3x+4 =y=u’

ﬂ=3u2x%:3(3x+4)2x3:9(3x+4)2

dx dx

Find the derivative of y =/x

1
y:’\/_:XZ
G 1,0 1
dx 2 24x

Find the derivative of y=+/x*+1

1

y=vx2+1 :(x2 +1)E
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Ex-21-9: Find the derivative of y = ;3
(x2 +3x+2)
1 -3
Ans: Y= =(x*+3x+2
(x2 +3X+ 2)3 ( )
ﬂ:—B(xz +3x+2)74><(2x+3):—3(2)(—+3)4
dx (x2 +3x+2)
Ex-21-10:  Find the derivative of y= (x2 +3X+ 2)_3
Ans: y :(x2 +3x+2)73
ﬂ:—i%(xz +3x+2)74><(2x+3):—3(2)(—+3)4
dx (x2 +3x+2)
. . x? +3x
Ex-21-11:  Find the derivative of y=
Jx
X% 43x X L 3X x2 3 2t i 2
Ans: = =24+ =x 243x 2=x243x?
R AN .
X2 X
3 1
y = X2 +3x?
3_ 1
dy 3.t gty
dx 2
Ex-21-12:  Find the derivative of y=In(3x+4)
Note: y=Ihu
dy_1 du
dx u dx
Ans: dy_ 1 3= 3

dx 3x+4>< 3x+4

Ex-21-13:  Find the derivative of y= In(4—5x3)
Note: y=Ihu
dy 1 du
dx U dx
2
Ans: dy__ 1 3><(—15x2):—LX3
dx 4-5x —5x
Ex-21-14:  Find the derivative of y = log (4—5x3)
Note: y=logu

dyldu 1

dx u dx In 10
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. dy 1 I 15%?
Ans: el IN10x(4—5¢)

Ex-21-15:  Find the derivative of y =sin(2x+45°)

Note: y =sinu
ﬂ = COS U X %
dx dx
Ans: % = cos(2x +45° )x 2 = 2 cos(2x + 45° )
X

Ex-21-16:  Find the derivative of y = cos(5x+25°)

Note: y =cosu
dy =—sin ux du
dx dx
Ans: ? = —sin(5x + 25° )x 5 = ~5sin (5 + 25° )
X
Ex-21-17: Find the derivative of y= sin 2x
COS 2X
u
Note: y=—
v
V X du_ ux av
dy " dx dx
dx v?

dy _ cos2Xx 2x cos 2X —sin 2x(—sin 2x)x 2

Ans: =
ns dx (cos 2x)?

2 . 2 ; 2 2
dy _ 2(cos2x)” + 2(§|n 2x)° _ 2[(S|n 2x) +(c;)s 2x) ]: 2 _— ofsecax)
dx (cos 2x) (cos 2x) (cos 2x)

Ex-21-18: Find the derivative of y=xInx

Note: y=uxvVv
dy dv du
— =UX—+VX—
dx dx dx
Ans: Q=x><l+lnx:1+lnx
dx X

Ex-21-19:  Find the derivative of y=¢*
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Note: y=e

>~y UX%:e4XX4:4e4X
dx dx

PAPER-22

SECTION A (C3-25-5-05)

Ex-22-1: Solve the equation [3x+ 2| =1
Bx+2 =1

(3x+2)==1
a (3x+2)=1 =3x=1-2=-1 :x:—%

b. (3x+2):—1 =3X+2=-1=3x=-3 = x=-1

Ex-22-2: Given that arcsin x =%, find x. Find arccos x in terms of .

arcsin X = z = X =sin (EJ =05
6 6

arccos x = arccos(0.5) = %

Ex-22-3: The functions f (x) and g(x) are defined for the domain x>0 as follows:
f(x)=Inx g(x)=x*
Express the composite function fg(x) in terms of In x
fg(x) = f(x3): In x* =3In x

State the transformation which maps the curve y = f (x) onto the curve y = fg(x).

Ex-22-4: The temperature T°C of a liquid at time t minutes is given by the
equation T =30+20e° fort>0 .

Write down the initial temperature of the liquid, and find the initial
rate of change of temperature.
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Find the time at which the temperature is 40°C .

T=30+20e°%| =30+20=50°C
0
I _oo(oose®s)| --1.C
dt t=0 S
40 =30+20e %% = 20e°% =40 -30 =10 =20 %% =10 =e°% = % ~05

—0.693

= -0.05t=In05=-0693=>1t= =13.863 min utes

1
Ex-22-5:  Using the substitution u=2x+1, show that _[Zildx = %(2— In 3)
) 2x+

1
I dx
5 2X+1
u=2x+1 :%:2 :>dx=%
dx 2
u=2x+1 =2x=u-1 :X:UT_l
1
J‘dez (U__J'J(EJd_uzlju__lduz ﬂ_l _=_I _—|1=== _1|nu
0 2X+1 2 \u)2 47 u 4
. 1 1
dex:l(2x+1 Lhnexs1) =1E-)-tm3-n1)=1@-n3)
J2x+1 4 0 4 0 4 4 4

. Find ﬂ Hence find the exact
+3In x dx

coordinates of the stationary point of the curve.

Ex-22-6: A curve has equation y= 5

3
2+3InXx)—x —
X dy ( ) [x) (2+3Ihx)-3  3Ihx-1
y= === > = > = 2
2+3Inx  dx (2+3In x) (2+3Inx)*  (2+3Inx)
1
:Q:M:O =3I x-1=0 =3Ihx=1 :>Inx_1 = Xx=g3
dx (2+3Inx) 3
1 1 1
3 3 3 1 1
y= . 1= : T e3 ° =—e3 :>P0|nt(3 1e 3]
2530xces 5 anes 2+0me T2+41 3 3
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Ex-22-7:

Fig-22-7 shows the curve defined implicitly by the equation

y>+y=x%+2x , together with line x=2.

y
A

i » X
12

Fig-22-7

Find the coordinates of the points of intersection of the line and the curve.

dy

Find ix in terms of x and y. Hence find the gradient of the curve at each

of
y2

=

X
these two points.

+y=x+2x =2°+2(2)=12
X=2

yo+y=12 =y*+y-12=0 =(y+4)(y-3)=0 =y=-4 and y=3

=P (23 and P,(2,-4)
y2+y=x>+2x :>2yﬂ+ﬂ:3x2+2 :>(2y+1)ﬂ:3x2+2
dx dx dx
dy 3x*+2
e
dx 2y+1
dy : 3x% +2 12+2 14
== = gradient = = =—-=
dx|at p, 2y+1|x=2,y=3 6+1 7
2
:ﬂ :gradient:3X +2 :12+2:£:—2
dx|at p, 2y+1x=2,y=—4 -8+1 -7
SECTION B(P-22)
Ex-22-8: Fig-22-8 shows part of the curve y = xsin 3x . It crosses the x-axis at

P. The point on the curve with x-coordinate %n is Q.
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(iiff)

(iv)

72

N

. X
\
Flg_22_8

Find the x-coordinate of P.

=0 =D y=xsin3x=0 =x=0 and sin3x=0 =3x=0,7n

Yatp ™~

T
=X==
3

Show that Q lies on the y=x
y = Xsin 3x r=—SN|—|[=—sin| — [=—
X== 6 6 6 2 6
6
Yes, Q lies on the y =x, because both x and y are equal to%

Differentiate xsin 3x. Hence prove that the line y = x touches the curve at

Q

i(xsin3x)=3xcos3x+sin3x x=2cos| = |+sin| Z | =1
dx X== 2 2 2
6
y =X :ﬂzl
dx

Show that the area of the region bounded by the curve and the line y=x is

b9

y=X
y
A
Q
A
\ A
P X
o) A2 P\
Fig-22-8




B 1
A, = Ixsin 3xdx ==
0 9

A=A -A ="—->=

72 1 7*-8

72 9 72

Ex-22-9: The function f (x) =In (1+ xz) has domain —3<x<3

(if)

(iiff)

Fig-22-9 shows the graph of y = f(x)

P(2, In5)

Fig-22-9

Show algebraically that the function is even. State how this property relates
to the shape of the curve.

f(x) = In{L+x?)
f(=x) = In{l+x?)
= f(-x)= f(x) =>even

Find the gradient of the curve at the point P(2, ln5).

y = () =h{+x?)
ﬂ_ 2X 4 4

dx 1+x2|x=2 1+4 5

Explain why the function does not have an inverse for the domain
—-3<x<3

The domain of f(x) is now restricted to 0<x<3 . The inverse of f(x) is the
function g(x)

(1v)

Sketch the curves y = f(x) and y = g(x)on the same axes
State the domain of the function g(x)
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Show that of g(x) =+ve* -1

y="f(x)= In(1+ xz)

1+x* =¢e’

x*=e’-1 =x=+e'-1

= f(y)=+e’ -1

= f*(x)=g(x) =+e* -1

(V) Differentiate g(x). Hence verify that g’(In5) :1%. Explain the connection

between this result and your answer to part (ii)

1 dg 1 1 1 e
= X—l: X—12 — = X—12 L [—
9(x) = e’ ~1=(e* -1) ~ X 2(e Jo) 2. Je" 1
g9l € _1oe® 1.5 15 5 1
dx 2.Jex_1|x=I5 2. /e _1 2.5-1 2J4 4 "4
The answer in part (ii) is the same as this.
SECTION A (C3-18-1-06)
. 1 dy 2
Ex-23-1:  Given that y=(1+6x):, show that oy
y=(+exp =Y -laienie)=cnrox)i=— 2 =2
dx 3 (1+6x)s Y
Ex-23-2: A population is P million at time t years. P is modelled by the

equation

P=5+ae™

Where a and b are constants.

The population is initially 8 million, and declines to 6 million after 1 year.

(i)

Use this information to calculate the values of a and b, giving b
correct to 3 significant figures.

P=5+ae™ =5+a=8 = a=8-5=3
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P=5+3™

=5+3"=6 =3P"=6-5=1

=3’ =1 :e‘b:% :>—b|ne:In(%jzlnl—lnB:O—lnS

=-b=-In3 =b=Ih3

(if)

P=5+3"

Ex-23-3:

(if)

(iiff)

What is the long-term population predicted by the model?

=5+0=5
>

(i) Express 2In x+In3as a single logarithm.
2Inx+IN3=Inx*+1In 3:In(3x2)

Hence, given that x satisfies the equation 2In x+In3=In(5x+2).

Show that x is a root of the quadratic equation 3x*-5x-2=0
2In x+In3=In(5x+2)

In x? +1In3=In(5x+2)
In(3x?)=In(5x+2)
= 3x* =5x+2 =3x*-5x-2=0

Solve this quadratic equation, explaining why only one root is a valid
solution of 2In x+In3=In(5x +2)

3’ =5x+2 =3x*-5x-2=0 (3x+1[x-2)=0 x=2, and x=—%

Here only one solution (i.e. x=2 is OK), the other is not valid because
logarithm of negative numbers are not possible.

Ex-23-4:

(i)

Fig.-23-4 shows a cone. The angle between the axis and the slant
edge is 30°. Water is poured into the cone at a constant rate of 2cm?®
per second. At time t seconds, the radius of the water surface is r cm
and the volume of the water in the cone is V cm®.

Write down the value of dd_\t/
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v _,om’
dt S

Show that V =§7Z’ r* and find Z—V

r
You may assume that the volume of a cone of height h and radius r is

17rr2h
3
r

30°

_r
tan 30°

V:zmzhzzmz( r Ojims
3 3 tan 30 3

tan 30° =% —=h=

v 3J/3 )
—=——nrr"=,37r
dr 3 d ‘/_7[

(ifi)  Use the results of parts (i) and (ii) to find the value of %when

r=2.

d—V:d—Vxﬂ :>2:\/§7rr2x£ :ﬁz 2 2 1
dt  dr " dt dt dt V3m? 43z 2V3x
Ex-23-5: A curve is defined implicitly by the equation
y? =2xy +X°
() Show that &Y _ 2x+Y)
dx 3y°—2x
y? =2xy+X°
dy .. dy 2 dy dy _ 2(x+y)
3y? =L =2x—L + 2y +2x 3y? —2x)-L =2y +2x 2=
y ax :(y )dx y = dx (3y? —2x)

(if)

Hence write down ? in terms of x and y.
y

dy _ 2(x+y) :%ZSyZ—Zx
dx  (3y?—2x) T dy 2(x+yY)

Ex-23-6:

The function f(x) is defined by f(x) =1+ 2sin x for —%7[ <X S%ﬂ.
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(i) Show that f *(x) = arcsin(XT_lj and state the domain of this function.

f(x) =1+ 2sin x

y =1+ 2sin x :>sinx:yT_1 :x:arcsin(yT_l]

P . (y-1
f=(y) _arcsm(—2 J
Aoy . (x=1
f (x)_arcsm[—2 J

<1 =+ x-1 <1
2
x-1

(—j£1 = X-1<2 =x<3

For domain X—_l

2

_(x;ljgl —-(x-1)<2 = -Xx+1<2 = -x<1 = x>-1

domain —-1<x<3

Fig-23-6 shows a sketch of the graphs of y = f(x) and y = f *(x)
(ii)  Write down the coordinates of the points A, B and C.

y
A
A
/—'
y=1(x)

y=17(x)

0 >
B
/ Fig-23-6

y = f (x) = arcsin (XT_lJ

y

=0=y=f*(x)=arcsin o Xl _Gnot—0 = x-120 =x=1
at B 2 2

B =(1,0)

y = f(x) =1+ 2sin x

y =1+2sinx=1+2=3 and x=Z = A 1,3
max at A 2 2
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And point C is reflection of A: c(s, %)

SECTION B(P-23)

Ex-23-7: Fig-23-7 shows the curve y =2x—xIn x, where x>0

> <

E A
Fig-23-7

The curve crosses the x-axis at A, and has a turning point at B. The point C

on the curve has x-coordinate 1. Lines CD and BE are drawn parallel to the
y-axis.

(1) Find the x-coordinate of A, giving your answer in terms of e
At Ay=0 =2x—xInx=0 =x(2-Ihx)=0 = x=0(Point O)

(2-Inx)=0 =Ihx=2 =x=e* Point Ae?,0)

(ii)  Find the exact coordinates of B
y =2x—XlIn x Q:Z—x(lj—lnx:o =Ihx=1 = x=e
dx X

y=2x—-xIhx=2e—-elne=2e—e=e B(ee)

(iti)  Show that the tangents at A and C are perpendicular to each other

y =2x—xInx dy :2—x[1j—lnx=1—lnx =1-Ine*=1-2Ihe=1-2=-1
dx |at A X X =e?

y =2Xx—XIn x dy =2—x(1j—lnx=1—lnx =1-In1=1-0=1
dxjat C X =

1

Gradientat A=—— —————
gradient at C

= Perpendicular

(iv)  Using integration by parts, show that
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jxln xdx:lx2 In x—lx2 +C
2 4

_[x In xdx = Iudv: uv— jvdu int egration by part.
Let u=Inx and dv = xdx

2
d—u:l :du:ldx and v:jxdx:x—
dx x X 2
NG x2 NG X x2 x2
J.xln xdx:judv: uv—jvdu:—ln x—J'—dx:.—In x—J—dx:—In X——+C
2 2X 2 2

Hence, find the exact area of the region enclosed by the curve, the x-axis and the
line CD and BE.

XZ

e X2 e e2 e2 l 1 e2 e2 1
Jxlnxdx:—lnx—— =~ Ihe-—-|Zhl-=|="—--"+=
1 2 41 2 4 \2 4

sin x
2—C0S X
Fig-23-8 shows the graph of y= f(x) for 0<x<~

Ex-23-8 The function f(x) =

has domain —7z<x<r,

y
A

Fig-23-8

(1) Find f(—x) in terms of f(x). Hence sketch the graph of y= f(x) for the
complete domain —7<x<r

F(x) = sin x
2—CO0s X
F(ox) = sin(—x) __—sinx _ sinx __f(x) = odd
2-c0s(—x) 2-cosx 2 —C0S X
.. / 2cosx—1 . .
(i) ~ Show that f'(x)=——— . Hence find the exact coordinates of the
(2-cosx)
turning point P. State the range of the function f(x), giving your answer

exactly.
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sin x

f(x)=

2—C0S X
f,(X)_(2—cosx)cosx—sinxsinx_ZCosx—coszx—sinzx_Zcosx—(coszx+sin2x)
(2—-cos x)? (2—-cos x)® (2—cos x)?

jf/(X)ZZCLX_lz

(2—-cosx)
:f’(x):M:O . 2cosX-1-0 —cosx=> =x=2Z

2
(2—cosx) 2 3
sin| ﬁ

sin X 3 2 J3
y="f(x)= = = =—

2 —COS X x=3 2_()()3(7:} 2-05 3

3

y| . = sinx___0 =0 and y :izlzl —range 0<y<1
min 2-cosx 2-1 max 2-1 1

(iii)  Using the substitution u=2-cosxor otherwise, find the exact value of

T sinx
I dx
5 2—COS X
du . du
U=2-Cc0sX =-—=S8inx =dx=—
dx sin x
I SMX_ 4x = sm_xs:i_uz ﬁzlnu:ln(Z—cosx7[=In(2—c037r)—ln(2—1)
5 2—COS X u sinx u 0
[ =in(2-cos)~In(2-1) =I(2+1) I 1=n3
5 2—COS X

(iv)  Sketch the graph of y= f(2x)

(V) Using your answer to parts (iii) and (iv), write down the exact value of

T

.[ sin 2x

5 2—C0S 2X

Area is stretched with scale factor % . So area is %In 3
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PAPER-24

SECTION A (C3-8-6-06)

Ex-24-1: Solve the equation [3x—2 =x.

Bx—2/=x
(3x—2)=+x
(a) (3x-2)=x =3x-x=2 =2x=2 =x=1

(b) (3x—2)=—x =3x-2=—x =4x=2 :x:%

ans: x=1 and x:%

T

6 —
Ex-24-2; Show that J.xsin 2xdx = 3\/34 i
0

Xsin 2xdx="?

O o | ¥

Xsin 2xdx:_|'udv: uv—jvdu int egration by part.

Ot [N

Let u=x and dv=sin 2xdx

du =dx and v=jsin2xdx=—20052x

XSin 2xdx = Iudv: uv—J'vdu:—icos 2x+jlcos 2xdx:—§cos 2X
2 2 2

Ot | N

B

+lsin 2X
4

oy
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oy

7
6

Xsin 2xdx:—50052x +lsin 2X :—ﬁcosz z —0+lsin2 z —Oz—ﬁcos z +lsin T
2 4 12 6 4 6 12 3) 4 3

O | N

T\ 1 . (n«x 7z11\/§\/§7r3\/§—7z
— |+=sin 3 :__XE+Z -

xsin2xdx=—£cos X — = A
12 3) 4 12

Oy |y

2 8 24 24

Ex-24-3: Fig-24-3 shows the curve defined by the equation y =arcsin(x-1), for
0<x<2.

y
A

Fig-24-3

(1) Find x in terms of y, and show that ?:cos y.
y

y=arcsin(x-1) = x-1=siny —=x=siny+1

X=siny+1
lzcosyﬂ 3ﬂzi :%:cosy
dx dx cosy dy

(i)  Hence find the exact gradient of the curve at the point where of
x=15.

y =arcsin(x—1) (16 arcsin(1.5—1) = arcsin(0.5) = 30°
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gradient:Q: L L L 2

dx cosy|y=30° cos30° @zﬁ
2

Ex-24-4: Fig-24-4 is a diagram of a garden pond.

Fig-24-4

The volumeV m® of water in the pond when the depth is h meters is given by
1 ..
Y :éﬁh (3-h)

@)  Find &Y
dn

\ :l7zh2(3—h):7zh2 —lﬂ'h3
3 3

d—\/:27rh—7zh2
dh

Water is poured into the pond at the rate of 0.02m®per minute

(i)  Find the value of % when h=0.4

d_“zd_de_“zo.oz[;j
dt  dt dv 27h — 7h?

=0.02 1 > |= 002 _ 01
h=04 27(0.4)-(0.47 ) 2.011

Ex-24-5:  Positive integers a, b and c are said to form a Pythagorean triple if
a’+b®=c?
(i) Given that t is an integer greater than 1, show that2t, t* -1, t>+1

form a Pythagorean triple.
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c=t?+1

90°
b=t*-1

a’+b®=c® = (2t) +(t*-1)° = (tz +1)2
= 4t% 4t —2t2 +1=t* + 2t% +1
=t +2t° +1=t" +2t° +1 hence, OK

(i1) The two smallest integers of a Pythagorean triple are 20 and 21. Find
the third integer.

c?=a’+b®=(20)" +(21)> =400 + 441 =841 =c=+/841=29

Use this triple to show that not all Pythagorean triples can be expressed in the
form 2t, t*—1 and t* +1

Let 2t =20 = t=10 and t* -1=(10)*-1=99 and t* +1=(10)* +1=101

Hence (20)* +(99)* = (101)* and therefore not valid for every t

Ex-24-6: The mass M kg of a radioactive material is modelled by the equation
M=Mge™"

Where M, is the initial mass, t is the time in years, and k is a constant
which measures the rate of radioactive decay.

(i) Sketch the graph of M against t
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(ii)  For carbon 14, k =0.000121 . Verify that after 5730 years the
mass M has reduced to approximately half the initial mass.

M =M™ M e 020121570  0,4909 M, = S M,
2

t=5730
The half-life of a radioactive material is the time taken for its mass
to reduce to exactly half the initial mass.

(ifi)  Show that, in general, the half-life T is given by

%MO _Me " e =% :—ktlne:—kt:ln(%):lnl—ln2=—In2

—kt=-In2 :>t=InT2

(iv)  Hence find the half-life of Plutonium 239, given that for this
material k =2.88x107°

:>t=In2= 0.693 _ 24068

k 2.88x107°

SECTION B (P-24)

x*+3
x—1
The line L is an asymptote to the curve.

Ex-24-7: Fig-24-7 shows the curve y = . It has a minimum at the point P.

y
A
|
|
|
|
|
l P
|
|
: N
0 |
/_\
L Fig-24-7
|
|
|
|

(1) Write down the equation of the asymptote L.
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_x*+3
x—1

Asymptote is the value of x which makes y equal to «
x—1=0 = x=11is asymptote

(i)  Find the coordinates of P.

_x*+3
Cox-1
dy (x-1)2x)—(x2+3)1) 2x*-2x—x* -3 x*—2x—3
== 2 = 2 = —=0
dx (x-1) (x-1) (x-1)

x?-2x-3=0 =(x+1)(x-3)=0 =x=-1 and x=3 =x=3is0K

=5 ;=5 =6 =Poit=(36)

(i)  Using the substitution u=x-1, show that the area of the region enclosed by
the x-axis, the curve and the lines x=2and x=3 is given by

3.2 2 2
J'X +3dX Zj(u+—w)du=j[u+2+ﬂjdu
x-1 u u

2 1

Evaluate this area exactly.

y
A
|
|
|
|
l P
|
|
| > X
0 |
/_\
| L|  Fig-24-7
|
|
|
!
X=2 X=3

dx

x?+3
Ix—l

2

u=x-1 :%21 = dx =du
dx
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U=x-1 =>x=u+l =x*=@U+D)°=u’+2u+1 =x*+3=u’+2u+4
u=x-1 = u=3-1=2 and u=2-1=1

j’-xz +13 J-(u +2u+4j !

1

2 2
=I[u+2+ j =—+2u+4lnu
1 1

=g+4+4ln2—[%+2+4ln1} 6+4In2—%—2 4(0) = —+4In2

2
X—+3. Find dy In terms of x
x—-1 dx

and vy by differentiating implicitly. Hence find the gradient of this curve at the
point where x =2

(iv)  Another curve is defined by the equation e¥ =

eyy_ (x—-D(2x)— (x* +3)(1) 2x*-2x—-x>-3  x*-2x-3

dx (x—1)? - (x—1)? C(x=1)?
dy _x*-2x-3
dx eY(x-1)?
y=x2+3 :4+3=7
X—-1|x=2 -1
dy x*-2x-3 _4-4-3_ 3
dx e'(x-1° [x=2 7 7

1
Ex-24-8: Fig-24-8 shows part of the curve y= f(x), where f(x)= e 5 sinx for
all x
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(iii)
that

N/,
27| _ﬂ\y S

Fig-24-8

Sketch the graph of
(A)  y=1(2x)
(B) y=f(x+nx)

Show that the x-coordinate of the turning point P satisfies the equation
tanx =5

Hence find the coordinates of P

1 1 -4
—~=e° (cosx)—ge 5 sinx=0

1. . sin x
(cosx)—gsmx:o =sinx=5c0sX = ——=tanx=5
COS X

tanx=5 = x=tan"'(5)=87.43° =1.37 rad

1
-=x

y=e 5 sinx

1.37

—e 5 sin(1.37)=0.76(0.9799) = 0.744
x=1.37 rad

P(1.37 rad, 0.744)

1
Show that f(x+7z)=—-e 5 f(x). Hence, using the substitution u=x-, show

fo (x)dx = —e_éﬁj f (u)du

1

y=f(x)=¢€ ° sinx
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X+ /2 X 4 X a

f(x+z)=e ° sin(x+z)=e 5e 5(—sinx)=—e Se ®sinx=—e 5f(x)

Interpret this result graphically. [You should not attempt to integrate f(x) ]

PAPER-25

SECTION A (C3-18-1-07)

Ex-25-1: Fig-25-1 shows the graph of y=|x| and y=|x—2+1. The point P is the
minimum point of y=|x—2/+1 and Q is the point of intersection of the

two graphs.

Fig-25-1

(i) Write down the coordinates of P.
y=[x—2/+1
y is minimum when [x-2=0 =x=2

y=x-2+1l=1at x=2 =P(21)
(ii)  Verify that the y-coordinate of Q is 1%

At point Q, y, =y, andalso y=|x=x and y=[x-2+1=—(x—2)+1=3-xlso

X=3-X =>2x=3 :>x=1% and y:X:l%
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2
Ex-25-2 Evaluate _[xz In xdx , giving your answer in an exact form.
1

2
J'len xdx=fudv=uv—jvdu int egration by part.
1

Let u=Inx and dv=x%dx

du=% and v:_|'x2dx=lx3
X 3

2
2 3 3 3
Ixz In xdx=_[udv=uv—J.vdu=X—In x—f1x3%=x—ln x—jlxzdx=x—ln | —1x .
] 3 3 x 3 3 3 9 .
: X 1 ? 8 1 1 8 7
_[lenxdx:—lnx ~2xX3 =Zh2-ZIh1-Z(8-1)==-Ih2-=
1 3 9 3 3 9 3 9
1 1
Ex-25-3 The value V of a car is modeled by the equation of V = Ae™™ where t

is the age of the car in years and A and k are constants. Its value when new
is of 10000 , and after 3 years its value is of 6000

(i) Find the values of A and k.

V =Ae™ = A =10000
V =10000e™ L= 6000 = 10000 e ** = 6000
%200 e gkine=—3k= In(0.6) =—-0.511 —=k= —05IL 547
10000 -3
(ii)  Find the age of the car when its value is 2000
V =10000e 07 2000 =e =290 45— _g17t= IN(0.2) =t= In(0.2)
10000 -0.17
=>t= In(0.2) =0.4673 years
-0.17
Ex-25-4 Use the method of exhaustion to prove the following result.

No 1- or 2-digit perfect square ends in 2, 3, 7 or 8.
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Ans: 0,1, 4,9, 16, 25, 36, 49, 64, 81, ...

State a generalization of this result.

2

Ex-25-5 The equation of a curve is y=
2x+1

dy _ 2x(x+1)
dx (2x+1)°

(i) Show that

X2 dy  (2x+1)2x)-x*(2)  4x*+2x—2x*  2x*+2x _ 2X(x+1)
= = 2 = 2 2 = 2
2x+1 " dx (2x+1) (2x+1) (2x+1f  (2x+1)

y

(i)  Find the coordinates of the stationary points of the curve. You need
not determine their nature.

QZZX(H?:O =2X(x+1)=0 =x=0, x=-1
dx (2x+1)
x? x? 1
= =0 =P(0,0) and = =———=-1 =P(-1-1
4 2x+1(x=0 0.0 Y 2x+1jx=-1 -2+1 ( )

Ex-25-6 Fig-25-6 shows the triangle OAP, where O is the origin and A is the
point (0, 3). The point P(x, 0) moves on the positive x-axis. The point Q(0,
y) moves between O and A in such a way that AQ+AP=6

y
A

A(0,3)

QO.y)?

0 P(x,0)

Fig-25-6

(i) Write down the length AQ in terms of y. Hence find AP in terms of y,
and show that

(y+3)P =x*+9
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A
A(0,3)
QOy)?
» X
0 P(x,0)
Fig-25-6

AQ=(3-y)
AP =/(0-3) +(x—0) =9+ X
AQ + AP =6

AP=6-AQ=6-(3-y)=6-3+y=3+y=v9+x*=(y+3)" =9+x?

(i1) Use this result to show that dy X
dx y+3

(y+3F =9+x°

oy W ooy W _2X __ X
dx dx 2(y+3) y+3
_ 4 Ox dy I
(ili)  When x=4 and y=2, P 2. Calculate at at this time.
dy _dy ox
dt dx dt
dy X 4 4
= = = - -
dx|x=4,y=2 y+3 243 5
by, (48
dt dx dt \5 5

SECTION B(P-25)

Ex-25-7 Fig-25-7 shows part of the curve y= f(x), where f(x)=x+v1+x . The
curve meets the x-axis at the origin and at the point P.
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(i)

(iiff)

PN 0 > X

Fig-25-7

Verify that the point P has coordinates (-1, 0). Hence state the domain of
the function f (x)

y = f(X) =xvJ1+ X
y=0 at P = Xx/1+x=0 = x=0, and v1+x=0 =1+x=0 = x=-1
Point P(-1, 0).

dy 2+3x
Show that =2 =
dx 21+ x

y = f(X) =xJ1+ X

N

y = f(X) =x0+Xx)

dy 1 1 : X V1+X X+ 241+ x(»\/1+ x) X+2(1+x) 3x+2
Lox Z@+x)2 |[+Q+x)2 = + = = =
dx 2 21+ X 1 2V1+ X 241+ X 271+ X

Find the exact coordinates of the turning point of the curve. Hence write
down the range of the function

dy 3x+2 2
— = =0 =>3x+2=0 = x=——
dx 2J1+x 3
2 2 2 |13-2 2 /1 2
= X+/1+ X =— Nl-—=—|—=—=/ /= =——=
y x=—2""3\"" 3 "3\ 3 3\f3 343

3
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0 1 3 1
(iv)  Use the substitution of u=1+x to show that J'x\/1+ xdx = f(uz —uzjdu
0

-1

Hence find the area of the region enclosed by the curve and the x-axis.

0

jx\/1+ xdx

-1

u=1+x :%zl = dx=du
dx

u=1l+x =x=u-1 |imits for u=0, u=1

0 1 1 1 3 1

jxw/1+ xdx = _[(u ~1)u2du= .[(uz —uszu

-1 0 0

Ex-25-8 Fig-25-8 shows part of the curve y= f(x) where f(x) =(ex —1)2 for
x>0

Fig-25-8

(1) Find f’(x), and hence calculate the gradient of the curve y= f(x) at the
origin and at the point (ln2, 1).

f(x)=(e*—1f
ﬂ:z(ex —l)eX =2(e™ —e%)
dx

H dy 2x X
gradient L. =— . =2(e"—e") =21-1)=0

at origin  dx|at origin =0

: dy 2x X 2In2 In2 In2? In2
radient =— =2 -e =2 —e")=2(e" —e")=2(4-2)=4
g x=In2 dx|x=1In2 ( )x=ln2 ( )= )= )
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The function g(x) is defined by g(x):ln(1+ \/?) for x>0

(ii)  Show that f(x) and g(x) are inverse functions. Hence, sketch the graph of
y=g(x). Write down the gradient of the curve y=g(x) at the point (1, ln2).

y=( -1f e 1=y =e =y+1 = x=In(Jy+1)
f(y) =In(\y +1)

f2(x) = In(v/x +1) = g(x)

g(x) =Inf1+x)

. 1
9 ()= 2/x[1+/x)
1 2X

(iii)  Show thatj(ex —1)2dx=5e — 26" +X+C

_ 1 1
x=1 21+1) 4

_|'(eX ~1f dx ='|.(e2X —2¢* +1)dx=%e2X —2e¥+x+c

In2
Hence evaluate j(eX —1)2dx, giving your answer in exact form.
0

In2 |n2
j(ex—l)zdx=1e2X—2eX+x Loz _geme 2 (L o)o2 aim243om2-t
2 0o 2 2 2 2

0

(iv)  Using your answer to part (iii), calculate the area of the region enclosed by
the curve y=g(x), the x-axis and the line x=1

PAPER-26

SECTION A (C3-11-6-07)

Ex-26-1: (i) Differentiate 1+2x.

y=+1+2X

y=(1+ 2X)%

188



dy 1 v !
&_2(1+2x) 2(2)=@1+2x) 2= —

-X

(i)  Show that derivative of In (1—e*x) is

e’ -1
y:In(l—e‘X)
dy_ e’
dx (1—-e™
Ex-26-2: Given that f(x)=1-x and g(x)=|x| , write down the composite

function gf (x)
gf () =g(1-x) =[1—x|
On separate diagrams, sketch the graphs of y = f(x) and y=gf(x)
y=f(x)=1-x and y=gf (x) =[1-x|

y f(x)

i gf (x) =[1— x|

f(x)
01) (0.1)

(L0) > X > X

10)

Ex-26-3: A curve has equation 2y*+y=9x*+1

(i) Find % in terms of x and y. Hence find the gradient of the curve at the
X

point A(1,2)
2y +y=9x" +1

ay D Y gy o Yigypr)-1ex = Y- 18X
dx dx dx dx 4y+1
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Gradientzyzlg—x =£=§=2
dx 4y+1lx=Ly=2 8+1 9

(i)  Find the coordinates of the points on the curve at which dy_ 0

dx

dy _ 18X 4 _18x=0 = x=0
dx 4y+1

2y’ +y=0+1 =2y’ +y-1=0 =(2y-1)y+1)=0 :y:%, y=-1

Points: P1(0,0.5) and P2(0,-1)

Ex-26-4: A cup of water is cooling. Its initial temperature is 100°C . After 3
minutes, its temperature is 80°C

(i)  Giventhat T =25+ae™ where T is the temperature in °C, t is the time in
minutes and a and k are constants, find the values of a and k.

T=25+ae™ _=25+a=100 =a=75
80 =254+ 756 % — 756 % =80 _25-55 e =2 _11
75 15
:>e’3k=E :>—3k=|n(£j=—0.31 :k:ﬂzo_l
15 15 —

(i)  What is the temperature of the water

(A)  After 5 minutes,

T =25+ 75e " =25+ 75e°° = 25 + 75(0.606) = 70.49

(B) in the long term?

T =25+75e %" =25+75e’°°=25+E=25+0=25
t —> o0 e”
Ex-26-5: Prove that the following statement is false.
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For all integers n greater than or equal to 1, n” +3n+1 is a prime

number.
n=1 =n*+3n+1=1+3+1=5= prime number
Nn=2 =n*>+3n+1=4+6+1=11= prime number
nN=3 =n’°+3n+1=9+9+1=19 = prime number

Nn=4 =n’+3n+1=16+12+1=29 = prime number

Ex-26-6: Fig-26-6 shows the curve y = f(x), where f(x) :%arctanx

Fig-26-6
Find the range of the function f(X), giving your answer in terms of z .
1
y=f(X)=§arctanx X0 and X-—>—oo
2\ 2 4

y=f(x)= %arctan(oo) = l(ﬁj -

1 1( = V4
y (x) 2arc an(—o) 2( Zj 1

T
Therefore, range (i.e. value of y: —— <Y< Z)

NG

(i)  Find the inverse function f *(x). Find the gradient of the curve
y = f(x) at the origin.
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y=f(x)= %arctan X = x=tan(2y)

f 7 (y) = tan(2y)
f () = tan(2x)

£1(x) = g(x) = tan(2x) = SN 2X
COS 2X

dg _ cos 2x(2cos 2x)—sin 2x(- 2sin 2x) 2

dx cos? 2x cos? 2x

= gradient =2
x=0

(iii)  Hence write down the gradient of y :%arctanx at the origin.

2 Q:ﬂ_COSZZy
cos® 2y dx dx 2 |y=0

yzéarctanx = x=tan2y = 1= %

SECTION B (P-26)

2

Ex-26-7: Fig-26-7 shows the curve y = . It is undefined at x=a; the line

1+2x°
x =a is a vertical asymptote.

X=a y

Fig-26-7

(i) Calculate the value of a, giving your answer correct to 3 significant
figures.

2

y:

- for asymptote 1+2x° =0 = x° I
2

1
32

1+2x
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= X=——=
Y2

=x=a

Sa-- -
32

4

(i)  Show that dy _ 2x——2x2
dx (1+ 2x3)

turning points of the curve.

. Hence determine the coordinates of the

X2

T1r2%°

y

dy _ (1+ 2x3)2x—x2(6x2)_ 2x+4x" —6x"  2x—2x"

dx (L+2¢) o pr2ef fe2xf

_ 4
Q=M=O = 2x-2x" =2x(1-x*)=0 x=0 and (1—x3)=0 =x*=1

dx  (1+2x3f

=x=1 =>x=1

=1 = Point 1,1
x=1 3 3

(ifi)  Show that the area of the region between the curve and the x-axis

XZ

y:1+2x3

from x=0 to x=1is %InS

1 2
j X 5 dx
o 1+2X
u=1+2x° :>%:6x2:>dx:d—u2
dx 6X
1 2 2 1
I X - dx = X—d—u2:1 ﬁzllnu:lln(l+2x3 :lln(B—Inl):llnB
o 1+ 2X u 6x 6°u 6 6 0 6 6

Ex-26-8 Fig-26-8 shows part of the curve y = xcos 2x, together with a point P
at which the curve crosses the x-axis
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Fig-26-8

(i)  Find the exact coordinates of P

y = XCO0S 2X
atPy=0 = xcos2x=0 = x=0 and cos2x=0 =2x=

- P(Z,Oj
4

(ii)  Show algebraically that xcos2xis an odd function, and interpret this
result graphically.

NN
U
>
Il

IR

y = f(X) = xcos 2x
f (—x) = —xcos(—2x) —xcos2x =—f(x) = odd

y
A

AN J
S o TS

Fig-26-8
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(ifi)  Find ﬂ
dx

y = XCO0S 2X

% = X(— 25in 2x)+ c0s 2x = —2xsin 2X + C0S 2X
X

(iv)  Show that turning points occur on the curve for values of x, which

satisfy the equation curve xtan2x = 1

% =-2XSIiN2X+c0s2xXx=0 = 2xsin2x :c052x:>m =2xtan 2x =1= xtan 2x :%

X COS 2X

(V) Find the gradient of the curve at the origin.

ﬂ:—szin2x+c052x =0+1=1
dx x=0

Show that the second derivative of xcos2xis zero when x=0.

y = XCO0S 2X
@ _ —2Xsin 2X + C0S 2X
dx
d?y i .
2 = —2(2xcos 2x +sin 2x)— 2sin 2x =0
dx x=0

s

4
(vi)  Evaluate jxcos 2xdx, giving your answer in terms of = . Interpret this
0

result graphically.

u=x and dv = cos 2xdx

— =1 = du=dx and v=%sin2x
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s

% A z
J'xcos 2xdx :J'udv = uv—_[vdu = 5sin 2X —J.lsin 2xdx :ésin 2X + lcos 2X 4
) ) 2 2 2 4 0
i z _
jxcostdx:isin 2x+10052x 4 :Esin 2—ﬂ+£c052—7z—[£j :£+0—1 :LZ
0 2 4 0 8 4 4 4 4 8 4 8
SECTION A (C3-11-1-08)
Ex-27-1: Differentiate 3/1+6x2.
y =31+ 6x>
1
y :(1+ 6x2)3
2 2 2
W04 e ) s (1200 =2 14 6x2) 3 max(e 632 3
dx 3 3
Ex-27-2: The function f(x) and g(x) are defined for all real numbers x by

f(x)=x*and g(x)=x-2
(i) Find the composite functions fg(x) and gf(x).
fg(x) = f(x—2) = (x—2)°

gf (x) = g(x*) = x* -2

(ii) (ii)  Sketch the curves y= f(x) , y= fg(x) and y = gf (x) indicating
clearly which is which.
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of ()

Ex-27-3: The profit £P made by a company in its nth year is modelled by the
exponential function
P = Ae™

In the first year (when n=1), the profit was £10000. In the second year, the

profit was £16000.

(i)

(if)

Ex-27-4:

Show that e” =1.6 and find b and A.

P = Ae™
10000 = Ae® ..
16000 = Ae® (2

Divide Eq.2 by Eq.1

2b
AT g 1000 46 -3
Ae 10000

e’=1.6 —blhe=b=In1.6=0.47

10000 10000 10000

eb - e|n1.6 - 1.6 =6250

10000 = Ae® = A=

What does this model predict the profit to be in the 2oth year?

P = Ae"" = 6250e2%%4" = £75550000

When the gas in the balloon is kept at a constant temperature, the
pressure P in atmospheres and the volume V m® are related by the

equation, P = K .
Vv
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Where k is a constant. [This is known as Boyle’s Law]

When the volume is 100 m*, the pressure is 5 atmospheres, and the volume

is increasing at a rate of 10m® per second.
(i) Show that k =500.

p-X
\

= k =500

5_ k
100

Find d—P in terms of V.
dv

P:E:kV‘1

Vv
d_P:_k\/—2 :_L:_@
dv V? V?

Find the rate at which the pressure is decreasing when V =100

(iiff)

dP _dP _dv

dt v dt

P 500500 .
dvV =100 V? 10000

P _dP AV (0.05)10)=—-05AM
dt _dv " dt s

Ex-27-5: (i) Verify the following statement:

¢2° —1is a prime number for all prime numbers p less than 11’
= 2% -1=4-1=3 = prime number

=2°-1=8-1=7 = prime number

=2°-1=32-1=31 = prime number

=2’ -1=128 -1=127 = prime number

Calculate 23x89, and hence disprove this statement: ‘2° —1lisa

prime number for all prime numbers p -

(iiff)
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Ex-27-6: Fig-27-6 shows the curve e® =x*+y.
X
A
> X
0 P
Fig-27-6
(1) Show that ﬂ: 22X .
dx 2e” -1
e =x*+y
ezy(Zﬂ) = 2x+ﬂ = (2e2y —l)ﬂ =2X = dy _ 22X
dx dx dx dx 2e% -1
(il)  Hence find to 3 significant figures the coordinates of the point P,
shown in Fig.6, where the curve has infinite gradient.
ay_ 22X -0 =2% -1=0 =e” =05 =2y=In(0.5)
dx 2e” -1
=>y= @ =-0.347(3s.f)
e =x*+y
x? =e? —y=¢203%) _(_0.347) = 0.8467

x> =0.8467 = x=0.920

Ex-27-7:

SECTION B (P-27)

A curve is defined by the equation y = 2xIn(1+ x).

Find %, and hence verify that the origin is a stationary point of the
X

curve.

y =2xIn(1+x)
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QX:2{}}_j+2ma+X):J§;+2m@+x)=2x+2a+xNMl+m

dx 1+x 1+x 1+x
dy _ 2x+2@1+x)In(1+ X) _0+2Inl_0
dx 1+ X x=0 1
2
(i)  Find d’y , and use this to verify that the origin is a minimum point.
dx?
ﬂ:ﬂ+2In(1+x)
dx 1+Xx
2 —
dZ:(1+x)(2)22x+ 2 _2. 9440
dx @+x) @+x)|x=0 1

d 2
Because dxz =4 ¢ 0, then point P(0,0) is a minimum.

2
Using the substitution =1+ x, show that jlx—dx = [u -2 +Ejdu hence evaluate
+ X u
2

1
X - .

Il dx, giving your answer in an exact form.
+X

0

2

Ilixdx

let u=1+x =du=dx

And and x=u-1 =x*=(Uu-1>7?

j%dx:j(u ;Dzdu:juz _2u+1du:_[(u—2+1)du

u u
u=1+x
u=1+x =1
x=0
u=1+x =2
=1
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2 2 2 2
X x:j(u—2+ljdu=u——2u+lnu =ﬁ—4+ln2—(£—2+ln1)
2 1 2 2

d
1+x 1 u
d

2

x=|n2—2—£+2:ln2—1
2 2

1
J
0
1
-([1+x

Using integration by parts and your answer to part (iii),

1
evaluate _[2x In(1+ X)dx.
0

1
Ilen(1+ x)dx
0

let u=In(1+x) and dv=2xdx

du 1 2x* .,

—=—— and v= =X

dx 1+x

Jl.2xln(1+x)dx:J’udv:[uv—J‘vdu]:x2 In(1+x)—j X dx =x> In(1+x)1+ln 1
5 1+Xx 0 2

1 1

1

1
[2xIn(1+ x)dx = x* I(L+ )[_+In 2-1 hosm2-toome -t
) 0 2 2 2

Ex-27-8: Fig-27-8 shows the curve y= f(x), where f(x)=1+sin2x for

1 1
T r<x<Zrx
4 4
X
A
2
>
1 ol _ 1 X
= Fig-27-8 —
4 4

(i) State a sequence of two transformations that would map part of the

curve y =sin x onto the curve y = f(x)
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Ans: The steps are as follows:

@ fO0=f(0-1

X
(b) f(x)= f[zj

(il)  Find the area of the region enclosed by the curve y= f(x) , the x-

axis and the line x = %7:

z T

4 2 _

I(1+sin 2x)dx:x—10032x4 _Z legg2m [ _Loz2m

i 2 r 4 2 4 4 2 4

o -7

z T

. i

.[(1+sin2x)dx:x—lcoszx4 L PN R Y S LY P
i 2 x 4 2 42 2
= -7

(ili)  Find the gradient of the curve y = f(x) at the point (0, 1).

y = f(x) =1+sin 2x

gradient=ﬂ=2c052x =2
dx x=0

Hence write down the gradient of the curve y = f *(x) at the point (1,0).

y =1+sin 2x
sin2x=y-1

2x =sin ' (y —1)

X = %sin y-1
f(y)=sin"(y-1)
f(x) =sin *(x—1)

y=f(x)=sin(x-1) =x-1=siny
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X=1=siny

1=cosyﬂ :>ﬂ:i =1
dx dx cosy|ly=0

(iv)  Sketch the domain of f *(x). Add a sketch of y = f *(x) to a copy of
Fig.8.

(v)  Find an expression for f *(x).

PAPER-28

SECTION A (C3-2-6-08)

Ex-28-1: solve the inequality [1—2x <3.

1-2x/<3

-3<(1-2x)<3

(a) @-2x)<3 =-2x<3-1 =-2x<2 =x>-1

(b) (1-2x)>-3 =>-2x>-3-1 =2x<3+1 =2x<4 =x<2
Ans: —-1<x<2

Ex-28-2:  Find [3xe®dx

jBxe3de:judv: uv—jvdu int egration by part.

Let u=3x and dv=e*dx

du = 3dx and v=J‘e3de=le3X
3

J'xe“dx = Iudv: uv—_|'vdu:3—:;(e3X —J%e”dx = xe¥* —%esx +C.

Ex-28-3: (1) State the algebraic condition for the function f(x) to be an
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even function. What geometrical property does the graph of an even
function have?

@ If f(=x)=f(x) Then f(x) is Even
M If f(=x)=-Ff(x) Then f(x) is Odd
(¢ I f(—x)=f(x) and f(—x)=-f(x) Then is neither
(ii)  State whether the following functions are odd, even or neither.
(A) f(x)=3-x".
f(—x)=3—-(=x)*=3-x>=f(x) = even
(B) g(x) =cosx—sinx .
g(—x) = cos(—x) —sin(—x) = cos x +sin x = f(x) = neither

1
X3 + X

(€)  h()=

1 1 1
(=)= (—=x)® + (=x) T X —x | X4x () = odd

4
Ex-28-4:  Show that [ —dx=2in10
13X +2 6

Let u=3x"+2 :%=6x :dx:%

X 6X
4 4
J'%dx: xdu_ledu 1., :lln(3x2 +2 :lln(48+2)—lln(5):lln(@j EYATS
1 X" +2 ubx 67 u 6 6 1 6 6 6 (5 6
Ex-28-5: Show that the curve y=xInx has a stationary point when x = 1

e

y = XlIn x
ﬂ:x(ljﬂnx:o —1+Nx=0 =lx=-l=x—e'=2
dx X e
Ex-28-6: In a chemical reaction, the mass m grams of a chemical after t

minutes is modelled by the equation m =40 —30e™** .
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(i) Find the initial mass of the chemical. What is the mass of the
chemical in the long term?

m = 40 — 30e % =40 -30 =10mg

m = 40 — 30e %% =40-30e™” :40—§=40—0:40mg
t > o e”

(ii)  Find the time when the mass is 30 grams.

30 = 40 - 3062 — 306 9% =30 40 = 10 —e %% = 20 _

0.2t

— e =% =-02t=In1-h3=0-In3 :>t=_|n§=5ln3

(iti)  Sketch the graph of m against t.
m = 40 — 30e %%

m

A

40

Ex-28-7: Given that x* —2xy+3y? =10, find dy in terms of x and y.

dx
x? —2xy+3y® =10
2X—2><ﬂ—2)’+6)/ﬂ=0 :>(6y—2x)ﬂ:(2y—2x) :ﬂ:—(2y—2x)
dx dx dx dx 6y-—2x

Ex-28-8: Fig-28-8 shows the curve y = f(x), where f(x)= , for

1+ cos X

0<x< %ﬂ'. P is the point on this curve with x-coordinate %7: .
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A
y=f(x)
1
P
1 |
2 |
|
° 1 X
Fig-28-8 r r
6 2
(i) Find the y-coordinate of P.
F(x)= -+
1+cosx
y n:; = 1 ot 1 =0.536
X=2> 1+COSX|x=2= (nj 1+0.866 1.866
6 1+cos 5

(i)  Find f’(x). Hence find the gradient of the curve at point P.

F(X)=—

1+cosx
f(x)= 1 =(1+cosx)™

1+cosx

df ) . sin x
f/'(x)=—=-11+cosx)“(-sin x)= ———

(x) dx ( ) ) (1+cos x)*

df sin x sin (6) 0.5 0.5
flx)=—=—7"_| ;= = : = -0.1436

dx (1+cosx)’ [x== ? (1+0.866)° 3.482

( ) 6 (1+ cos(”D ( )
6

. sinx . 1 .
(iii)  Show that the derivative of is . Hence find the exact

1+cosx 1+cosx
area of the region enclosed by the curve y = f(x), the x-axis, the y-

axis and the line x = %ﬂ'

sin X u

1+cosx v
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du dv
VX——UX— . . .
dy 7 dx dx _ (1+cos x)(cos x)—sin x(~sin x) _ cos x +cos® x +sin” X

dx v? (1+cos x)? (1+cos x)?
ﬂ __Cosx +1 _ 1
dx (1 + cos x)2 1+ Cos X

(iv)  Show that f *(x)= arccos(l— j State the domain of this inverse
X

function, and add a sketch of y = f *(x)to a copy of Fig.8.

f(x) = !
1+ cos X
1-y
y = = y+ycosx=1 = ycosx=1-y = COSX=—=
1+ cos X y
cosx=1_—y :>x=arccos(1_—yj
y y

= f(y)= arccos(l_Ty]

= f1(x)= arccos(l_—x)
X

Ex-28-9: The function f (x) is defined by f(x)=v4-x* for —2<x<2.

y
A
\
P(a,b)
P X
2 O Fig-28-9 2

(1) Show that the curve y=+/4-x? is a semicircle of radius 2, and
explain why it is not the whole of this circle.

4-x*>0 =-x?>-4 =x?’<4 -2<x<2
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For this values of —2<X<2 the value of ¥ =V4-X" is always
positive

y=v4-x*

y2=4-x* =x*+y’=4=r> =r=2

Fig-28-9 shows a point P(a, b) on the semicircle. The tangent at P is
shown.

(ii)  (A) Use the gradient of OP to find the gradient of the tangent at P
in terms of a and b.

1 1
y=+v4- 2:(4—x2)5 :ﬂ:£(4—x2)75(—2x):— X ____*
dX 2 4_X2 X=a 4_a2
2 -2 pecause y? =b*=4-x° =4-a’°
4— g2 b y=Db at P(x=a)

(B)  Differentiate /4 —x? and deduce the value of f’(a).
1 dy 1 _1
=VJ4-x? =(4—x?)2 L =Z4-x?) 2(-2x
y Y

a

dy 1 L X
fl(xX)=> 2L ==(4-—x%)2(=2x)=— = f/(a) = —
()= =5 a-x)2(-2x) " (@)=———

2
(C)  Show that your answers to parts (A) and (B) are equivalent.
The function g(x) is defined by g(x) =3f(x-2), forO<x<4.

(ili)  Describe a sequence of two transformations that would map the
curve y = f(x)onto the curve y = g(x).Hence sketch the curve

y=9(x).

(iv)  Show that if y=g(x) then 9x* + y* = 36x..

g(x) :3f(x—2):3(\/4—(x—2)2):3(\/4—x2 +4x—4):3\/4x—x2

g(x¥) = f(X) =3Vax—x2 =4—-x2 :9(4x—x2)=4—x2

36x—-9x* =4-x*=y* =9x*+y® =63x
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PAPER-29

SECTION A (C3-15-1-09)

Ex-29-1:  Solve the equation [2—x<3.

-3<(2-x)<3
(a) (2-x)<3 =2-x<3 =-Xx<3-2=1 =x>-1
(b) (2-x)>-3 = -x>-3-5 =>x<3+2 =x<5

Ans: —-1<x<5

Ex-29-2: (1) Differentiate xcos2x with respect to x

(i1) Integrate xcos2x with respect to x

@ If  if y=uxv,then W _, %,
dx dx dx
Yy = XCO0S 2X
ﬂ=uy+v%:x(—23in2x)+c032x:—2xsin2x+c052x
dx dx dx

If Ixcos 2xdx

_[xcos 2xdx = Iudv: uv — jvdu int egration by part.

Let u=x and dv = cos2xdx
1.
du = dx and v= Icos 2xdx = Esm 2X

Ixcos 2xdx = judv: uv—J.vdu:isin ZX—Jlsin 2xdx = 5sin 2x+lcos 2x+C.
2 2 2 4

Ex-29-3: Given that f(x) :%In(x—l) and g(x) =1+e*, show that g(x)is the

inverse of f(x).

209



Note: log x =y = x=10"and Ihx=y = x=e’
lg(x-1)=y  =x-1=10" = x=1+10"

In(x-1)=y =x-1=¢’ =x=1+¢’
um:lm@—n

2
yzéln(x—l) =Ih(x-1)=2y =x-1=e” =x=1+e%
= f(y)=1+e¥ = f*(x)=1+e”* =g(x) OK

2
Ex-29-4: Find the exact value of J'\/1+ 4x dx , showing your working.
0

Let u=1+4x :%=4 = du = 4dx :dx:%
dx 4
‘ 2du) 1. 1 2 28 @+4xﬁ'2 1 3 3
J'\/1+4x dx:juz(—j:—fuzdu = uz = —u? =+~ :—[(1+8)z —(1+0)2:|
0 4) 4 4(3j 12 6 6
= 0
2
2 3 3
IJLHde=1B®z—@ﬁ}:1Q7—Q=g§:}§
! 6 6 6 3
Ex-29-5: (1) State the period of a the function f(x) =1+cos2x, where xis
in degrees.
y =1+cC0SX
= COS X 4
y; 5
1
N . [ 1
T
T 3 2 > X V4
2 = 0 x % 2
-1 2 2
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(il)  State a sequence of two geometrical transformations which
the curve y=cosx, onto the curve y = f(x).

(iii)  Sketch the graph of y = f(x) for —180° < x <180°

y =1+ c0s2X
A
1
P X
-180°  -90° 0 90° 180°
Ex-29-6: (i) Disprove the following statement

1 1
"If p>q, then —<="
P q

Let p=1 qgq=-2

= p>q
But T-1>2--1
p g 2

(i)  State a condition on pand g so that the statement is true.

Both p and g should be positive or both negative.
2 2
3

Ex-29-7: The variables x and y satisfy the equation x3 +y? =5.

1
(i) Show that ﬂ:—(ljs. Both x and y are functions of t.

dx X
2 2 1 1 1
X§+y§=5 32X5+gy5ﬂ:0 :)Ey3ﬂ__gx3 ﬂ
3 3 X 3 d 3 dx
1 1
dy _ y*_ 1:_(1)3
dx % X X
X

maps
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(ii)  Find the value of % when x=1, y=8 and %:6.

1 1
%:%X%Z_GT x6:—(§)3x6:—12
X X x=1 and y=8

Ex-29-8: Fig-29-8 shows the curve y = x? —%In x . P is the point on this curve

with x-coordinate 1, and R is the point (0,—%).

(V) Find the gradient of PR.

Gradient m=J2— Y1
X, =X
. , 1 1
Find y =x*-=Inx =1-=x0=1 = P@YD.
Xx=1 8 x=1 8
1_(_3 7
:>m:y2_yl= :1—
X, — X, 1-0 8

(vi) Find ﬂ Hence show that PR is a tangent to the curve.
d
X

1
=x*-=Inx
y 8
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QZZX—E(EJZZX—i
dx 8\ x 8x

=2
x=1 8 8

(vii)  Find the exact coordinates of the turning point Q.

2
ﬂ:zx—l(ijﬂx—i:o XL gexzo1 —x=t
dx 8\ x 8x 8x 4
2
y:xz—llnx 1:(3) —lln(lj:i—lln(z)zzi+lln2
8 XZZ 4 8 4 16 8 16 4

(viii) Differentiate xIn x—x. Henc, or otherwise, show that the area of the

region enclosed by the curve y = x? —%In X, the x-axis and the lines

x=1and x=2 is @—llnz.
24 4

xIh x—x

y =XIn x—x :ﬂ:x(ljﬂn X=1=1+Ihx-1=Inx

dx X
‘ 1 5 |2 1 ? 8 1 1 7 1 1
J'(xz——lnxjdx:x— —Z(xInx=x) ==--=-= (2In2-2-In1+1)==-=Ih2+=
1 8 3 8 3 3 8 3 4 8
1 1
Ex-29-9 Fig-29-9 shows the curve y = f(x), where f(x) = ;2 The curve
2X — X

has asymptotes x=0 and x=a.

y
A

L .

(1) Find a. Hence write down the domain of the function.
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f(x) = 1
2X — X?
For asymptotes

f(X) = o0 V2x—x> =0 =2x-x*=0 x(2-x)=0 x=2=a

(i)  Show that B o X71
dx (2x—x2)5
)bﬁ:@x—xz); :%z—%@x—xz)2(2—2x)=—2_22)((2x—x2)Z
d - 1- -1
:d—i:—(l—x)(Zx—xz)Z:— st X

(2x-x)2  (2x- x)g

The function g(x) is defined by g(x) =

1—x2

(ii)  (A)  Show algebraically that g(x) is an even function.

9(x) =

1 1 1
O oy W

=4g(-x)=9g(x) even

(B)  Show that g(x-1)= f(x).

900 = =gt -1
1-x? \/1—(x—1)2 \/1—(x2—2x+1) V2x - x°
1
== e W

(€) Hence prove that the curve y=f(x) is symmetrical, and state its
line of symmetry.

PAPER-30

SECTION A (C3-5-6-09)

T

6
Ex-30-1:  Evaluate J'sin 3xdx .
0
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sin 3xdx = —

Ot | N

Ex-30-2:

(if)

Ex-30-3:

T

coz 3x|® - % {COS( 3?7;) B COS(O)} _ _%{cos(%j - cos(O)} = —%[0 ~1]- %

A radioactive substance decays exponentially, so that its mass M

grams can be modelled by the equation M = Ae™, where t is the time
in years, and A and k are positive constants.

An initial mass of 100 grams of the substance decays to 50 grams in
1500 years. Find A and k.

M = Ae ™™

Initial mass = M‘ = Ae™ =Ae’ = A=100

M =50 = Ae ™ =100e™ =100e %% =50
t =1500 t =1500 t =1500

=100 =50 =™ =05 = -1500kIne=In(0.5)

05 —0.69315

= =4.621x107 Years
—-1500 -1500

=-1500k =In(0.5) =k

The substance becomes safe when 99% of its initial mass has decayed.
Find how long it will take before the substance becomes safe.

1% of nitial mass = — (100)=1gram
100

M=Ae™ =1=100e46220"t _ g462:0° _( (1

—=-4621x10"*t=In0.01 =t __ 465 =9965 Years

—4.621x10°*

Sketch the curve y=2arccosx for —1<x<1.
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Ex-30-4: Fig-30-4 shows a sketch of a graph of y =2|x -1 . It meets the x- and
y-axis at (a, 0) and (0, b) respectively.

y
A
b
0 . > X
Fig-30-4
y=2x-1
y=22(x-1)
() y=2(x-1)=2x-2 =>y=0at x=b=0=2a-2 =—=a=1
(i) y=-2(x-1)=-2x+2 =>y=batx=0 =b=2
Find the values of a and b.
Ex-30-5: The equation of a curve is given by e* =1+sin x. Henc,
dy

(i) By differentiating implicitly, find i in terms of x and y.
X

e?Y =1+sin x

ezy(Zﬂj = COS X
dx

dy cosx
2—==—
dx e

dy _cosx
dx 2e¥

(il)  Find an expression for y in terms of x, and differentiate it to verify
the result in part (i).

e?Y =1+sin x
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2ylIne=2y=In(1+sin x)

y =%In(1+sin X)

ﬂ_l( Cos X j_l cosxj
dx 2\1+sinx) 2\ e

Ex-30-6: Given that f(x)= x_+i’ show that ff(x)=x. Hence write down the
X —

inverse function f *(x). What can you deduce about symmetry of the
curve y = f(x)?.

X+1
f(x)=——
(x) 1
X+1 X+1+x-1
+1
oo Xttox=1 _ x-1 _2X_,
Xx—-1 x+l_1 X+1-x+1 2
Xx—-1 Xx—-1
(o) =2
X+1

y:—1 = yX-)=x+1 =yx-y=x+1 =yx—-x=1+y =x(y-D=y+1
X

SN e ) P AL s G S
y-1 y-1 x-1

Ex-30-7: (i) Show that
(A)  (x—y) x> +xy+y?)=x°—y°,

(x—y)(x2 + Xy + yz):x3+x2y+xy2 —yxZ —xy? —y? =x*—y?
(B) (x+lyjz+§y2:x2+xy+y2,
2 4

1 ? 3 2 2 1 2 3 2 2 2
X+ —= +— =X+ Xy+— +— = X"+ Xy+
( ZYJ 4y y Iy Iy y+y

(i)  Hence prove that, for all real numbers x andy, if x>y then x®>y?
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2
X* =y = (x=y)l +xy+ y2)=(><—y){[><+%yj +%y2}

1\ 3,
X+ = +—-y >0
( 2y) i

if x>y then x—y>0

1) 3
-y =(x—-y)| x+= ~y*|>0
y = ( V)H +ZYj +4y}

Ex-30-8: Fig-30-8 shows the line y=x and parts of the curves y = f(x) and

y =g(x), where f(x)=e*", g(x)=1+Inx. The curves intersect the axes at
the points A and B, as shown. The curves and the line y = x meet at the
point C.

/ y=9(x)

(ix)  Find the exact coordinates of points A and B. Verify that the
coordinates of C are (1, 1).

at A

f(x) =t =" = B(0,e")
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(x) Prove algebraically that g(x) is the inverse of f(x).
y=f(x)=¢*> =Ihy=(x-1)he=x-1 =x=1+Iny

= f(yY)=1+hy = f'X)=1+hx=g(x)

1
(xi) Evaluate If(x)dx, giving your answer in terms of e
0

1 1

[ f09dx = [edx

0 0

Let u=x-1 = dx=du

jf(x)dx:je“du ="
0

1 1 1
[ foodx=[erdx=e*" =e**
5 5 0 e

(xii) Use integration by parts to findjln xdx. Hence show that

1
_[g(x)dx = 1
et €

Jln xadx

jln xdx = judv: uv—_[vdu int egration by part.

Let Uu=Inx and dv=dx

J.In xdx:J'udv: uv—jvdu:xln x—jx%len X—Idx:xln—x+C.

Find the area of the region enclosed by the lines OA and OB, and the arcs AC

and BC.
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2

Ex-30-9: Fig-30-9 shows the curve y = . P is a turning point, and the

3x-1
curve has a vertical asymptote x=a.

Yy
A

(i) Write down the value of a.

dy _3(3x-2)

(i))  Show that .
dx  (3x-1)*

(ifi)  Find the exact coordinates of the turning point P. Calculate the
gradient of the curve when x=0.6 and x=0.8, and hence verify that P
is @ minimum point.

(iv)  Using the substitution u=3x-1, show that

2

X 1 1
j—dx = —f U+2+—du. Hence find the exact area of the region
3x-1 27 u

2
enclosed by the curve, the x-axis and the line X= 3 and x=1.

PAPER-31

SECTION A (C3 May 2014)

Ex-31-1:
s s 1 T s 1 oz 1y 7 1
I(l—sme)dx:Idx—j3|n3xdx:x+—cos3x 6 :—+—cos——(0+—):———
) ) 3 o 6 3 2 3) 6 3
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Ex-31-2: y =In(1-cos2x)

: 2sin o ZXE
. dy 2sin 2x 6 2
Gradient=— r=—— = = =
dx[x== 1-cos2x|x== [27:) 1-0.5
6 6 1l-cos| —

6

23

Ex-31-3:  Solve the equation [3—2x =4|x|

3—-2x=14x

3 1
(@) 3-2x=4x=6x=3=>x=-==

6 2

-3 3
(b) 3_2X:_4X:>2X:_3:>X:?:_E

Ex-31-4: y = f(x) =a+cosbx 0<x<2x
f(0)=a+cos(0)=a+1=3=a=3-1=2

Gradient = ﬂ

=—hsin bx
dx

x=0

X=2r

1
=24+C0S=X
y 2
1
X=2+C0S=
2y
1
COS=Yy=X—-2
2y

% =cos*(x—2)
y=f*(x)=2cos*(x—2)

Ex-31-5; vV =§7zr3

dv 4 dr_dv . 1 dv_ 1 10

dr
Ax32x—=4rr’x—=—+4rxr

= = _— 10:—:—
dt 3 dt dt  dt are? dt 4x8f - 2567 1287

Ex-31-6: V =Ae ™

V =20000 e **

V = 20000 e™** = 20000 2 = 20(0)?0 _ 20000 _ 16374 .615
= t=1 e’ 1.2214028

Loss = 20000 —16374 .615 = £3625.38

V =Ae ™

=—bsin(27b)=0=2ab=7r=b=""=
21

N

5
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13000 =15000 ! =15000e* = e = 13000 _13 = -k=In (13’} -0.1431 = k =0.1431
t=1 15000 15 15

-0.1431
15000 e 143 — 20000 e % — & _ 20000 _4 = = gh0%ex — g —0.0569t =In (gj —1=5.0559239 ~5

e %2 15000 3

Ex-31-7: =f(xX)=

V2+ X2

X X ¢ odd
\/2+(—x)2 2+ %2 )=

f(-x) =

X X

y:\/2+x2 (2+x2)%

< |c

gx_ngi—ngz_(2+Xﬁ;xl—Xxi@+ﬁ8y;x2X_«2+Xﬁ;_X%2+Xﬁ;
= - =

dx v? ((2+x2);j 2+ X2

dy_(2+x):—x2+x): _a

2

dx 2+ X a a "
2+x°=a=>x"=a-2
dy (a-a+2) 2 2
dx & T 3T =
a2 a2 (2+x2)2
Gradient=ﬂ=(aL3+2)=%: 2 - =%:i:i
dx a7 a2 (24x) x=0 3 272 2

1
X
Area = | ——dXx

o'\/2+X2

u=2+x2=du:2dx:>dx:d—2u

1 1
1jdu—1 u 2du:guzz 2+X

Area = J. >

V2+x

gy :1_\/2+x2:>1_2+x2_x_2£ 2
/—2+X2 y X y? X2 x2 | x2 X2
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-3

_ Ay3 3

= :1+£2 =y ?=1+2x"° :>—2y’3ﬂ =—4x7° :ﬂ = 4X73 = st = 2{

y X dx dx -2y y X
3

— Gradient=% =2V~ = oo(Math Error)

dx x® [x=0

Ex-31-8: y =xe >

y =mx
—-2X —2X 1
MX=xe “=>m=e"=hm=-2Xx=>X=—=Inm= 0K

y=xe*=uv

ﬂ:uﬂ_k du:

b _ —2X —2x: -2X(1 _
vl brwan b X(- 26> )+e " =e > (1-2x)

Gradient= 3. 1. =e(1-2x 1. =e?"(1-2x)?
dx x:—Elnm x:—EInm

PAPER-32

SECTION A (C4-1-6-09)

Ex-32-1: Express 4086 —sin € in the form Rcos(@+ ), where R >0 and

Ans:

O<a<z
2

Hence solve the equation 4cosd—sin @ =3 for 0<O<2x

4c0s8 —sin 8 = Rcos(6 + o) = Rcosdcosa — Rsin Gsin o

4cos@—sin @ =Rcos@cosa —Rsin @sin o

Rcosa =4 (1)
—Rsina=-1 (2)
Rsina =1 «(2)
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| =

Dividing Eq.2 by Eq.1 tana = 2 = a =14.04°
0 4
Rcos14.04° =4 > R=—F—-=412
cos14.04

— 4c0s 0 —sin 6 = Rcos(6+a) = 4.12 cos(0+14.04°)

Hence solve the equation 4cos@—sind =3 for 0<O<2x

3

4cos0—sin 0 = 4.12cos(0+14.04°)=3 = cos(0+14.04° )= 115 =078

= 0+14.04° =cos™ (0.728)= 43.27° = 0=43.27-14.04=29.23 and 6=360-29.23=389.23°

Ex-32-2:

Ans:

Ex-32-3:

Using partial fraction, find Imdx

X A N B A@x+1)+B(x+1)
(x+1)2x+1) x+1 2x+1 (x+1)(2x +1)

A(2x+1)+B(x+1) =x
At x=-1: A(-2+1)+B(-1+)=-1=-A=-1= A=1
At x=0: A0+1)+B(0+1)=0=>B=-A=-1

N X 21 1
(x+1)2x+1) x+1 2x+1

X dx dx 1
dx = - —In(x+1)-=lIn(2x+1
:I(x+1)(2x+1) X -[x+1 J.2x+l n(x+1) 2 n(2x+1)+e

A curve satisfies the differential equation ﬂ =3x’y, and passes through

the point (1, 1). Find y in terms of X.

ay_ X’y = Y _ 320
dx y

:>J.d—;/=J.3X2dX =hy=x*+c

nhy=x*+c=>h(D)=1°+c=>c=-1

hy=x*-1=y= gl
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Ex-32-4: The part of the curve y =4—x” that is above the x-axis is rotated about
the y-axis. This is shown in Fig-32-4.

Find the volume of revolution produced, giving your answer in terms of =

y y
A A
(0,4)
r=x
l Q
> X > X
Fig-32-4 Fig-32-4

= (16 -8)=8x

4 2\4
V = | zridy = | zx°dy = 4—\)dy=rl 4 Yy
[ridy = [mdy ﬂ!( y)dy ﬂ(y 2]0

Ex-32-5: A curve has parametric equations
3 a A
X =at”, y= 5 where a is a constant.
1+t
d -2
Show that o

dx 3t(l+t2)2

Hence find the gradient of the curve at the point (a,%aj

Ans:
a

x=at®, -

y 1+1t2
%zgatz, ﬂ= _Zat2
dt dt  (1+1?)
ﬂ:ﬂxﬂ Rememberthatﬂzi: 12
dx dt dx dx dx 3at

dt

:ﬂ_ﬂxﬂ_ —2at(1j__ 2
dx dt dx_(1+t2)2 3at’ ) 3t(1+t2)2
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Hence find the gradient of the curve at the point (a,%aj

x=at® = a=at® =>t=1

a l a

= - =Za= - =1+tP =2 =>t=1
1+t 2 1+t

y

Y I SN 2 1
dxft=1" 3t(1+12f

T31+1)? 12 6

Ex-32-6: Given that cosec?d —cot & =3, show that cot® @ —cotd—2=0 for
0<6<2x

Note: Use the following to remind yourself
sin?@+cos”*@=1 ...
Divide each side by sin? @

sin?6 cos’ 6 1
2

——+-——=———=1+cot?§ =cosec’d
sin“@ sin“6 sin“0o

Divide each side by cos” @

sin?@ cos’9 1

5 — =———=tan’f+1=sec’ o
cos“6@d cos“@ cos dH

Ans:
cosec’d =1+cot? @
=1+cot’d-cotd-3=0
= cot’f—cotd—-2=0
Hence solve the equation cosec’d—cotd =3 for 0< 6 <180°
cot?’@—-cotd-2=0 = (cotd-2)cotd+1)=0
If cot0-2=0 =cotd=2 = 0=tan"(2)=63.43°,243.43°

If cotf+1=0 =cotfd=-1 =0 =tan*(-1)=315°,225°
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SECTION B (P-34)

Ex-32-7: When a light ray passes from air to glass, it is deflected through an angle.
The light ray ABC starts at point A(1, 2, 2), and enters a glass object at
point B(0, 0, 2). The surface of the glass object is a plane with normal
vector n. Fig-32-7 shows a cross-section of the glass object in the plane of
the light ray and n.

Fig-32-7
(i) Find the vector AB and a vector equation of the line AB.
Ans:
0 -1
AB=|0|-|2|=|-2
2 2 0
1 -1
r=|2|+A4 —2| This is correct
2 0
X1 Y72 yio- 2x42—y=2x
-1 -2
0 1
OR r=|0|+A| 2| Thisis also correct
2 0
x-0 y-0
B = = = y =2X , therefore both of them the same
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The surface of the glass object is a plane with equation X+z =2. AB makes an
acute angle @ with the normal to this plane.

(ii) Write down the normal vector n, and hence calculate 8, giving your
answer in degrees.

nl
5
Note: If the normal to the plane is n=|n, |=n,i+n,j+n,k, then the equation of
n3

- > -
the plane is: n)x+n,y+n,z+d =0, where d =—a.n and ais the position vector
of a point on the plane

1
=n=|0
1
a d
Note: Angle between | b | and e | is 4, where
c} f
a) (d
blele
9 c f]
w Ja?+p?ic? xJd? +e? + f?
1 -1
~n=|0 A§——} BA | 2
1 0 0
A A
0 %
B B
1 1
Ofe|2
cos@ = 1) 0 ! i:><9:71.57°

102 +1 x ()7 + (22 +0° 25 10
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0 -2

The line BC has vector equation r =| 0 |+ g —2 |. This line makes an acute angle

¢ with the normal to the plane

(iii)  Show that ¢ =45°.

2 -1

0 -2

= n=|0 | because itisin the opposite direction. r=|0 |+ —2

-1

-1
-1\ (-2
0 |e| -2
-1) (-1

2 -1

~ 2 o3 L gm

COS ¢ =

107+ (1) x (2 +(27+ ()7 29 32 2

(iv)  Snell’s Law states that sin & = ksin ¢, where k is a constant called the

refractive index. Find Kk .
Ans:

sinf@=ksing =k =

- - O
sin@ sin71.57° 0.9487 13

sing
=k=134

The light ray leaves the glass object
Units are centimetres.

sin45°  0.7071

through a plane with equation x+z=-1.

(v) Find the point of intersection of the line BC with the plane x+z=-1,
hence find the distance the light ray travels through the glass object.

Ans:

The line BC has vector equation r =

The line BC has vector equation r =

0 -2

O+u —-2].

2 -1

X 0 -2
yi=[0[+4-2].
Z 2 -1

229



X==2u y=-2u 7=2-pu andalso X+2z=-1 from the question

—2u+2-pu=-1=-3u=-3=u=1

0 -2 0 -2 -2
Therefore, point of intersectionis: r=|0|+4 -2 |=(0|+|-2|=|-2],
2 -1 2 -1 1
the point is: (-2, -2, 1)
Ex-32-8: Archimedes, about 2200 years ago, used regular polygons inside and

circles to obtain approximations for .

(i) Fig-32-8-1 shows a regular 12-sided polygon inscribed in a circle of radius 1
unit, centre O. AB is one of the sides of the polygon. C is the midpoint of
AB. Archimedes used the fact that the circumference of the circle is greater
than the perimeter of this polygon.

/,.\ AV

\\ /; 9:%(31@} _ 15
N

Fig. 8.1 Fig-32-8-1

(A)  Show that AB =2sin15°.
Ans:

AC AB

sin @ =sin15° = = AB = 2sin15°

(B) Use a double angle formula to express cos30° in terms of sin15°. Using the
exact value of cos30°, show that sin15° :% 2-3
Ans:

c0s(30° ) = cas(15° +15°) = cos15° x cos15° —sin 15° xsin 15° = cos® 15° —sin* 15

= cos(30°): cos?15° —sin?15=1-2sin215°
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(i)

_ 0
= c05(30° ) =1-2sin?15° => 2sin?15° =1—c0s30° => sin 15° =1/ﬁ =2

V3 [2-43

1-Vv°

_ 0

Ssings = (180 T 2 2 1T
2 2 2 2

Q) Use this result to find an exact expression for the perimeter of the polygon.
Ans:

AB = 2sin15° = 2(%\/2—\@):\/2—\@

Perimeter= 12AB =12+/2—+/3
Hence show that 7 > 642 — \/§

Ans:  Perimeter of the circle > perimeter of polygon (see Fig.8)

21 =271>122 -3 = 7> 64/2-+/3

In Fig.8.2, a regular 12-sided polygon lies outside the circle of radius 1 unit, which
touches each side of the polygon. F is the midpoint of DE. Archimedes used the
fact that the circumference of the circle is less than the perimeter of this polygon.
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(A)  Show that DE =2tan15°.
Ans:

tan @ = tan15° :$ =FE :% = DE = 2tan15°

(B) Let t=tan15°. Use a double angle formula to express tan30°
in terms of t. Hence show that t* +2y/3t—1=0

Ans:
0 0
tan30°:tan(15°+15°)= tan15 Jrotan15O _ t+t _ 2t2
1-tanl15” tan15” 1-txt 1-t
1
R =
anoe =2 SN0 _ 2 1y e s Broeri2v3t-1=0
1-t> c0s30° 3 3
2
(©) Solve this equation, and hence show that 7 <12(2—\/§)

Ans:  Perimeter of the circle < perimeter of polygon (see Fig.8.2)

21t = 27 <12DE = 24tan15° = 24t

2 +24/3t-1=0
23+ 12+4 -23+16 -23+4
t= = = =—3£2
2 2 2
t=—y/3%2
:>t=2—\/§

Circumference < Perimeter
=27 < 24(2 -3 )

:>;z<12(2—J§)

F+2if—1=0

(ili)  Use the results in parts (i) (C) and (ii) (C ) to establish upper and
lower bounds for the value of 7, giving your answers in decimal form.

Ans:
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6(2—J§)<7z<12(2—J§)

=3.106 < 7 <3.215

PAPER-33

SECTION A (C4-1-1-09)

Ex-33-1: Express 5 in partial fraction.
X +1)
Ans:
3x+2 A Bx+C
x(x2+1) x x2+1
A 3>:+2 _ 2 s
Xx“+1x=0 1

3X+2 _E+BX+C_2x2+2+Bx2+Cx
x(x2+1) x  x2+1 X(x? +1)

3X+2=2x>+2+ Bx? +Cx

When x=1 =3+2=2+2+B+C =B+C=1

When x=-1 =-3+2=2+2+B-C =B-C=-5

=2B=-4 =B=-2 and C=1-B=1+2=3

3x+2 2 3-2
X

x(x?+1) X% +1

1
Ex-33-2: Show that (1+2x)s =1+gx—gx2 + ..., and find the next term in the
expansion. State the set of values of X for which the expansion is valid.

Note: Use the general case.

n n-1 _ N2}, 2 _ _ n-3 3
a' nxa b+n(n D)xa b+n(n H(n-2)xa""b s

Ans: - (@+b)" ="k, 2l 3l +b
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(14X =14 e+ n(n-1) 2 n(n-1)(n-2) 8 n(n-1)(n-2)(n-3) o
2! 3! 41
e S35
(1+2x);—1+(1)(2x)+3 3 JSUSAS +
) 2! 3!
(1+2x);:1+gx—2[4—x2]+
3 9\ 2

1
3(1+2x)3:1+zx—ﬂx2+...
3 9

1 ( 2) ( 5\ s
L2212
3X( 3}{ 3j( " g aox

The next term is: = =
3! 27x6 81

OR

Note: The following can be used when n is a positive integer!!

(a+b)" = (g]a” +[:ja”‘lb+[2j a" b’ {2} a"%’ +...
ot e ()

Note: General case:

(LX) 14 e+ n(n-1) 2 n(n-1)(n-2) o n(n-1)(n-2)(n-3) o
2!

3! 41

Note: Learn this

(L4 %) =1+ nx+ n(nl—l)x2 . n(n—l)(n—z)x3 . n(n—1)n-2)n-3) .

3 4

RPN )
(1+2x);:1+%(2x)+%(2x)2+3 3 3 3 (2x)° +...,
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1
(1+2x)s :1+§x—ﬁx2 +—x% +

40

81

Valid for |2x| <1:>—% <X <l

Ex-33-3:

Ex-33-4:

Ex-33-5:

Ans:

Vectors a and bare givenby a=2i+ j—kand b=4i-2j+k
Find constants A and u such that da+ ub=4j—-3k

Aa+ b =4j-3k

A2+ j—K)+ p(4i—2j+k)=4j—3k
(A+4u)i+(A1—2u)j—(A+puk =4j -3k

22+4u=0 ..(1)

A-2u=4  .(2)

2A-4u=8  ..(2)

Adding Eq.1 and 2

41=8=>1=2

duy=-2A=-4 —=u=-1

Prove that cot f—cota = M

sin asin S
Ccos CosSa  Sin e cos S —Ccos aSin sin(a —
cot f—cota = — b_ - = _'B - ﬂ= ( .'B)
sinf sina sin gsin sin asin g
(i) Write down normal vectors to the planes 2x—-y+z =2 and

X—2 =1. Hence find the acute angle between the planes.

(i)
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Angle between planes is 8, where

cosd = 2><1+(—1)><0+1><(—1) _ 1

J2 (2 e (cry V12

=60=732° or = 6 =1.28 rads

(i1) Write down a vector equation of the line through (2, 0, 1) perpendicular to
the plane 2x—-y+z=2.

Find the point of intersection of this line with the plane.
()

2 2 2+22
r={0+4|-1|=-4
1 1 1+4

:>2(2+22,)—(—/1)+(1+/1):2
=5+64=2

:>/1:—1
2

So point of intersection is [1, % %j

Ex-33-6: (i) Express cos@++/3sin @ in the form RCOS(Q—a), where R>0

and « is acute, expressing o in terms of 7

Ans: cos @ ++/3sin @ = Rcos(d — ) = Recos @ cos a + Rsin Osin
cos 6 +/3sin @ = Rcos #cos a + Rsin Gsin
Rcosa =1 (1)

Rsin a =+/3 (2)
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Dividing Eq.2 and Eq.1 tanag =3 = a=60°

Rcos60’ =1 = R= 1 ==2
cos 60

— c0s 0 +~/3sin @ = Rcos(0 — ) = 2cos(6 - 60° ) = 2003(0—%)

Write down the derivative of tané.

d d(sing cos@cosd +sin gsin & 1
—(tan0)= — = =

= = =sec’ g
dée do\ cosé cos’ @ cos? @

z
3

Hence show that

o(cos¢9+\/§sin 9) 4

O w0 [ N
H

Ex-33-7:

Ans:

SECTION B(P-33)

Scientists can estimate the time elapsed since an animal died by measuring
its body temperature.

Assuming the temperature goes down at a constant rate of 1.5 degrees
Fahrenheit per hour, estimate how long it will take for the temperature to
drop.

(A)  from 98°F to 89°F

(B)  from 98°F to 80°F

9
15

(A) =6 hours

E =12 hours
5

(B)
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In practice, rate of temperature loss is not likely to be constant. A better model is
provided by Newton’s law of cooling, which states that the temperature 4 in
degrees Fahrenheit t hours after death is given by the differential equation.

do
—~ =—k(6-0
9 «0-0,

Where 6, F is the air temperature and k is a constant.
(i1) Show by integration that the solution of this equation is
0 =0, + Ae™, where A is a constant.

Ans:

do

—=-k(0-6
dt ( 0)

J‘dH

g_a)=j—mn

In(6—-6,)=kt+c
0=0,+Ae™

The value of 6,is 50, and the initial value of @ is 98. The initial rate of
temperature is 1.5° F per hour.

(iif)  Find A, and show that k =0.03125
Ans:

98 =50+ Ag’
= A=148

40 _
Initially gt

=k =0.03125

—k(98-50) =48k =15

(iv)  Use this model to calculate how long it will take for the temperature to
drop

(A)  from 98°F to 89°F

(B)  from 98°F to 80°F

Ans:

238



(v)

Ans:

Ex-33-8:

Ans:

98 = 50+ 48¢ %1

(A) = § — e—0.03125t
48

=t=In (%j/(—0.03125) =6.64 hrs

80 = 50+ 48¢ %1

(B) = @ — e—0.03125t
48

=t=In (%) /(—0.03125) =15 hrs

Comment on the results obtained in part (i) and (iv).
Models disagree more for greater temperature loss

Fig.8 illustrates a hot air balloon on its side. The balloon is modelled by the
of revolution about the x-axis of the curve with parametric equations

X = 2+2sin 0 y=2cosf+sin20 (0<0<2x)

The curve crosses the x-axis at the point A(4, 0). B and C are maximum and
minimum points on the curve. Units on the axes are metres.

Find ﬂ in terms of 4.

dx
ﬂ:ZcosZH—Zsine, %:2c059
dx do
dy
dy _do
dx  dx
deo

dy _2c0s20-2sing _ cos20-sing
dx 2cosd cosé

Verify that % =0 when 0 = % , and find the exact coordinates of B. Hence
X

find the maximum width BC of the balloon.
Ans:
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r .. 7 1 1
r dy cosg—smg 55
When 0=—, —= = =0
dx cos - V3
6 2

x=2+25in(zj=3
6

y= 2C05(%)+sin(%J=ﬁ

Coords of B:

BC:2x3J§:3J§

2

(iii)  (A) Show that y = xcosé
Ans:

y =2c0S8+sin 20
=2C0sf+2sindcosé
=2c0sf(1+sin6)
=(2+2sind)cos b
= XC0osé

(B)  Find sin @ in terms of X and show that cos® @ = x—%x2
Ans:
X=2+2sin6

. 1
O==(x-2
Sin 2(X )

cos’ @ =1-sin’6@

1 2
=1--(x-2

2

:1—£x +x-1

1
(C)  Hence show that the Cartesian equation of the curve is y* = x® —=x*

Ans:
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. L 1
Cartesian equation is y? = x°cos’ @ = x° (X—szj =x’-=x

w
M|
kS

(iv)  Find the volume of the balloon.

Ans:
4 4 1
Y, :Iﬁyde:ﬁI(Xs——X4jdX
0 0 4
72'(64—51.2)
e
T =X ——X =
4 20 0
12.87 =40.2(m°)
SECTION A (C4-1-6-08)
Ex-34-1: Express — + as a single fraction, simplifying your answer.
X°—4 X+2

X_ . 2 X N 2 X+2(x-2)  x+2x-4 3x-4
X2 -4 x+2 (X+2)(x-2) x+2 (*X+2(x-2) (x+2)(x-2) x*-4

Ex-34-2: Fig-34-2 shows the curvey =1+¢e* .
y
A

Fig-34-2

/

]

_Rf—-——-——

The region bounded by the curve, the x-axis, the y-axis and the line x = 1 is rotated
through 360° about the x-axis.

Show that the volume of the solid of revolution produced is 17z(1+ e? )
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Ans:

1 1 1 1
Iﬁ ridx = ﬂj(\/l-l— e )de = 7rj(1+ e”)dx :;r[x + zeﬂ
0 0 0

o)) -5

Ex-34-3: Solve the equation cos 268 =sin @ for 0 < 6 < 2m, giving your answers in
terms of .

Ans:

c0s 26 = cos(8 + 6) = cos @cos & —sin Fsin @ = cos® @ —sin® @ =1-sin*H—sin*H=1-2sin’ 6
=1-2sin°P=sin@ =2sin*O+sinf-1=0 =(2sin@-1)sinH+1)=0

= (2sin @ —1)(sin 6 +1) =0

If (2sn0-1)=0 =sing-= =—og=2 %
2 6 6

If (sin@+1)=0 =sinf=-1 :H:—%, :6?:3?”
:)9:21 5_,3_”

6 6 2

X2 y2

Ex-34-4: Given that x=2sec# and y =3tané, show that 7 9 =1
Ans:

X =2secOd = x? =4sec? 0
y=3tand = y* =9tan’ 4

2 2 2 2
XT_y~ _Asec’d Stan H:secz9—tan249=1+tan2¢9—tan26:1

:> —_—
4 9 4
Ex-34-5: A curve has parametric equations x =1+u®, y=2u®.
(i) Find ﬂ in terms of U .
dx

Ans:
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y=2u’ :%:6#
u

ﬂ=ﬂx%:6u2xi:3u
dx du dx 2u

(ii) Hence find the gradient of the curve at the point with coordinates (5, 16).
Ans:

gradient = dy =3u
dx

x=1+Uu>=5=1+Uu=>u’=4=>u=+/4 =+2

OR
y=20=16=20"=>u’=8=u=2
. dy
= gradient=—=3u=3(2) =6
dx
Ex-34-6: (i) Find the first three non-zero terms of the binomial series

expansion of # , and state the set of values of x for which the
V1+4x2

expansion is valid.
Ans:

n(n-1) NI n(n-2..n—r+1) N
1x2x3x4..xr

1+ 2x)" =1+ nx+

1Y 1
1 _ 1 _ B 1 ( 2)( 2 j 2\ _ 2 4
_=(1+4x?) 1—5(4x2)+ 5 (42 ] +...=1-2x% 46" +...

eaxt (1 ae)

Valid for \4x2\ <1:>—% < x<%
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(ii) Hence find the first three non-zero terms of the series expansion of
1-x?

N1+ 4x?

1-x? 2 2 4 2 4
m:(l—x Ji-2x% +6x* +..)=1-3x% +8x* +...

Ex-34-7: Express ~/3sin x—cos x in the form Rcos(x — ), where R>0

and O< <% .Expressing « in terms of k

Find the exact coordinates of the maximum point of the curve y = V/3sin x —cos x
for which 0 < x < 2m.

Ans:
\/3sin x—cos x = Rcos(x — ) = Rcos xcos & + Rsin xsin
Rsin a =+/3 (1)
Rcosa=-1 «(2)
Dividing Eq.1 by Eq.2 tana = —/3 = a =-60°
RSin(—GOO) = \/§ = R = io = —
sin(—60")
V3sin x—cos x = Rcos(x — ) = —2cos(x + 60° ) = —2cos(x+%j
J3sin x—cos x = —2cos| x+ = x+£:7r:x:7z—£:2—ﬂ
3 Jjmax when 3 3 3
SECTION B (P-34)
Ex-34-8: The upper and lower surfaces of a coal seam are modelled as planes ABC

and DEF, as shown in Fig-34-8. All dimensions are metres.
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Fig-34-8

upper surfaice ——
of seam

lower surface -
of seam

Relative to axes Ox (due east), Oy (due north) and Oz (vertically upwards), the
coordinates of the points are as follows.

A: (0, 0, -15) B: (100, 0, -30) C: (0, 100, -25)

D: (0, 0, -40) E: (100, 0, -50) F: (0, 100, -35)

(i) Verify that the Cartesian equation of the plane ABC is 3x + 2y + 20z + 300 =
0.

Ans:

If 3x+2y+20z+300 =0 is the equation of the plane ABC, then points A,
B, and C must satisfy that equation.

Plane at A: 3x0+2x0+20x(-15)+300 =-300 +300 =0 = OK
Plane at B: 3x100 +2x 0+ 20 x (—30) + 300 = 300 — 600 + 300 =0 = OK
Plane at C: 3x0+2x100 + 20 x (—25) + 300 = 200 —500 + 300 =0 = OK
OR

a

let n be a normal vector n=| b |, then the dot product of this normal and the
b

vectors A_)B and AE should be zero.
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100 100
B=|0 - 0
-30 -15
0 0
C =100 |- =1|100
-25 -10
a
NneAB=|h |e =100a+0-15c=0=20a=3c
b
a
NeAC =|h |e =0+100b-10c=0=10b=c
C
20a= 3c:>a_—C:>a 3if c=20=b= C=§:
20 10 10
a 3
n=|b|=|2 |= Plane: 3x+2y+20z+d =0= at A(0,0,—-15) = 0+20(-15)+d =0
b 20

=d =300
= Plane: 3x+2y+20z+300 =0

(i) Find the vectors DE and DF . Show that the vector 2i— j + 20k is

perpendicular to each of these vectors. Hence find the Cartesian equation
of the plane DEF.

Ans:

100 0 100

-50 —-40 -10

0 0 0
DF =100 |[-|0 ={100
-35 —-40 5
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2 100
neDE=|-1|e¢ 0 =200+0-200 =0 = Ok

20 -10
2 0
neDF =|—-1|e|100 |=-100 +100 =0 = Ok
20 5
a 2
n=(b|=|-1|=Plane: 2x—-y+20z+d =0= at D(0,0,-40) = 0+20(-40)+d =0
b 20
=d =800

= Plane: 2x—y+20z =800

(iii) By calculating the angle between their normal vectors, find the angle
between the planes ABC and DEF.

3 2

2 |e| -1

20 20 0
cosf = =0.9878 = 0=8.95

V3% 422 4207 x /27 + (-1)% + 202

It is decided to drill down to the seam from a point R(15, 34, 0) in a line
perpendicular to the upper surface of the seam. This line meets the plane ABC at
the point S.

(iv)  Write down a vector equation of the line RS. Calculate the coordinates of S.

15 3 15+34
Ans: RS:r=|34|+4|2 |=34+22
0 20 204

= 3(15+32)+2(34+24)+20x201+300=0

=45+94+68+44+4004+300=0

=413+4131=0
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=>A=-1

So S is (12, 32, -20)

Ex-34-9: A skydiver drops from a helicopter. Before she opens her parachute, her
speed vms-1 after time t seconds is modelled by the differential equation:
1
av =10e 2
dt

Whent=0,v=0.
(i) Find v in terms of t.

Ans:

1

L -t
v:jloe 2dt=-20e 2 +c

v(0)=-20+c=0
=c=20

1
v(t) =20—20e 2'

(ii) According to this model, what is the speed of the skydiver in the long term.

Ans:

1
v(t) = 20— 20e 2'
V(o) =20-0=20
So long term speed is 20 m/s

She opens her parachute when her speed is 10ms-1. Her speed t seconds after this
is wms-1, and is modelled by the differential equation
dw 1

y ——E(W—4)(W+5)

(iii) Express in partial fractions.

(W—4)w+5)

Ans:
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1 __A . B
(W—4)(W+5)_W—4 w+5

1 A B 1 1
+

(W—4)(w+5) w—4 w+5 9(w—4) 9(w+5)

w—-4

(iv)  Using this result, show that =0.4e %",
W+5
Ans:
dw 1
—=——(W-4)w+5
o= 5 W Hw+5)
dw 1

When t=0, w=10
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10+5

1,2
=c==In=

9 5
1. (w-4 1,1, 2
=In =——t+=In=

w+5 9 5
Lip(w=4)_1,2__1;
9 (w+5) 9 5

(v) According to this model, what is the speed of the skydiver in the long term?

Ans:
Section A(C4-9-6-10)
2 . . o e
Ex-35-1: Express ———+—— as a single fraction, simplifying your answer.
x“=1 x+1
Ans:
X 2 X 2 X+2(x-1)  x+2x-2 3x-2

X1 x+1 (D=1 X+l (+D(x=1)  (x+D(x-1)  x* -1
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Ex-35-2: Fig-35-2 shows the curve y =+1+x* .

y
A
1
5 1 > X
Fig-35-2
(i) The following table gives some values of X and vy .

0 0.25 0.5 0.75 1
y 1 1.0308 1.25 (1.4142

Find the missing value of y, giving your answer correct to 4 decimal places.

Ans:
y=+1+x% =41+0.52 =+1.25 =1.1180
X 0 0.25 0.5 0.75 1
1 1.0308 |1.1180| 1.25 (1.4142
Hence show that, using the trapezium rule with four strips, the shaded area
is approximately 1.151 square units.
Ans:

h
Area ~ E(y0 +Y, +2y, +2y, +2y,)

h=o-a_1-0_4.
n 4

Area = %[144.4142 +2(1.0308 +1.1180 +1.25)] =0.125(9.2118) =1.151475 ~1.151

Jenny uses a trapezium rule with 8 strips, and obtains a value of 1.158 square
units. Explain why she must have made a mistake.

Ans:

Explain that the area is an over-estimate.
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Or The curve is below the trapezia, so the area is an over-estimate.

This becomes less with more strips. Or greater number of strips improves
accuracy so becomes less.

(i1) The shaded area is rotated through 360° about the x-axis. Find the exact
volume of the solid of revolution formed.

Volume = jﬂrzdx = jnyzdx =j7z(\/1+ x? )2dx = nj(1+ xz)dx = ﬁj.dX+7Z'jX2dX
0 0 0 0 0 0

L_ (_lj_z_ﬂ

o \""3) 3

Ex-35-3: The parametric equations of a curve are

1 1 X3
Volume = ﬁjdX+ 7[_[ x2dx = E{X —?}
0 0

X = C0s 26 y =sin #cos for 0<O0<~rx

Show that the Cartesian equation of the curve is x* +4y* =1

Sketch the curve.

Ans:
X = C0s 26 = x% =cos’ 20

2sin @cos@  sin 20
2

y =sin 6cosf = :>y2=15in22¢9 =sin? 26 = 4y?
=sin®20+c0os’20=4y* +x* =1  =x*+4y* =1

A

/E N
S

Ex-35-4: Find the first three terms in the binomial expansion of 4+ X in ascending
power of X.

State the set of values of x for which the expansion is valid.
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Ans: This is from the Formula sheet. Use the general case.

Note: Binomial expansions

When n is a positive integer

(a+by: A wu-” a“’1b+n wﬁb?+r]a”%3+m+b”
0 1 2 3

Where

nC:

G P

General Case:

(a+b)' =a"+

JA+X

1.
1 1 X2 ;(;_ )6_2)42 %
VA+X=(44X)2 =2+>x— +

1 1 X2 ;(;_1)(;—2j4zsx3
VA+x=(4+ X)2 :2+ZX__+

Valid for

Ex-35-5:

(i)

(ii)

na"'b n(n-1)a"’b* n(n-1)(n-2)a"’b’
1! " 21 * 3!

4 4x8x2! 3!

64 3!

—1<5<1
4

4 <x<4

3 . . .
Express ————— in partial fractions.
(y—2)y+1)
Hence, given that X and y satisfy the differential equation

W ety —2)(y+1),
dx

-2 s
Show that y = Ae” , where A is a constant.

y+1
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Ans:

(ii) ﬂ:xz(y—Z)(y+l):L:xzdx:>—:3x2dx
dx (y-2)(y+1) (y—2)(y+1)
:J‘L:ﬁxzdx :Iﬂ—fﬂ:J‘szdx

(y—2)(y+1) y-2 “y+1
=In(y-2)-In(y+1)=x*+c
Y2 e = Y T2 Jger - pe
y+1 y+1
:>y;2:Ae"3
y+1
Ex-35-6: Solve the equation tan(6?+45°)=l—2tan6’, for0°<0<r
Ans: tan(6’+a):w
l-tanfdtanox
0
tan(9+45°): t(';1n6?+tan450 _ tan6 +1
l1-tanfdtan45” 1-tand
o) tan@d+1
= tan(0 + 45 ):1 n 0:1—2tan9 = (1-tan@)1-2tan @) =tan O +1
—tan

3 A B _Ay+1)+B(y-2)

(y-2)y+D) y-2 y+1  (y-2(y+D)

Aly+1)+B(y—2)=3

At y=2: A2+1)+0=3=3A=3=A=1
At y=-1: 0-3B=3=B=-1

3 1 1

T -2+ y-2 y+1

3dy

1-2tanf@—-tan@+2tan’f=tanf+1 = 2tan’H—-4tand=0
=2tanf(tand—-2)=0 If 2tand=0 =0=0°

If tand—-2=0 —=tanfd=2 —=60=63.435°
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SECTION B (P-35)

Ex-35-7: A straight pipeline AB passes through a mountain. With respect to axes
Oxyz , with Ox due East, Oy due North and Oz vertically upwards, A has

coordinates (—200, 100, 0) and B has coordinates (100, 200,100) , where
units are metres.

300
(i) Verify that KB =[100 |and find the length of the pipeline.
100
Ans
—200 100
A=]100 B=|200
0 100
100 —200 300
AB=|200 |-{100 |=]|100

100 0 100

|AB| = \/(300)2 +(100)? +(100)? = /110000 =331.662 =332m

(i1) Write down a vector equation of the line AB, and calculate the angle it
makes with the vertical.

—200 300
r=|100 |+ 4100
0 100

3 0

Angle is between r=|1| and |0

1 1

3x0+1x0+1x1 1

VAN T

= C0SH =

= 0 =72.45"

A thin flat layer of hard rock runs through the mountain. The equation of the plane
containing this layer is x+ 2y +3z =320
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(ifi)

Ans:

Ex-35-8:

Find the coordinates of the point where the pipeline meets the layer of
rock.

Meets plane of layer when
(—200 + 300/1) +2 (100 +100/1) 3(100/1) =320

8004 =320
=> A= Z
5
-200 5 300 -80
r={100 +E 100 (=] 140
0 100 40

So meets layer at (-80, 140, 40)

By calculating the angle between the line AB and the normal to the plane of
the layer, find the angle at which the pipeline cuts through the layer.

1
(iv)  Normal to plane is| 2
3

3 1

Angle is between r=|1| and |2

1 3

3x1+1x2+1x3 8

NN N 7!

= C0SH = =0.6446

= 0 = 49.86°

Angle with layer = =40.1°

Part of the track of a roller-coaster is modelled by a curve with the
parametric equations

X=260-sind, y=4cos@ for 0<O<2rx

This is shown in Fig-35-8. B is a minimum point, and BC is vertical.
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ol
ig-35-8 B

(i) Find the values of the parameter at A and B.

Hence show that the ratio of the lengths OA and AC is (7 —1): (7 +1)

Ans:

At A, y=0 =y=4cosf=0 =6= 377[

—0="
2

NN

At B, y=Minimum = cosfd=-1=60=7—=B=4cosz =4

X =2r-Sinzt = X=2x
O=r
Az -1,0) B(27—4)
OA=r-1 AC=27—(r-1)=n+1

Ratio: (z—-1):(7+1)

(ii) Find % in terms of . Find the gradient of the track at A.

X
Ans:
X=20-sin0, y =4cosd
%=2—cost9, ﬂ=—4sin9
do d
ﬂzﬂx% Remember that d—eziz;
dx d@ dx dx dx 2-cos@

dé
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:ﬂ:ﬂxd—e:—%ine( 1 ):_ 4sin @
dx d& dx 2-cosd 2—-cosd
d 4sin 0 4Sin(72[j 4
= y L —:__:_2

dxlo="" 2-cosolo="" (n) 2
2 2 2—Cos| —

(iii)  Show that, when the gradient of the track is 1, @ satisfies the
equation
cos@—4sind =2

Ans:

:ﬂ:—ﬂ:1:2—cos¢9:—4sin 0 = cosfd—4sin =2 = OK
dx 2—-cos@

(iv)  Express cosé@—4sin @ in the form Rcos(9+ a)

Hence solve the equation cos@—4sind =2 for 0<O<2x

Ans:
cos@ —4sin @ = Rcos(0 + a) = Rcos@cosa — Rsin Gsin

cos@—4sin @ = Rcos@cosa — Rsin @sin o

Rcosa =1 (1)
—Rsina=-4 (2)
Rsina =4 «(2)
Dividing Eq.2 and Eq.1 tana =4 = a =76°
Rcos76° =1 = R = —— - =413
cos 76

= cos 0 —4sin @ = Rcos(6+a) = 4.13cos(0+ 76°)

cosO—4sin 0 =413cos(0+76 )=2 = cos(<9+76°):4—i3 = 0.4843
= 0+76° =cos*(0.4843)=61° =0 =61-76=-15° '

= 0+76° =360 +61°=421" = 6 =421-76=345°
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PAPER-36

(C4-15-1-10)

1+2X

————in

(1-2x)°

ascending powers of. State the set of values of X for which the expansion is
valid.

Ex-36-1: Find the first three terms in the binomial expansion of

Ans:The following is from the Formula sheet. See use general case:

Note: General case:

X"+

(1+X)n=1+nx+n(n—l)x2+n(n—1)(n—2) , n(n-1)(n-2)(n-3) .
2! 3! 41 ’

ﬂ_ _ -2 _ Y (_2)(_2_1) 9y)2
o) = (1+2x)1-2x) (1+2x){1+( 2)( 2x)+—2! (—2x) +}

=1+ 2x)[1+ 4% +12x3? +]

=1+4X+12x% +2X +8x? +24x° + ...

1—tan®é
2tan @

Ex-36-2: Show that cot 26 =

Hence solve the equation cot26 =1+tané for 0° <& < 360°

Ans:

Remember:  tan(0+a)= fand+tana from the formulae sheet
l1-tanftana
tand+tand  2tand

1-tan@tand 1—tan’6

tan 26 = tan(9 + 6) =

2

ot 26 — 1 _ 1 :1—tan0

tan 26 2tan @ 2tan @
1—tan’ @

Hence solve the equation cot20 =1+tané for 0° <& < 360°
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_ 2
cotZHZ%zlﬂanH = 2tanf+2tan’H=1-tan’0 = 3tan’H+2tand-1=0
an

3tan’0+2tand-1=0 =(3tand-1)tand+1)=0
If (3tand-1)=0 =3tand=1 :>tan9=; = 6=18.43°, 198.43°

If (tanf+1)=0 =tanh=-1 =6=135°, 315°

Ex-36-3: A curve has parametric equations
x=e? y = 2t
1+t

(i) Find the gradient of the curve at the point where t =0.
(ii) Find yin terms of X.

Ans:
2t
X=e2t, _
Y 1+t
X _ e Oy _(Q+Dx2-2t 2+2t-2t 2
dt T At @+t @+t )
dy dy dt Remember that E:i:%
dx dt dx dx dx 2
d
:>dy ﬂ dt 2 [1 j_ 1
dx dt dx (1+t)2 2e* ) e*(1+t?)
_dy 1 ~
dxt—O T e +t?)t=0
x=e* =2t=Inx :>t:|n—x y= [2 2In x
2 1+t 14 In'x T 2+Ix
2

Ex-36-4: The points A, B and C have coordinate (1,3,—2), (-1,2,—3)and (0,—8,1)
respectively.
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(i) Find the vectors AB and AE

Ans:
-1 1 -2 0 1 -1
B=|2 |-|3 |=|-1 AC=|-8[|—-|3 |=|-11
-3 -2 -1 1 -2 3

(ii) Show that the vector 2i — j — 3k is perpendicular to the plane

ABC. Hence find the equation of the plane ABC.

2
Note: if the normal vector F;: —1 |is perpendicular to the plane ABC, then it must also
-3
-2 -1
be perpendicular to vectors ATB =/ -1 | and K =| —11 |, because these two vectors are
-1 3

in the plane ABC. Therefore, the dot product of n and AB should be zero, or the dot

product of F]) and A—EI should be zero.

2 (-2
nAB=|-1||-1|=-4+143=0 ->0OK
~3) (-1
2 (-1
nAC=|-1[]|-11|=-2+11-9=0 ->0K
_3/l3

nl
5
Note: If the normal to the plane is n=| n, |=n,i+n,j+n,k, then the equation of the
n3

- - -
plane is: n,x+n,y+n,z+d =0, where d =—a.n and a is the position vector of a point
on the plane

2x—y-3z+d =0= —d =2(1)-3-3(-2)=5=d =-5
at A(L3,-2)

The equation of the plane: 2x-y—-3z-5=0
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OR 2x-y-3z+d=0=—d =2(-1)-2-3(-3)=5=d =5
at B(-1,2,-3)

The equation of the plane: 2x—-y—-3z-5=0

-5 3 -1 2
Ex-36-5: (i) Verify that the lines r={3 |+ 4]0 |and r=|4 |+ 4/ -1
4 -1 2 0

meet at the point (1, 3, 2).
Ans:

If the two lines meet at the same point, then both of them should have the
same values.

—5+31=-1+2u=34-2u=-1+5=4=31-2u=4  ..(Q)

340=4—p = u=4-3=1=31=4+2u=4+2=6= 1 =2

A=2 and u=1
-5 3 -5 3 -5+6 1
r=/3 [+40 |=|3 [+20 [=|3+0 |=]|3
-1 -1 4-2 2
-1 2 -1\ (2 -1+2 1
And r=|4 |+uy-1|=|4 |[+|-1|=]4-1 |=|3
2 0 2 0 2+0 2

Therefore, both of the lines satisfy the same point.
(ii) Find the acute angle between the lines.

Ans:
3 2

Angle between |0 | and |-1|is 4, where
-1 0
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3) (2
0 |e| -1|=3x2+0x(-1)+(~1)x0
~1) (0 6 6

cosd = = = =0.848 —=0=31.95°
VO+1x/4+1 Js0 7.07

PAPER-37

Some extra information:

Ex-37-1: Find the vector equation of the line passing through through the points
(1, 3) and (5,8).

. . . (5 1 4
The direction of the line is — =
8 3 5

. . 1 4 x-1 y-3
The vector equation of the lineis r = +A |=>2—="—
3 5 4 5

1 4 6 3
Find the point of intersection of the lines r = (3) + ﬂ(sJ and r = (J + k(sj

The same point satisfies both equations:

1+41=6+3k =>44-3k =5 (@
3+31=1+8k=31-8k=-2 ...(2)

Solving the above equations: A =2 and k =1, therefore point of intersection is
1 4 1 4 1+8 9
r= +A =+ _|= =
3 3 3 3 3+6 9
6 3 6 3 6+3 9
And r=| |+K| _[=]| [+]|_|= =
1 9 1 8 1+8 9

Ex-37-2: Find the angle between the lines:
1 2 -1 1
r=[2(+40 | and r={0 [+Kk|1
3 -1 1 3
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2\ (1

0 [e|1

-1) |3 2.3 -1
J22 10t 1 ()7 V17412432 JBVIL VES

cosd =

0= cos‘l(— LJ =97.7°

J55
d
Ex-37-3: The equation of a straight line through (a, b, c) with direction | e | is given
f
a d
by r=|b|+A4]e
C f
OR x—a:y—b:z—c
d e f
Ex-37-4: Intersection of a plane and a line: Find the parametric form of the line and
substitute into the plane.
a d a+Ad
E.g: r=|b|+Ale |=|b+1e |into nX+n,y+n,z+d =0 will give an
c f C+Af
equation in A which can be solved.
Like: Find the intersection of the line X_55 =Y ; 2_271 dthe plane
—-5X+3y+2z=5
5 -5
The lineis r=|-2|+A4/3 |=>x=5-54, y=-2+31, z=1+ A and substitute into the
1 1

plane: = -5(5—-54) +3(-2+31)+(1+ 1) =5

= A=1=intersection is (0, 1, 2)

264



Ex-37-5: In Fig-37-5, OAB is a thin bent rod, with OA=a meters, AB =b metres and

angle OAB =120°. The bent rod lies in a vertical plane. OA makes an angle

@ above the horizontal. The vertical height BD of B above O is h metres.
The horizontal through A meets BD at C and the vertical through A meets

OD at E.
B
b

A c
a 120° h
0 i

0]
Fig-37-5
(i) Find angle BAC in terms of @. Hence show that

h = asin 6+bsin(0—60°)
Ans:
Angle BAC =120° —(90° —#)—90° = 6 —60°
h=CD+BC CD=AE=asing BC =bsin(9—60°)
— h=CD + BC =asin 6+bsin(9-60°)

J3

(i) Hence show that h = (a + %)Sin 60— 7bcos 12

h = asin @ +bsin (6?—600): asin @ +bsin #cos60° —bcos @sin 60°

b b3 [ng V3

h=asin @ +—sin f ———cosf = sin @ ———Dbcosé

2 2 2
The rod now rotates about O, so that € varies. You may assume that the formulae
for h in part (i) and (ii) remains valid.

J3b

2a+b

(iii)  Show that OB is horizontal when tan @ =
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When OB is horizontal, then

h=0 :>[a+gjsin 0—§bcos¢9=0 :(za;bjsin 0=@cos«9

sin 6 3
cos @ 2a+b

In the case when a=1 and b=2, h=2sin 0—+/3cosd
h=(a+%}sin 9—§b0059=(1+§jsin 0—¥c030=25in 0—+/3cos 6

(iv)  Express 2sin 0—+/3¢c0s @ in the form Rsin (H—a). Hence, for this case,
write down the maximum value of h and the corresponding value of 4.

Ans:
2sin @ —+/3c0s @ = Rsin (0 — ) = Rsin §cos a — Rcos Osin
2sin 6 —~/3cos @ = Rsin 6cosa — Rcos Osin o
Rcosa =2 (1)
—Rsina =-+/3 (2)
Rsin o =+/3 (2)
Dividing Eq.2 and Eq.1 tana = ? = a = 40.89°
Rc0s40.89° =2 =R =#O =2.
c0s40.89

= 2sin 6 —~/3c0s 0 = Rsin (6 — ) = 2.646 sin (0 — 40.89°)
h = 2sin 6 —~/3cos 6 = 2.646 sin (9 — 40.89° )
h

max when @ —40.89° =90° = # =90° +40.89° =130.89°

Ex-37-6: Fig-37-6 illustrates the growth of a population with time. The proportion of

the ultimate (long term) population is denoted by X, and the time in years
by t. When t =0, x=0.5and as t increases, X approaches 1.
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Fig-37-6

> t

One model for this situation is given by the differential equation

dx
2o x(1-
o = X2=x)

(i) Verify that x = satisfies this differential equation, including the

1+e™

initial condition.

Ans:

X

T e B O ) e P j[ e ]

-t
j%:( 1_} € — =( 1_)(1— 1_)=X(1—X)
dt \1+e' \1+e™ 1+e™ 1+e™

(i1) Find how long it will take, according to this model, for the population to
reach three-quarters of its ultimate value.

x:l — = ultimate value whent — oo ultimate value of x =1

+e

S 14 =3+3e"'=4 =3 '=4-3=1 :>e‘t=1 :>—t:In1 :>t=—|n1
4 l1+e 3 3 3

An alternative model for this situation is given by the differential equation

dx ,
2% (1-
=X =%

With x=0.5when t =0 as before.

(iii)  Find constants A, B and C such that 1t A+E+£

x*(1-x) XX 1-x
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C  A(l-x)+Bx(@-x)+Cx?

= A(l—X)+Bx(1—x)+Cx? =1
1-x x?(1-x) (=3 + Bx(L=x)

= A(Ll-x) +Bx(1-x)+Cx* =1
atx=1: 0+0+C=1=C=1
at x=0: A+0+0=1=A=1
atx=2: -A-2B+4C=1=-1-2B+4=1=2B=2=B=1

A=1 B=1 C=1

. X 1
(iv)  Hence show that t:2+ln(—j——
1-x X
dx dx dx dx pdx dx 1
Pk (1—x):dt:Xz(l_x):J'dtztzj'xz(l_x):J'?+ ~ m=—;+Inx—|n(1—x)+c

P x—In(1-x)+c :>0=—%+In(0.5)—ln(1—0.5)+c:>c =2-0.693+0.693 =2
X .

:>t=—1+ln x—In(l—x)+2:2+In(Xj—1
X 1-x) X

(v) Find how long it will take, according to this model, for the population to reach
three-quarters of its ultimate value.

From the graph the ultimate value of the population (x) is 1.

t:m(i)_i
1-x X

=1In 3+§ =1.77 years
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PAPER-38

SECTION A (C4-23-1-07)

Ex-38-1: Solve the equation 1+L =1
X X+2
Ans:
2
1o X g XX 2o x2 42X = 2X—x=x=2
X X+2 X(X+2)
=>X=2

Ex-38-2: Fig-38-2 shows part of the curve y=+1+x°

y
A

O
NoE—————

Fig-38-2

(i) Use the trapezium rule with 4 strips to estimate giving your answer
correct to 3 significant figures.
Ans:

h
Area ~ E(y0 +Y, +2y, +2y, +2Y,)

b-a 2-0
h=—-="-=05
n 4
y=v1+x®
X 0 0.5 1 1.5 2
y 1 1.061 [1.4142[2.092 | 3

Area ~ %[1+3+ 2(1.061+1.4142 + 2.092)] =3.2836=3.28
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(ii)

Abdullah and Abdul Rahman each estimate the value of this integral
using the trapezium rule with 8 strips.

Abdullah gets a result of 3.25, and Abdul Rahman gets 3.30. One of
these results is correct. Without performing the calculation, state
with a reason which is correct.

Ans:
Abdullah’s value of 3.25 is correct. The area should decrese as the
strips increases.
Ex-38-3: (i)  Use the formula for sin(6+¢), with 8 =45°and ¢ =60°to show
that sin105° = V341
242
Ans:
sin(@ + @) = sin @cos¢g —cosPsin ¢
sin (450 + 60°)= sin(105°) = sin 45° cos 60° + cos 45° sin 60°
sin(105%) = Lok, L, V8 1448
V2 2 V22 22
(ii)  In triangle ABC, angle BAC = 45°, angle ACB = 30° and AB = 1 unit
(see Fig-38-3).
C
30°
A ~145° 1 B
Fig-38-3
Using the sine rule, together with the result in part (i), show that
AC — V3+1
V2
Ans:
AC  AB AC 1 sin105° 341 J/3+1
- = — - - 0 = — g - AC =— 0 = =
sinB sinC  sin(105°) sin30 sin30°  (0.5)2v2 2
2
Ex-38-4: Show that w =sec26
1-tan® @

Hence, or otherwise, solve the equation for

1+tan? o

2

=2 for 0<0<180°
1-tan° @
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Ans:
=2 2 =2
sin“@ cos“@+sin“@

1+tan® @ +C052,9 cos? 6 cos’ @ +sin’ 6 1
2, -2, 2 2, o2 -2, =sec26
1-tan®¢ , sin’@ cos’@-sin’6 cos’O-sin’Q cos(6 +0)
cos’ @ cos” @
2
LN 0 _ sec20=2= c0s20 = = = 20 =60°, 300° = ¢ = 30°, 150°
l1-tan® @ 2
1
Ex-38-5: Find the first four terms in the binomial expansion of (1+3x)s

State the range of values of x for which the expansion is valid.

Ans:

General Case:

n-: n-2,2 n-3p3
(a+b)":a”+na 1b+n(n—1)a b +n(n—1)(n—2)a b®
1 21 31

(1+b) —1. "0 M0=Y" n(n=2)(n-2)b* n(n-1)(n-2)(n-3)b"

¥
1! 21 3! 41
1) 1)1 2 1)1 1 3
s () (GIG)ls-2)e
(1+3x)3 =1+ 3 + 3)\3 4 3)\3 3 n
1! 21 3!
1 5
(1+3x)s =1+ x—X*+=x" +...
-1<3x<1
Valid for 1 1
T ex<=
3 3

Ex-38-6: i Express in partial fractions —— .
) P P (2x+1)(x+1)

Ans:

1 A N B A(l+x)+B(2x+1)
(2x+1)x+1) 2x+1 x+1 (2x+1)(x +1)

Al+x)+B(2x+1) =1

At x=-1 0+B(-2+1)=1=B=-1
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At x=0 A+B=1=A=1-B=1-(-1)=2

1 2 1
(2x+1)(x+1) 2x+1 x+1

OR
1 ~ 1 __A B
(2x+1)(x+1) 2(x+1j(x+1) x+ 1 X+l
2 2
P 11
~2(x+1)|x=-05 2(-05+1) 2(05)
_ 1 I SR S
2(x+0.5)|x=-1 2(-1+05) 2(-0.5)
. 11
(2x+1)(x+1) 1 x+1

(ii)) A curve passes through the point (0, 2) and satisfies the differential
dy y

equation — = —F=F——
a dx  (2x+1)(x+1)
Show by integration that y = ax+1
X+1
dy_ Yy :ﬂ{ 2 1 jdx
dx (2x+1)x+1) y  \2x+1 x+1

dy  2dx [ dx
:IV_J.ijtl X+1

=Ihy=In2x+1)-In(x+1)+c

ol y = I(2X+1) = I(X+1)+ ¢ = In(mj: _ ARx+1)

X+1 X+1

A(2x +1)
y=—"—""7-—""
X+1

2—

é = A=2
1

2(2x+1) 4x+2
jy: =
X+1 X+1
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SECTION B (P-38)

Ex-38-7: Fig-38-7 shows the curve with parametric equations
X=C0sd, y=sin0—%sin26’, 0<0<2r

The curve crosses the x-axis at points A(1, 0) and B(-1,0), and the positive y-
axis at C. D is the maximum point of the curve, and E is the minimum point.

The solid of revolution formed when this curve is rotated through 360°
about the x-axis is used to model the shape of an egg.

.
ﬁc
B(-1,0) A(1,0) X
Fig-38-7
E

y
A

D

C
(‘\ )
/A(L ’

B(-1, 0)

Fig-38-7

(i) Show that, at the point A, 8 =0. Write down the value of 4 at the
point B, and find the coordinates of C.
Ans:
at A, cosfd=1=6=0

at B, cosf@=-1=60=nr

at C, x=O:>cosH:o:>,9:%

.r 1.
= y=sin——=sinz =1
2 8

(ii) Find %in terms of 6.
X

Hence show that, at the point D,
2cos*@—4cosf—-1=0.
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Ans:

d 1
dy d)gl» B COS@_ZCOSZQ _ €c0s20—4cos6
dx dx —-sin@ B 4sin @
do
dy
—2 =0 when cos20—-4cos@ =0

dx

= 2c0s*@—-1—4cos6 =0

(iii)  Solve this equation, and hence find the y-coordinate of D, giving your
answer correct to 2 decimal places.

Ans:
0039:41-— ‘164_8:1i£\/€
4 2
1+%\/§ no good
cosd =

1—%\/5 ok

:cos@:l—%£:9=1.7975 rad

= y=sin e—ésin 260 =1.0292

The Cartesian equation of the curve (for 0<8< 7 ) is

y=%(4—x}\/1—x2 :

(iv)  Show that the volume of the solid of revolution of this curve about
the x-axis is given by

1
iﬂ'J. (16 —8x—15x" +8x° —x* ) dx
16 7
Evaluate this integral.

Ans: V= j'lﬁyzdx = %nj' (16 —8x+x* ) (1—x* ) dx

-1

v :%nj(16—8x—15x2 +8x° —x“)dx

-1
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B 5
v=Zl1ex-Sx By 8y X
2 3 1

16| 4 5
vl 2

V=—32-10——|=1.35x=4.24
16| 5}

Ex-38-8: A pipeline is to be drilled under a river (see Fig-38-8). With respect to
axes Oxyz, with the x-axis pointing East, the y-axis North and the z-
axis vertical, the pipeline is to consist of a straight section AB from
the point to the point directly under the river, and another straight
section BC. All lengths are in metres.

AD.-40.0) @ ‘ /

y
Fig—38—8 B4 0 XN

(i) Calculate the distance AB.
Ans:

AB = (40—0) +(0+40)’ +(-20-0)° =60 m

The section BC is to be drilled in the direction of the vector .

(ii)  Find the angle ABC between the sections AB and BC.

Ans:
40 2
BA=| —40 |=20| —2
20 1
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-2) (3

-2 |e| 4
cosd = ! L = 13
Jo26  3J26
= 0 =148

The section BC reaches ground level at the point C(a, b, 0).

(iii) Write down a vector equation of the line BC. Hence find a and b.

Ans:
40 3
r=(0 |+4]4
-20 1

atC: z=0=4=20
= a=40+3(20)=100
b=0-+4(20)=80

(iv)  Show that the vector 6i—-5j+ 2k is perpendicular to the plane ABC.
Hence find the Cartesian equation of this plane.

Ans:
SECTION A (C4-1-1-08)
Ex-39-1: Express 3¢0s X +4sin @ in the form Rcos(x—a), where R >0

and 0<oz<z .
2

Hence solve the equation 3cosx+4sind =2 for-m< 6 <m.

Ans:

3c0s6 +4sin @ = Rcos(@ — ) = Rcos@cosa + Rsin 8sin o
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3cos@+4sin @ =Rcos@cosa + Rsin sin

Rcosa =3 (1)

Rsina =4 «(2)

. 4 0
Dividing Eq.2 and Eq.1 tana = 3 = a =53
Rcos53° =3 = R= 3 __3 5

cos53° 06

— 3¢0s 0+ 4sin @ = Rcos(0— ) = 5cos(0—53° ) = 5cos(9 - 53°)

3cosx+4sin@=2 = 5cos(0—53°)=2 :>cos(¢9—53°):§ = 6—53° = 66.42

= 0 =66.42° +53° =119.42°

OR

Ex-39-2: (i) Find the first three terms in the binomial expansion of

cos(0—53°) -2 —=9-53=-6642° —=6=-13.42°

aglN

1-2x

State the set of values of x for which the expansion is valid.

n(n-1) NI n(n-2..n—r+1) N
2! 1x2x3x4..xr

Valid for |— 2x| <l=>-1<-2x<1= —% <X< % from Formula sheet.

+2X

(ii) Hence find the first three terms in the series expansion of ok
—2X
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Ans:

1+2x  1+2x —(1+2x)(1+(—2X))_% —(1+2x 1+(_1J(_ 2x)+ %(_2@2 +
=2 o) : 2 ?

o LE2x =(1+2x 1+[;j(2x)+w(2x)z+... :(1+2x{1+x+2x2+...]

L S TN S TP NOE NI VC B e WL e S
1-2x 2 2
Ex-39-3: Fig-39-3 shows part of the curve y =1+ x”, together with the line y = 2.
y
A
2
1 Fig-39-3
o 1 » X
The region enclosed by the curve, the y-axis and the line y = 2 is rotated through
360° about the y-axis.
Find the volume of the solid generated, giving your answer in terms of .
Ans:
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Ex-39-4: The angle 0 satisfies the equation sin (9+ 450): cosé.

(i) Using the exact values of sin 45°and cos45°, show that tan@=+/2 —1.

Ans:  sin (9+45°): sin @cos 45° + cos @sin 45° = cos O

V2

sin(¢9+45°):7sin 0+%cos:9:cose

= %sin 0= COSQ—%COSQ:[l—%JCOSHZ(Z_ZﬁJCOSH

:ﬁsin 9:(2_‘/§Jcos9 :m—eztanez(ﬂjﬂij —J2-1
2 2 cosé 2 J2

(i)  Find the values of 8 for 0° <360°

Ans: tan@=+2-1=04142 =6=225° 2025°

Ex-39-5: Express + in partial fractions.
(x“+4

Ans:

4 _A_Bx+C
X(x>+4) x x°+4

4 :§+Bx+C:A(x2+4)+(Bx+C)x
X(x*+4) x x*+4 X(x? +4)
= Ax®?+4A+Bx*> +Cx =4
atx=0 =0+4A+0+0=4 =4A=4=A=1
at x=1= A+4A+B+C=4=5A+B+C=4=B+C=4-5=-1 ..(1)
atx=2 =4A+4A+4B+2C=4 —=4B+2C=4-8A=-4 -(2)
Subtracting Eq.1 from 2 B=-1 and C=0

4 1 X

X(x? +4) X X244
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Ex-39-6: Solve the equation cosecd =3, for 0° <9 <360°.
Ans:
cosecd =3

cosec@=i=3 :>sin9=% = 0=19.47°, 160.52°

sin @
SECTION B (P-39)

Ex-39-7: A glass ornament OABCDEFG is a truncated pyramid on a rectangular base
(see Fig-39- 7). All dimensions are in centimetres.

G(3, 6, 24) F(3, 14, 24)

D(9, 6, 24) E(9, 14, 24)

____________ A(0, 20, 0)

(15, 0, 0) Fic.39.7 B(15, 20, 0)
ig-39-

(i) Write down the vectors CD and CB.

Ans:
CD=(9-15)i + (6 0) j + (24— 0)k = —6i + 6 ] + 24k

CB=(15-15)i + (20— 0) j + (0—0)k = 0i + 20j + Ok = 20]
(ii) Find the length of the edge CD.

Ans:

CD=—6i+6] + 24k

ICD|=+6% +6° +24°
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(iii)  Show that the vector 4i + k is perpendicular to the vectors CD

and CB. Hence find the Cartesian equation of the plane BCDE.

Ans:

If n=4i+k is perpendicular to CD = —6i +6 j + 24k , then their dot
product should be zero.

4) (-6
neCD = (4i +K)e(~6i+6j+24k)=|0|e| 6 |=—24124=0= OK
1) (24
4 (0
neCB =(4i +k)e(20j)=|0 |¢| 20 |=0=OK
1) o

Note: The plane through point P,(X,, Y, Z,) perpendicular to n =ai+bj+ck has
a) (X=X,
the equation: | b |[e| y—y, |=0

c Z-1,
4\ (x-15
=|0|e|y-0 |=0=4(x-15)+2=0=>4x+2=60
1 z-0
OR
4\ (x-15
=|0|e|y—20|=0=4(x-15)+2=0=4x+2=60
1 z-0
OR
4) (x-9
=|0le|y-6 [=0=>4(x-9)+2-24=0=4x+2=60
1) (z-24

(iv)  Write down vector equations for the lines OG and AF.

Show that they meet at the point P with coordinates (5, 10, 40). [5]
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Ans:

0y (3
0G=|0|+l6
0] |24
0 3
AF =| 20 |+ 4 -6
0 24

Note: For finding the point of intersection of the two lines, the same point should satisfy
both equations:

MN=3u=A=u

62,:20—6,uz>6&+6,u:12/1:20:>/1:2

0 3 0 53
=AF =|20 [+ 4/ -6 =] 20 +§ -6 (=10
0 24 0 24 40

Therefore they both meet at point P(5, 10, 40)

You may assume that the lines CD and BE also meet at the point P.
The volume of a pyramid is %x area of base xheight.

(v) Find the volumes of the pyramids POABC and PDEFG.
Hence find the volume of the ornament.

Ans:

h=40

POABC:V =%><20><15><40=4000 cm®

282



PDEFG:V :%><8><6><(40—24) =256 cm’

= vol of ornament = 4000— 256 = 3744 c¢cm®

Ex-39-8: A curve has equation

Ans:

(i)

Ans:

x? +4y? =k?

where k is a positive constant.
. . 1, .
(1) Verify that x =kcosé, y=§ksm 7

are parametric equations for the curve.

If x=kcos@ and y :%ksin @ are the parametric equation of the above

equation, then it should satisfy that equation:

2
X =kcos@ = x* :k200320:>00526':)k(—2
2 2
yzlksin0:> y? =k—sin20:>sin2¢9= 4y2
2 4 k
4y2 2
sin®0+cos?0=1=——+—=1= x> +4y* =k*
k k
Hence or otherwise show that ﬂ :—L.
dx 4y
x=kcos@
ﬁz—ksine
do
y==ksiné :ﬂ:—kcose
do

ﬂ:ﬂxd—g:ﬂlkcosaj[—#jz(kcose)(— L j:—i
dx d& dx 2 ksin @ 2k sin @ 4y




(iii)  Fig-39-8 illustrates the curve for a particular value of k. Write down this value of k
y
A

el e N
|

<
Il
=
=2
<
@ |><
N
+
U|‘~<
N
Il
H

N
v

Ans:
x> +4y® =k? (1)
x> +4y* =4 w(2)

Comparing Eq.1 and 2, then k» =4 =k =2

(iv)  Copy Fig. 8 and on the same axes sketch the curves for k=1, k=3 and k = 4.

Ans:

On a map, the curves represent the contours of a mountain. A stream flows down the
mountain. Its path on the map is always at right angles to the contour it is crossing.
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(v) Explain why the path of the stream is modelled by the differential equation

dy _ 4y
dx  x

Ans:

1
grad of contour

grad of stream path = —

dy _ 1 4y

=
dx X X
4

(vi)  Solve this differential equation.

Ans:
dy _4y
dx x
dy _ dx
4y X
[
4y X

lIny=|nx+hk
4

Iny=4Inx+4Ink =In(kx)*

Given that the path of the stream passes through the point (2, 1), show that its
4

equation is y = I_G .
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PAPER-40

SECTION A (C4-1-6-07)

Ex-40-1: Express sin @ —3cos@in the form Rsin(0—«), where R and « are
constants to be determined, and 0° <o <90°.

Ans:
sin & —3cosf = Rsin(@ — a) = Rsin #cosa — RcosHsin

sin @—-3cos @ = Rsin #cosa — Rcos @sin

Rcosa =1 (1)

—Rsina =-3 .(2)

Rsina =3 .(2)

Dividing Eq.2 and Eq.1 tana =3 =a=7157°
1 1

Rcos71.57° =1 = R= =

=3.16
cos71.57° 0.316

= sin 6 —3c0s 0 = Rsin (0 — ) = 3.165in (0~ 71.57° )= 3.16 sin (9 — 71.57°)

Hence solve the equation sin @—3cosd=1for 0° <9 <360°.

sin@—3cos=1 = 3.16sin(0—71.57°)

1 =sin(o-7157°)= -1
3.16
= 0~ 71.57° =18.45°

180-18.45° =161.55°

18.45° 18.45°

= 0-71.57° =18.45° = #=18.45° +71.57° = 90.02°

and @-71.57° =161.55° = 0 =161.55° +71.57° = 233.12°
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Ex-40-2: Write down normal vectors to the plane 2x+ 3y +4z =10and
X—2y+z=5.

Hence show that these planes are perpendicular to each other.

Ans:
2 1
l\le 3 and I\TZ: -2
4 1
2\(1
NN, =|3|| —2|=2x143x(-2) +4x1=2-6+4=0
4)\1

Ex-40-3: Fig-40-3 shows the curve y =Inx and part of the line y=2.

y
A

O 1 Fig-40-3

The shaded region is rotated through 360°about the y-axis.
(i) Show that the volume of the solid of revolution formed is given by

2
Iﬂezydy.
0
y
A
2
dy 7()(/,)/)
0 1 p X

y=Ihx =x=¢’
2 2 2 2

V= jﬁrzdy IJ.7Z' x2dy = I;zezydy :ﬁjezydy
0 0 0 0

(il)  Evaluate this, leaving your answer in an exact form.
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% :iﬂrzdy :ﬂjezydy:%(ezy :—(e4— )
0 0

Ex-40-4: A curve is defined by parametric equations
le_l’ y:ﬂ
t 1+t
. . . 3+ 2x
Show that the Cartesian equation of the curve is y = 5
+ X
Ans:
x=}—1=1;t =>xt=1-t =xt+t=1 =>t(x+1])=1 :>t:—l
t t x+1
9 1 2(x+1)+1
2+t X+1  x+1 _ 2x+2+1 2x+3
4t 1 X+1+1 X+1+1  x+2
X+1 X+1

Ex-40-5: Verify that the point (-1, 6, 5) lies on both the lines

1 -1 0 1
r={2 |+42 and r=[6|+40
-1 3 3 -2
Ans:
X 1 -1 1-1
r=ly|=|2 |+42 |=|2+21
z -1 3 -1+34

When x=-1=1-1 = A1=2
y=2+21=2+2(2)=2+4=6 OK
z=-1+31=-1+3(2)=-1+6=5 OK

X 0 1 Y7
r=|y|=|6(+40 |=|6
z 3 -2 3-2u
When x=-1= u=-1
y=6 OK

2=3-2y=3-2(-1)=3+2=5 OK
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Find the acute angle between the lines.

Ans:
-1 1
Angle between | 2 | and |0 |[is 8, where
3 -2
cosg= —DIH2X0+3x(2) Ty 1458 = acute angle is 180 —146.8 = 33.2°

A+4+9x/1+4 J70

2
Ex-40-6: Two students are trying to evaluate the integral I\/1+ e " dx.
1

Aisha uses the trapezium rule with 2 strips, and starts by constructing the
following table.

X 1 1.5 2

1+e™ | 1.1696 | 1.1060 [1.0655

(i) Complete the calculation, giving your answer to 3 significant figures.

h:EZZ__lzo_5
n 2

2
= j\/1+ e dx ~ g(yo +2y,+Y,)~ 0—;(1.1696 +2x(1.106) +1.0655 ) ~ 1.11
1

Ahmad uses a binomial approximation for and then integrates this.
1

(ii)  Show that, provided e *is suitably small, (1+ e‘x)E z1+%e‘x —%e‘zx

Ans:

1
(1+e7) cleieroleoy
2 8
2
(iii)  Use this result to evaluate j\/1+ e dx approximately, giving your
1

answer to 3 significant figures.
Ans:
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1+1e‘X —le‘2X X
2 8

2
I ={x—£e‘X +ie‘zx} ={2—1e‘2 +ie*‘}—{l—1e‘1+ie‘2}

| =1.9335-0.8245=1.11 (3 S.F.)

SECTION B (P-40)

Ex-40-7: Data suggest that the number of cases of infection from a particular
disease tends to oscillate between two values over a period of

approximately 6 months.
(@) Suppose that the number of cases, P thousand, after time t

. Thus, when

months is modelled by the equation P = -
2—-sint
t=0, P=1.
(i) By considering the greatest and least values of P, write down
the greatest and least values of P predicted by this model.

Ans:
I:)max = i = 2

2-1
I:)min = i =
2+1

wiN

(ii)  Verify that P satisfies the differential equation Z—T = % P cost

Ans:
P=_ 2 __2(2-sint)’
2-sint
dp . \-2 2cost
— =-2(2-sint —cost)=———
dt ( ) ) (2—sint)2
lpzcogtzi zcostzzLStzzd_p
2 2 (2-sint) (2-sint)” dt

(b)  An alternative model is proposed, with differential equation
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®_ 1(2P2 — P)cost
d 2

As before, P=1whent=0.

1
i Express ———— in partial fractions.
M P P(2P-1) P

Ans:
1 _ 1 A B
P(2P-1) p(p_ 1) P p_1
2 2
A= 11 =-1
2lP-Z|lp=
(P-3]lp=o0
B =1
2P|
p==
2
1 1 1 1 1 2
= = —_—— —:__+—
P(2P-1) ZP(P—lj P o 1 P 2P-1
2

(ii)  Solve the differential equation (*) to show that
[2P —1) 1.
Inf —— |==sint
P 2

Ans:
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E:E(ZP2 —P)cost
dt 2
IZPgF:P :%jcostdt

J‘(ﬁ—%jdp = %Jcostdt

jidp—jd—ﬁ:%jcostdt

2P -1
In(2P—1)—InP:%sint+C
When t = 0, P=1

In(2-1)-In1=0+C =C=In1-In1=0-0=0

In(2P—1)—InP:%sint+O
2P -1 1.

In| —— |==sint
5

This equation can be rearranged to give P =

1.
—sint

2—e?
(iii)  Find the greatest and least values of P predicted by this
model.
Ans:
P = 1 - =2.847
2—e?
P = L -=0.718
2—e 2
Ex-40-8: In a theme park ride, a capsule C moves in a vertical plane (see

Fig40-8). With respect to the axes shown, the path of C is modelled
by the parametric equations
x =10cos @ +5c0s26 , y =10sin 0 +5sin 20, (0<0<2x)

where x and y are in metres.
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<

Cx,y)

Fig-40-8

@)  Show that 3 _ _C0s0+c0s20

dx sin @ +sin 26
X =10cos @ +5cos 260

% — _10sin 6—10sin 20

y =10sin @ + 5sin 26

% =10cos @ +10cos 26

dy _ dy dt _ 10cos@+10cos20 _  cosé +cos20
dx dt dx —10sin & —10sin 26 sin @ +sin 26

Verify thatd—y =0 when 6= %n . Hence find the exact coordinates of the
X
highest point A on the path of C.

2
j (sz 10 5 5
+5cos == _T_=
3 2 2 2
yzlosin6?+55in26?9 1 :103in(§j+55| [27[) 10‘/§+5‘/§_15‘/§

-z 3 2 2 2
point | 5 15V3
2 2

T 1 1
cos| — [+ C0S e
dy _ cosé+cos20 [3) ( j__z ( 2]__1_0
dx  sin@+sin20 |0 sm(gjﬁln( zj \/§+\/2§ J3

X =10cos€+50052«99 1 =10cos(

=—7

Wy

(i)  Express x*+y? in terms of 6. Hence show that

x* +y? =125 +100 cos @
x =10cos @ +5cos 20
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= x* =(10cos @ +5¢0s 26)° =100 cos? & +100 cos & cos 26 + 25 cos? 26
y =10sin 8 +5sin 26

= y? = (10sin & + 5sin 20)° =100sin > @ +100 sin Asin 26 + 25sin 2 20
= x* +y* =100 cos” € +100 cos & cos 28 + 25 cos* 20 +100 sin > @ +100 sin gsin 20 + 25sin > 26

= X2 +y? =100(sin 2 @+ cos? 0)+ 25(sin > 260 + cos? 26)+100 cos @.cos 26 +100 sin Gsin 260
= x* + y? =125 +100 cos & cos 26 +100 sin Gsin 26

= €05 26 = cos(6 + 8) = cos @ cos @ —sin Gsin & = cos® 6 —sin? 0

= sin 20 =sin (@ + @) = sin Gcos + cosHsin @ = 2sin Hcosd

= X*+y? =125+100cos¢9(cos2 6 —sin? 6’)+ 200sin @sin BcosO

= x* +y* =125+100co0s 49[0052 0 —sin® @ + 2sin? 6']
= % +y* =125+100c0s 6| cos’ O +sin’ 6 |
= x> +y* =125+100co0s &

(iii)  Using this result, or otherwise, find the greatest and least distances of C
from O.
Ans:

Max~/125+100 =15
Miny/125-100 =5

You are given that, at the point B on the path vertically above O,
2c0s’ @ +2c0sf—-1=0

(iv)  Using this result, and the result in part (ii), find the distance OB. Give your
answer to 3 significant figures.

Ans:
2c0s’ @ +2c0sf—-1=0

_2+12 2423 -1+3
4

4 2

—1++3
2

cosd

at B, cosé@d =

OB?2 :125+50(—1+ Jé) — 754503 =161.6

— OB =+/161.6 =12.7 (m)
2cos” 8+2cos 8—1=0
cos g= 21412 _ 24243

4 4
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PAPER-41

Additional Information

ax’+bx+c=0

Applications of Discriminate a=b?-4ac

(@) when A=b*-4ac>0, there are TWO real distinct solutions

Ex-41-1: Solve this: x?+3x+2=0

A=b?-4ac=3%-4x1x2=9-8=1>0

. —b++yb?—dac  -3+y3-4(1)(2) -3+9-8 -3+1

1 = -1
2a 2(1) 2 2

y _—b-+b*-4ac -3- 32—4(1)(2)_—3—\/9—8_—3—1__2

2 2a 2(1) 2 2

(b) when A=b*-4ac=0, there are TWO real equal solutions

Ex-41-2; Solve this: X% +6x+9=0

A=+/b? —4ac =62 —4x1x9 =/36—36 =/0 =0

o _—btyb®-dac —6+y6"-4()(®) -6+36-36 -6+0 -6
= - -

= = =3
2a 2(1) 2 2 2

. _—b-vb®-dac -6-6°-4M)(©9) -6-v36-36 _-6-V0_-6_ ,

2 2a B 2(1) 2 2 2

(c) when A=b?*-4ac<0, there are NO real solutions. The roots are complex
numbers.

Ex-41-3;: Solve this: x2+2x+10=0

A=+/b? —dac =22 —4x1x10 =/4—40 =/—36 =2
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_—b++b?—dac  —2+,22 -4(1)(10) _2+J2126__—2+Ji§6_—2+j6__4+j3

X, = = -
2a 20) 2 2 2
. _b-+b?_dac -2- f_Aaxm)__2—J2iﬂi_-2—%?%?;2—]6__LJ3
: 2a 20) 2 2 2

Application Examples:

Ex-41-4: (i) Find the range of values of k for which the equation
x* +5x+k =0 has one or more real roots.

Ans: For real roots: b* —4ac>0
52_4k>0 -4k>-25  4k<25 :>k32745

(i)  Solve the equation 4x°+20x+25=0

_—b+b® _ -20+,/(20)’ - 4(4)(25) _ —20++/400 —400

:>X12 -
' 2a 2(4) 8
-20£40 20 5 5
= = = :>X1=X2=——
8 8 2 2

Find the set of values of k for which the equation 2X° +kx+2=0 has

no real roots.
Ans: The equation 2x* +kx+2=0 has no real roots when

b2 —dac<0 =k-4Q2)<0 =k¥-16<0 = (k-4)(k+4)<0

Ex-41-5:

y
A

"

(0,-16)

—-4<k<4
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x=4)(x+4)<0 (x+4) (x-4)

X=-4 X=4
(x-4) - - 0 +
(X + 4) - 0 + +
x-4)(x+4)  + - +
Ans: -4<x<4

(i)  Find the set of values of k for which the equation 2X*+3x-k =0 has
no real roots.

The equation 2x”+3Xx-k =0 has no real roots when b*-4ac<0, hence

3 —4(2)(-k) <0 =8k<-9 :>k<—§

Ex-41-6: Find the range of values of K for which the equation 2x° +kx+18 =0
does not have real roots.

Ans: The equation 2x* +kx+18 = 0 has no real roots when
b’ -4ac<0 =k’-4x2x18<0 =k’-144<0=k* <144

-12<k<12

Ex-41-7: Find the set of values of k for which the graph of y= x* +2kx+5 does
not intersect the x-axis.

Ans: The equation Y= x* +2kx+5 has no real roots when
b?-4ac<0 = (k) -4x5<0 =4k*-20<0

—k2-5<0=>k*<5=-5<k<+5

Ex-41-8: Find the range of values of k for which the equation X +5X+k =0 has
one or more real roots.
Ans:

b? -4ac>0 =(5) -4xk>0 :>—4k2—25:>k£27?
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Ex-41-9:

Ans:

2 2 2
y=x2—3x+11:(x—gJ —%Jrll:(x—gj —%+ﬂ=(x—§j +2

Ex-41-10:

Ans:

Ex-41-11:

Ans:

Show that the graph of Y= x* —3x+11 is above the x-axis for
all values of x.

2 4

Find the set of values of x for which the graph of Yy = 2x%* +x-10 is
above the x-axis.

The graph will be above x-axis when ¥ >0, hence Yy =2x*+x-10>0

(2x+5)(x-2)>0
\ |

(-2.5,0) (2,0)
X>2 QR X<-2.5

(0,-10)

Find the set of values of x for which the graph of Yy =2x" +x-10 is
below the x-axis.

The graph will be below x-axis when Yy <0, hence y=2x"+x-10<0
(2x+5)(x-2)<0

y
A
N
(-2.5,0) (2,0)
-2.5<x< 2 0-10)
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PAPER-42
Amplitude

Ex-42-1: f (t) = sin 5t + cos 5t (1)

f (t) =sin 5t + cos5t = Acos(5t + #) = Acos5tcos @ — Asin 5tsin 8

= f(t) = —(Asin 0)sin 5t + (Acos #)cos 5t ..(2)

Comparing Eqs 1 and 2:
= -Asing =1 and
Acosd =1
— Asin @
f— =
Acos @
=tanf=-1 = 6=-45°

—tan9:}:1
1

A = ;O = \/E
cos(—45")

— f(t) =sin 5t + cos 5t = +/2 cos(5t — 45°)

Ex-42-2: f (t) = sin 5t + cos(5t + 60°)

f (t) = sin 5t + cos(5t + 60°) = sin 5t + cos 5t cos 60° —sin 5t sin 60°
= f(t) =sin 5t + 0.5cos 5t —0.866 sin 5t = 0.1339 sin 5t + 0.5cos 5t
= f(t) =0.1339 sin 5t + 0.5cos 5t = Acos(5t + ) = Acos & cos 5t — Asin €sin 5t

= Acosd =0.5 and —Asind=0.1339 tand = — O'(1)3539

—0=-15° and A= -9 _g518 — f(t)=0518cos(5t-15°)
cosé cos(—15")

Ex-42-3: f (t) = 2sin 10t —5cos10t (1)

f (t) = 2sin 10t —5c0s10t = Asin(10t + &) = Asin 10t cos @ + Acos10tsin

= f(t) = (Acos &)sin 10t + (Asin #)cos10t .(2)
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Comparing Egs 1 and 2:
= Acosd =2 and

Asin 8 =-5
= Asin 0 =tan6:_—5=—2.5
Acosé 2

=tanfd=-25 = 0=-68.2°

A= ;o
cos(—68.2")
= f(t) = 2sin 10t — 5co0s10t = 5.385 sin(10t — 68.2°)

=5.385 (4 S.F)

Ex-42-4: f (t) = 3sin 8t + 4cos(8t + 75°)

f (t) = 3sin 8t + 4cos(8t + 75°) = 3sin 8t + 4cos 8t cos 75° — 4sin 8t sin 75°
= f(t) = 3sin 8t +01.035 cos 8t — 3.864 sin 8t = —0.864 sin 8t +1.035 cos 8t
= f(t) = —0.864sin 8t +1.035 cos10t = Acos(5t + 6) = Acos(8t + 6)

= Acos 6 cos 8t — Asin gsin 8t

= Acosd =1.035 and — Asin @ =-0.864 tan @ = % =0.835

1035 1.035
cosf €0s(39.85°)

—0=39.85° and A= =1.348 = f(t) =1.348 cos(8t +39.85°)

PAPER-43

Completing The Square

Ex-43-1: Solve this: ax®*+bx+c=0 by completing the square.

ax’ +bx+c=0

a(x2+9x+3):0
a a

(x2+9x+3):0
a a

x2+9x+(£T—(£T+E =0
a 2a 2a a
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bY ¢ b
X+ — T 5 =
2a a 4a
by 4ac—b?
X+—| + —=0
2a 4a
b\ b?-4ac
X+—| — >—=0
2a 4a
b b? — 4ac
X+— | =
2a 43a?
b b?—4ac ++/b*>—4ac
X+— |=+ -
2a 43? 2a
_ —b++b?-4ac
%2 2a
—b++/b*-4ac —b—+/b*—-4ac
%= 2a X2 = 2a

Ex-43-2: Solve this: x?+3x+2=0

A=+ —dac =32 —4x1x2 =/9-8=1=1>0

_—b+yb®-dac _-3+y3°-4(0)(2) -3+49-8 -3+1_

1

= -1
2a 2(1) 2 2
_ —b-+b?-4ac -3-F-41(2) -3-9-8 -3-1_,

X,

2a 2(1) 2 2

Ex-43-3: Solve this: x* +3x+2 =0 by completing the square method

2 2
x2+3x+(§j —(ﬁj +2=0
2 2

3
X+ =
2

3
X+=
2

3
X+ =
2

2

+2—g=0
4
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31
- — 4=
%2 272
31 2
-4 ="2-1
XTI TS
o 31 4
2 2 2

Ex-43-4: Solve this: x> +6x+9=0

A=+lb? —4ac =67 —4x1x9 =/36—36 =/0 =0
- —b++/b? —4ac _ —6++/36-36 _ —6+0 _—6+0 _

-3
2a 2 2 2
_—b-+b?-4ac —6-36-36 —6-0 —6+0 3
= _ - _ __
2a 2 2 2

Ex-43-5: Solve this: x* +6x+9=0 by completing the square method

x? +6x+ (3 -(3Y +9=0
(x+3F-9+9=0

(x+3) =0
X =-3
X, =—3

Ex-43-6: Solve this: x? +2x+10=0

A=+/b? —4ac =22 —4x1x10 =~/4—40 =/—36 =2

y _—b++b?—dac  -2+2°-4()(10) -2+/4-40 -2+-36 -2+j6
L= - - -

- =-1+j3
2 20) 2 2 2

. _b-+b? _dac_-2- 22—4(1)(10)__2—\/m_—2—\/ﬁ_—2—j6__1_j3
2 22 20) 2 2 2
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Ex-43-7: Solve this: x* +2x+10 =0 by completing the square method

(2 +2x+12 —1*+10)=0
(x+1f +9=0
(x+1f =-9
(x+17 =vJ-9
(x+1F =v/-1J9 = +j3
X, =-1+j3

X, =—1-]3

Ex-43-8: Solve this: 3x* +10x+3=0 by completing the square method

3[x2 +%x+l):0

x2+%x+1=0

2
x? + 10x 10 (L +1=0
3 6 6

2

x+E 1—@:0
6 36
2
x+E —6—4:0
6 36
10)" 64
X+—| =—
6 36
x+ D)y 2,8
6 36 6
10 8
= +_
X1 2 66
__1v.8_2_1
6 6 6 3
10 8 18
,=————=——=-3
6 6 6
Ex-43-9: Solve this: —3x* +10x -3 =0 by completing the square method

—3x2+10x-3=0
3x?-10x+3=0
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- i1-0
3
2 2
XZ—EX+(EJ —(Q) +1=0
3 6
2
x—E +1—@=0
6 36
2
x—E —%=O
6 36
2
x—E —%=0
6 36
10) 64
X__ [r—
6 36
x- 0y % _,8
6 6 6
10 , 8
== 4+=
X2=% %5
_10,8_18_
6 6 6
10 8 2 1

Ex-43-10:  Solve this: 10x* -7x+1=0 by completing the square method

10(x2—lx+i]=0

10 10
X —Lx+t_g
10" 10
, 7V (7Y 1
X=X+ — | —| = | +==
10 20 20) 10
A A
20) 10 400
7V 9
X—— —_—
20) 400
wol ) 4|8 .3
20 40 20
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Ex-43-11:  Solve this: 6 - x—x*=0 by completing the square method
6-x—x"=0

—x*=x+6=0

—(x2+x—6)=0

X*+x-6=0

2 2
x+1 —(lj -6=0
2 2

Ex-43-12:  Solve this: 4x* —x—3=0 by completing the square method
4x* —x-3=0

4 xz—lx—éjzo
4 4
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8 6
7 1
=+ +=
X2 3" 8
& 8 8 8
7 1 6 3
X,=——+-=——=—"
8 8 8 4
=x>+4x+3 y
y>0 j ‘% y>0
y=x>+4x+3>0 ?
xz-1 or x<3%j;;::::::::;/
3 2 > X
y<0
y=x*+4x+3<0

-3<x<-1

Ex-43-13:  Solve the inequality x*+4x+3>0
Ans:

X2 +4x+3>0

(x+3)(x+1)>0
x+3)(x+1)>0 (x+3) (x + 1)
X=-3 Xx=-1
- - 0 +
- () + +
(x+3)(x+1)  + - +
Ans: -3>x or Xx>-1

x> +4x+3>0
(x+3)(x+1)>0

(x+3)(x+1)=0
Xx=-3

x=-1

306



[y
|

X<-5 or x>-1

Ex-43-14:  Solve the inequality y=-x*-6x-5<0
Ans:
—-x*-6x-5<0
x> +6x+5>0
(x+5)(x+1)>0
(x+5)(x+1)>0 (X + 5) (x + 1)
X=-5 x=-1
- - 0 +
- 0 + +
(x+5)(x+1) + - +

AnNs:

y=-x*-6x-5
y:—(x2 +6x+5
y=—|(x+3)* ~9+5|
y=—(x+3)2—4J
y=—(x+3)+4
y=—(x+3F+4=0
—(x+3)=—4
(x+3) =4
(x+3)==2
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(-1, 0.25)

w O |X
o w

y=f(X)=x+3

-3

y=f(X)=x+3
X) =-X+3 V

\
<

/(- 3,0)

3.0

(&(V\
©,-3
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when

y=f(x)=-x+3

‘X‘ =X when
‘X‘ =—X when
A
y=(x-2)-1
(2,-1)

Line of symmetry is x =2

x<0 K y=f(x)=x+3
(0.3)
> X

x>0 =y="f(x)=x+3 when x>0
x<0 jy:f(‘x‘):_x+3 when x<0

y

A y=(x-2)"+1

(2,1 - X (-2,1)

Line of symmetry is x =2

when

x>0

Line of symmetry is x =2

Line of symmetry is x =-2

(21 -2)

Line of symmetry is x =2
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y=-(x-2)-2

Line of symmetry is x

y=—(x+2) -1

-2




2
X:(y_l) -2 A X:(y+2)2+2 A X:(y_2)2+2
e
> X
(-2,1) 2,-2) 2,2
> X
Line of symmetry isy =1 Line of symmetry isy =- 2 Line of symmetry isy =2
x=—(y-2F-1 A x=—(y+1)'-1 & i

T x=—(y-17+2

- X
(-1,2) (-1,-1) 2, 1)
- X ] X

Line of symmetry is x-axis ory =2 Line of symmetry is x-axisory =-1 Line of symmetry is x-axis ory =1

PAPER-44

Long Division and its Applications

Ex-44-1: Divide 2; using long division
z2°—-3z+2
2z +32%+72°%+1527*

2 Z
2°-3z2+2 .z 13i22_1

3-2z71
3-9z2'+627
4+ _

727t -6272
_72‘1;212‘2 +1477°

15272 -14z77°
_152’2 J—r452’3i30241

312°%-30z"*
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Ex-44-2: Divide 2; using long division.
X°—3X+2

x1+3x2+ 7x3 + 16x*

X
X2 - 3X + 2 X —3 + 2xt
-+ -
3 -2xt
3 -9xt+6x2
- + -
7xt - 6x72
7x1-21x2% + 14x3
- + -
15x2 - 14x3

15x?2 - 45x3 + 30x™
- + -

31x2 - 30x*

X34+ 2x2 +4x+2
_X=2| y*_4x-8

x*—2x3
-0t

2x§ —4x2

2_x 14x
4X* —4x
4x% —8x
ST+

4x -8
4x -8
-+

0

PAPER-45

Simpson’s Rules + Others ...

Ex-45-1: The diagram shows a sketch of the curve with equation y= f(x).
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0 X >
(@)  On Fig.1, below, sketch the curve with equation y=-f(3x), indicating the
values where the curve cuts the coordinate axes.

(b)  On Fig.2, sketch the curve with equation y= f(x).

(c) Describe the sequence of two geometrical transformations that maps the

graph of y = f(x) onto the graph of y= f(—%x)

f(x) ‘3{

(@] 6
/< | - 100
14 -f(x)
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Trapezoid Rule

y=1f(x)

\
>

o 0.8 1.6 2.4 3.2 4.0

Il
o

b=4

hzb_iaz;ozolg
n 5

y=f(x)=+v27+x°
jf(x)dx j\/27+x [ f(a)+ f(b)+2{f(a+h)+ f(a+2h)+ f(a+3h)+ f(a+(n—1)h)}]

_[f(x)dx _[\/27+x [ f(a)+ f(b)+2{f(a+h)+ f(a+2h)+ f(a+3h)+ f(a+4h)}]
f(x) \/27+x

f(a) = £(0)= /27 +(0)° =+/27 =5.1961524
f(a+h)= f(O+O.8)= 27+(0.8)° =+/27+0.512 = 5.2451883

f(a+2h) = f(0+1.6)=+/27+(1.6)° =+/27+4.096 = 55763788
f(a+3h) = f(0+2.4)=27+(2.4)° =27 +13.824 = 6.3893662
f(a+4h) = f(0+3.2)=/27+(3.2)° =+/27+32.768 = 7.7309767

f(a+5h)= f(0+4)= f(b)=+/27+(4)° =+/27+64 = 9.539392
jf(x)dx I\/27+x [f(a)+ f(b)+2{f(a+h)+ f(a+2h)+ f(a+3h)+ f(a+4h)}]

b 4
[ fOgdx = [V27 +x° = %[5.1961524 +9.539392 + 2{5.2451883 +5.5763788 + 6.3893662 + 7.7309767 } ]
a 0

b 4
j f (x)dx = j\/27 +x° = 25.847746 = 25.8 (3s.f)
a 0
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Mid-Ordinate Rule

y=f(x)
A

0 04 08 12 16 20 24 28 32 36 4.0

h:b__a:4__0:0_8
n 5

y=f(x)=v27+x°
i f (x)dx = j\/27+ x® = h[f(0.4)+ f(1.2)+ f(2)+ f(2.8)+ f(3.6)]

f(X)=v27+x°
f(0.4) =+/27 +(0.4)° =~/27 +0.064 =5.2023072

f(1.2) =+/27 +(1.2)’ = /27 +1.728 =5.3598507
f(2) =/27+(2)* =427 +8 =5.9160798

f(2.8) =+/27 +(2.8)° =~/27 +21.952 = 6.9965706
f(3.6) = /27 +(3.6)° =~/27 + 46.656 = 8.5823074

4
[V27+x* =0.8[5.2023072 + 5.3598507 -+ 5.9160798 + 6.9965706 +8.5823074 ]
0

4
j V27+x* =0.8(32.057116) = 25.645693= 25.6 (3s.f)
0

» X
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Simpson’s Rule

y=f(x)

\/
P

0.8 1.6 2.4 3.2 4.0

Il
o

b=4

hzb_iaz;ozo_g
n 5

y=f(x)=+v27+x°

J.f(x)dx I\/27+x [f(a)+ f(b)+4{f(a+h)+ f(a+3n)+..J+2{f(a+2h)+ f(a+4h)+..}]

f(x)=427+x%°

f(a) = £(0)= /27 +(0)° =27 =5.1961524
f(a+h)= f(0+0.8)=+/27+(0.8)° =+/27+0.512 = 5.2451883

f(a+2h) = f(0+1.6)=+/27+(1.6)° =+/27+4.096 =5.5763788
f(a+3h) = f(0+2.4)=+27+(2.4)° =/27+13.824 = 6.3893662
f(a+4h) = f(0+3.2)=427+(3.2)° =+/27+32.768 = 7.7309767

f(a+5h) = f(0+4)= f(b)=+/27+(4)° =/27+64 =9.539392
jf(x)dx I\/27+x [ f(@)+ f(b)+4{f(a+h)+ f(a+3h)+..}+2{f(a+2h)+ f(a+4h)+..}]

o

[ f(x)dx = j V2743 [5 1961524 +9.539392 + 4{5.2451883 + 6.3893662 | + 2{5.5763788 + 7.7309767 } |

®

o

[ f(0dx = j N2T+%° [14 735544+ 4(11.634555}+ 2{13.307356} | = 23.436927 = 23.4 (3s.)

a
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Trapezoid Rule

y=1(x)
A
- X
0 z z 3 7
4 2 4
a=0, b=nx
hoP-a_z-V_~7
n 4 4

T f(x)dx:j&sin xdx;g[ f(a)+ f(b)+2{f(a+h)+ f(a+2h)+ f(a+3h)+..}]

y= f(x):ﬁsinx
f(a)=f(0)=+/xsinx=+/0sin0=0

f(a+h)=f (o + %) = f (%j = \E sin(%j = 0.8862269x0.7071067 = 0.626657

f(a+2h) = f(0+ ZT’T) = f[%j = \/% sin (%j —1.2533141 x1=1.12533141

f(a+3h)=f (0 + 3777) =f [377[ = 1/37” sin(%j =1.5349901 x0.7071067 =1.0854019

f (a+4h) = f(0+ 4”) _ f(“” — t(x)=f(b)=+/7 sin(x)=1.7724539x0=0

b

! f(x)dx:I\/?sin xdx ;2[ f(a)+ f(b)+2{f(a+h)+ f(a+2h)+ f(a+3h)+..}]

b 4
[ £ 09dx = [xsin xdx= 4”2 [0+0+2{0.626657 +1.12533141 +1.0854019 } |
a 0 x

b b d
j f(x)dx:j&sin xdx = 4”2 [5.6747806 |=2.2284811 =2.23 (3 s.f)
a 0 <

e
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Mid-Ordinate Rule

y=f(x)
A

b T
) T 3T 57 1
f(X)dx=|+/xsinxdxz=hl| f|=|+f] —|+f] — |+ —
freoce s {5 1) (T (5
y:f(x):&sinx
f(%} - \/% sin(%j — 0.626657x0.3826834 = 0.2398112
( j —1.0854019 x0.9238795 =1.0027805
5 57 . (5«
f[ ): - sm( j:1.4012478x0.9238795:1.2945842
(7”j - ,/%” sin (%"j —1.6579788 x0.3826834 = 0.634481
b V4
) T 3z 57 Ve
f(X)dx=|+/xsinxdx=h| f| = |+ f| — |+ f| =— [+ ]| —
foc= fussocn [ oo (5o 5 )
b T P
[ £ (9dx = [/xsin xdx= Z[0.2398112 +1.0027805 +1.2945842 +0.634481 |
a 0

b T
j f (x)dx = j&sin xdx = %[3.1716569]= 2.4910135=2.49 (3 s.f)
a 0
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Simpson’s Rule

y="1(x)
A

NG
NN

a=0, b=rx

h_b—a_ﬁ—O_z
4 4

n
y= f(x):ﬁsinx
Tf(x)dx:f\/}sin xdx;%[ f(a)+ f(b)+4{f(a+h)+ f(a+3n)+..}+2{f(a+2h)+ f(a+4h)+..}]
y= f(x)=\&sinx
f(a)=f(0)=+xsinx=+0sin0=0

f(a+h)= f(o + Zj = \/f sin (’Zj = 0.8862269 x0.7071067 = 0.626657

f (’ij - \E sin (’2’) —1.2533141 x1=1.12533141

f(a+3h) = f(0+ 34j = f(?j =, /37” sin(gfj =1.5349901 x0.7071067 =1.0854019

27
f(a+2h)= f(0+4j
f(a+4h) = f(0+4‘f)= f(z)=f(b)=+ sin(z)=1.7724539x0=0

Tf(x)dx:j&sin xdx;%[ f(a)+ f(b)+4{f(a+h)+ f(a+3n)+..}+2{f(a+2h)}]

b Fd
j f (x)dx= j&sin xdx = 4” [0+0+4{0.626657+1.0854019+2{1.1253314}]=2.382086= 2.38 (3 s.1)
0

X

a
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PAPER-46

Remainder of a polynomial f(x)

f(x) = (x-1)(x+2)(x—3)=x*-2x> -5x +6

As it can be seen very clearly that (x—1), (x+2)and (x—3) are the factors of f(x).
Hence, f(x)=0 when x=1,x=-2,x=3. So, f(1)=0, f(-2)=0, f(3)=0

Note: if f(x)=(x—1)(x+2)(x—3)=x*—2x>—5x+6 is divided by any of its factors, the
remainder will be zero.

Ex-46-1: f(x) = (2x+3)(3x +1)(x - 2) = 6x> — x> ~19x — 6
As it can be seen very clearly that (2x+3), (3x+1) and (x—2) are the factors of f(x)

Hence, f(X)=0 when x=—>, x=—%, x=2. So, f(-ﬂ:o, f(—ljzo, £(2)=0
2 X773 2 3

Note: if f(x)=(2x+3)(3x+1)(x—2)=6x>~x*-19x -6 is divided by any of its factors,
the remainder will be zero.

Ex-46-2: f(x) =(3—2x)(3x +1)(x—2)= —6x* +19x* ~11x — 6
As it can be seen very clearly that (3—2x), (3x+1) and (x—2) are the factors of f(x).

Hence, f(x)=0 when x ==, x=—% x=2. So, f(gjzo, f(—ljzo, £(2)=0
2773 2 3

Note: if f(x)=(3—2x)(3x+1)(x—2)=—6x*+19x* —11x -6 is divided by any of its
factors, the remainder will be zero.

Ex-46-3: If f(x)=-6x>+19x* —11x—6+10 = —6x> +19x*> —11x + 4 is divided by
(3—-2x), (3x+1), (x—2), the remainder is 10, because

R I L R
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+———+4=——+
2

((3)__8L 171 33
4 4 2 4 4 4 4

Note: if

8L 171 66 16 40

10
4
! +19 1 —11 1 +4
27 9 3

f(x) = (3—2x)(3x+1)(x—2)+10 = —6x> +19%? 11X — 6 +10 = —6x> +19x* —11x +4 is
divided by any of its factors, the remainder will be 10 as follows.

6x% +11x+3 2x%> —x—6
_f:EJ 6x°—x*—-19x+4 iﬁilj 6x° — x> —-19x+4
6x3 —12x2 6x°% +2x2
-+ L
11X§ -19x —3x% —19x
11x 122x _3x? _x
-+ + +
%’)‘(t ‘é _18x+4
-+ -18x-6
10 + +

10

3x2 —5x—2

6x° —x?—-19x+4
6x3 +9x2

2X+3

—10x? —=19x
—10x2 —15x
+ +

—4x+4
—4x—-6
+ "+

10

The function f(X)=x"+bx+c is such that f(2) = 0. Also, when f(x)is divided by x+3

, the remainder is 85. Find the values of @ and b.

Ans:  f(x)=x"+bx+c
f(2=2"+bx2+c=0=2b+c=-2" =-16
2b+c=-16 (1)

And  f(-3)=(-3)" +bx(-3)+c=85=-3b+c=85—-(-3)
~3b+c=85-81=4
-3b+c=4 (2)

Hence,
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2b+c=-16 (1)

-3b+c=4 (2)

Subtracting Eq.2 from Eq.1:

2b—(—3b)=-16-4

2b+3b=-20

5b=—20

b=-4

2b+c=-16 (1)

2x(-4)+c=-16=-8+c=-16=Cc=-16+8=-8

So:
b=—4
c=-8
Some additional practice
Ex-47-1: You are given that f(x)=x*+ax—6 and that (x—2)is a factor of f (x).

Find the value of a.

Ans:  f(x)=x"+ax—6
If x—2 is a factor of f(x)=x"+ax—6, then f(2)=2%+a(2)-6=0

=2a=6-16=-10 =a=-5

Ex-47-2: When X>+Kkx+7 is divided by (X—2) , the remainder is 3. Find the value of
k.
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Ans:  F(X)=X+kx+7 =f(2)=2"+2k+7=3 =2k=3-7-8=-12

Ex-47-3: Consider the function f(X)=x"+2x+1

f(-1)=(-1)° +2(-)+1=1-2+1=2-2=0, therefore, if (X)=xX"+2X+1, is divided

by X+1, the remainder will be zero as shown below.

X+1

X2 +2x+1
X2 + X

X+1

X+1
Xx+1

0
Ex-47-4: Consider the function f(X)=X"+2x+2

f(-1) = (-1)*+2(-1)+2=1-2+2=3-2=1, therefore, if T (X) = X* + 2X+ 2, is divided

by X+1, the remainder will be 1 as shown below.

X+1
x+1 X% +2X+2
X2 + X
X+ 2
X+1
1
Ex-47-5: Consider the function f(X)=X*+2Xx+5

f(-1)=(-1)° +2(-1)+5=1-2+5=6-2=4, therefore, if (X)=X"+2X+5, is divided

by X+1, the remainder will be 4 as shown below.
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X+1

_ X eoxss

X2 + X

X+5
X+1
4

Ex-47-6: Consider the function f(X)=x"-4x-8

f(2)=(2)" -4(2)-8=16-8-8=16-16 =0, therefore, if (X)=X*-4x-8, is divided

by X—2, the remainder will be 0 as shown below.

X3+ 2x2 +4x+2
X=2 ] x*-4x-8

x*—2x3
-+

2x§’ —4x2
2_x 14x

4x% —4x
4x* —8x
SNy

4x -8
4x -8
-+

0

Ex-47-7: The function f(X)=x* +bx+c issuch that f(2)=0. Also, when f(x)is
divided by x+ 3, the remainder is 85. Find the values of a and b.

Ans:  f(X)=x"+bx+c
f(2)=2*+bx2+c=0=>2b+c=-2"=-16
2b+c=-16 (1)

And  f(-3)=(-3)" +bx(-3)+c=85=-3b+c=85—-(-3)
~30+c=85-81=4
-3b+c=4 (2)

Hence,
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2b+c=-16 (1)

-3b+c=4 «(2)

Subtracting Eq.2 from Eq.1:

2b—(~3b)=-16-4

2b+3b=-20

5b=-20

b=-4

2b+c=-16 (1)

2x(-4)+c=-16=-8+c=-16=Cc=-16+8=-8

So: b=-4 and c=-8

PAPER-48

Some additional practice

Ex-48-1: You are given that f(x)=x"+ax—6 and that (x—2)is a factor of
f (x) . Find the value of a.

Ans:  f(x)=x"+ax—6
If x—2 is a factor of f(x)=x"+ax—6, then f(2)=2%+a(2)-6=0

=2a=6-16=-10 =a=-5

Ex-48-2: When X +kx+7 is divided by (X=2), the remainder is 3. Find the

value of K.
Ans:  T(X)=xX+kx+7 =f(2)=2"+2k+7=3 =2k=3-7-8=-12

=k=-6
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Ex-48-3:  Consider the function f(X)=x"+2x+1

f(-1) =(-)*+2(-1)+1=1-2+1=2-2=0, therefore, if f(X)=x"+2x+1, is divided

by X+1, the remainder will be zero as shown below.

X+1

X2 +2x+1
X2 + X

X+1

X+1
X+1

Ex-48-4: Consider the function f(X)= X2+ 2X+2

f(-1)=(-0)%+2(-1)+2=1-2+2=3-2=1, therefore, if T(X)=X"+2X+2, is divided

by (X+1), the remainder will be 1 as shown below.

X+1
X+1

X2 +2x+2
X2 + X
X+2

X+1

1

Ex-48-5: Consider the function f(X)=X*+2X+5

f(-D)=(-1)*+2(-1)+5=1-2+5=6-2=4, therefore, if T(X)=X*+2X+5, is divided

by (X +1), the remainder will be 4 as shown below.
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! X+1
_ Xt e iox+5

X2 + X

X+5
X+1

Ex-48-6: Consider the function f(X)=X"-4x-8

f(2)=(2)* -4(2)-8=16-8-8=16-16 =0, therefore, if f(X)=Xx"-4Xx-8, is divided

by (X—2), the remainder will be 0 as shown below.

X34+ 2x2 +4x+2
X=2 ] x*-4x-8

x*—2x3
-+

2x§’ —4x2
2_x 14x

AX* —4X
4x° —8x
R

4x -8
4x -8
-+

0

Ex-48-7:  The polynomial P(X)=X’-7x-6
(a) Use the factor theorem to show that (X +1) is a factor.

(b) Express p(X) =x*-7x-6 as the product of three linear factors.

If x+1 is a factor of p(x)=x’—7x—6, then p(-1)=(-1)’-7(-1)-6=0

=-1+7-6=0 = OK
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x> —x—6
x+1 | x*-7x-6
x3 +x?2

—x2—-7x
—x?—x
+ o+

—6X—-6
—-6X—-6
+  +
0

p(X) = X* ~7x—6 = (x+1)(x? —x—6) = (x+1)(x=3)(x+2)

Ex-48-8: The polynomial P(X) is given by P(X)=X® +Xx—-10
(a) Use the factor theorem to show that (X—Z) is a factor of p(X) .
(b)  Express P(X) in the form p(x) =(x—2)(x? +ax+b), where a and b are constants.
Ans:  p(X)=x*+x-10
p(2)=2°+2-10=8+2-10=0

Because p(2)=0, then x-2 is a factor of p(x).

PAPER-49

Solving Trigonometric Equations.
Ex-49-1: Find the solution to the equations in the ranges indicated.

90° ==
2
360° =27 0° 180° = ﬁd}A 0° ﬂtlA 0° %' 0°
2

270° = 3z
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-90° =—

—270° =
«é’?Aseo" 447—~ -180° = n~d70° 0° #»00
z
2

Ex-49-2: 2sin1.5x=1.8 for 0°<x<360°

sin1.5x=%=0.9 115.84°
1.5x =sin *(0.9)
1.5x =64.16°,115.84°,424.16°, 475.83° 64.16° 64.16° -0
64.16 115.84 424.16 475.83
:{ 15 ' 15 ' 15 ' 15 }
X =42.77,77.226, 282.77,317.22

A
Ex-49-3: 8cosléx+6=2 for 0°<x<50°
8cos16X =26 120° +360°
8cos16x=—4
cosl6x:_—4 =05 120°
v N
16x = cos (- 0.5) 5207 > 0°
16x =120°,240°,480°,600° \
_10 — =75 = 240 =15% — 480 =30°,— 600 =37.5° 240° +360°
16 16 16 16

Ex-49-4: 5sin60x+6=4 for 0°<x<30°
5sin60x=4-6
sin 60x =—-2

sin 60x=_—2 =04
5
60x =sin *(~0.4)

60x = 203.58°,336.42° 563.58°,696.42°,923.58° 1056 .42° 1283 .58° 1416 .42° 1643 .58

x =3.393°,5.607°,9.393°,11.607°,15.393° 17.607 °,21.393°,27.393°
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Ex-49-5: 25cos3x+12=10 for —90° < x<90°

2.5c0s3x=10-12
2.5c083x=-2

143.13°

I,

cos3x=—=-0.8 0
25 >0

< 216.87°
3x=143.13°,216.87°,-143.13°,—-216.87°

x=47.71°,72.29° —47.71°,-72.29°

-143.13°

Ex-49-6: 8005(%—15J:7 for 0° < x<240°

cos(f —15) = Z
2 8

(5 —15} - cosl(zj — 28.96°
2 8

(g—lsj — 28.96°,28.96° +360°

g =28.96° +15° = 43.96° = x =87.92°

Ex-49-7: —40cos12x=16 for 0° <x<120°

Cos12x = ﬁ =-04
40

12x =cos (~0.4)=113.58°, 246.42°,(113.58° +360° ) (246 .42° +360° ) (113.58° + 720° ), (246 .42° + 720°)
,(113.58° +1080°) (246.42° +1080°)

x =9.465°,20.535°,39.465°,50.535°,69.465°,80.535°,99.465° 110.535°

Ex-49-8: 5+6cos(12x+8)=4 for 0°<x<90°
6cos(12x+8)=4-5=-1

(12x+8)= cos‘l[%lj =99.59°, 260.41°,459.59°,620.41°,819.59°,980.41°

12x =91.59°, 252.41°,451.59°,612.41°,811.59°,972.41°
x=7.325°, 21.034°,37.633°,51.034°,67.633°,81.034°
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PAPER-50

Integration by substitution and by parts

Ex-50-1:  Find the integral of (3—2x)* with respect to x.

[B=2x)dx ="
du du

u=3-2x =>—=-2 =dx=——
dx 2

—oxPdx = —[Lusdu=—Lfusdu= -1 ut ¢ -t (3-2x)
I(S 2x)° dx = Izu du 2J'u du Su e 12(3 2x)° +¢

2
Ex-50-2:  Find [(1-3x)'dx=
1

2
J'(l—3x)3dx=?
1

u=1-3x :%z—s dx=—%
dx 3
2
s floo lp,o 1., 1 J2 1
.!'(1—3x) dx_—jgu du_—g_[u du_—ﬁu4 _—E(l—Bx) T (1-6)* —(1—3)4]
2
[@-3x)'d ! (625-16)=50.75
1
Ex-50-3: =
u=2x+3 :%=2 :>dx=%
dx 2
Uu=2x+3 =2x=u-3 :>x=u—_3 =X-1= u-3 1_u-3-2_u-5
2 2 1 2 2
lu-5 lcu-5 1 du 1 5
caat g g dum gl = [ou 3 [ = o3[ =u-Ginure

I x-1 dx:1(2x+3)—§ln(2x+3)+c
2X+3 4 4
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X+2

Ex-50-4: Find
J-\/Zx
u=2x-1 :%:2 :>dx=%
dx 2
u=2x-1 =2X=u+1 :>x=u—Jr1 :>x+2=u+;+4:u;5
? x+2 _rlu+5 u+s, _lru 5¢du 1¢:, 5¢ -1
== —|—=du+—|—===|u?du+—|u 2du
I\/Zx— IZN— I 4I\/U 4IJU 4I 4I
122 51 12 5 i
=—|-u2+—-| = u2==-u?+—-u?
4\ 3 4\ 2 6 8
‘ 2 1 5| 5 |2 1 5 1 15
[ dx = (2x-1)2| +2(2x ~1)s [J_ 1]+ 31 [J_ 1)+
1V2x -1 6 8
1 1
2
i 1[3J§1]15£_115\/_g£1
l2X+3 2 6 8 2 12 2 4
. 1
Ex-50-5: Find | ——dx =
V3x-1
u=3x-1 3%:3 jdX:%
dx 3
1
Ildu I 2du—Z 2:g\/_:Z\/ZX—l
3Ju 3 3 3 3
2
Ex-50-6:  Find j dx =7
x —1)
u=x>-1 :>%=3x2 :>dx=d—u2
dx X
2 2
I X 2dx=.[deuz=1J‘d—l:=1ju’2du=—lu’l=——3,l +C
(x3—1) 3x°u® 3'u* 3 3 3(x* 1)

=+/2x-1 and y=5 when x=0, findy.

Ex-50-7: Given that
dx
=+/2x-1
=+/2x—-1dx :Idy:I\/ZX—ldx
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y=.[\/2x—1dx

uoox_1 =d_, g

dx 2

1 1. 2 1(2) 2 1 3
=|/2x-1dx == \/Udu=— uldu== —ju2=—2x—1 +C
y=] 2I 2I 2(3 5(2x-1)e

3

VZ%(l—ZX)2+C 5=0+c =c=5

y:%(Zx—l)ﬁ 5

4
Ex-50-8:  Find jx_4 dx =
0 4_X
u=x-4 :%=l = dx=du
X
u=x-4 = Xx=4+u
t x—4 A+u—14 1
dx=— du=|—du=|u?du
'([4—x '[ Ju Ju I
2 3 4 2 16
=Zu2=2(4-x)2| =2(0-8)=—=—
05U 509
1
]
Ex-50-9: Find dx =
£\/3x+1
u=3x+1 :%zS :>dx=d—:;J
X

1 1du 1lpdu 1, 2 2 L 2 2
dx=[>2—===[—===[u2du=2u? =2Ju =23x+1
V3x+1 I3\/6 33 Ju 3 3 3 3

O tm— |

Wl
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Integration by Parts

The formula for integration by parts is: Iu LA uv—jv% dx
dx dx

Ex-50-10: J.xe’xdx:

jxe“dx = J'udv: uv — jvdu int egration by parts
Let u=x and dv=edx
du =dx and v= _[e‘*dx =g

_[xe‘xdx = judv: uv — jvdu:— xe — j— e dx =—xe ™ + _[e‘xdx =-xe " -e*+C.

Ex-50-11: Ixcos 2xdx =

_[xcos 2xdx = Iudv: uv—jvdu int egration by parts.

Let u=x and dv = cos2xdx

du = dx and v= _[cos 2xdx = %sin 2X

Ixcos 2xdx = Iudv: uv—jvdu:zsin ZX—Ilsin 2xdx = Zsin 2x+lcos 2x+C.
2 2 2 4

Ex-50-12: j(2x +1)In xdx =

I (2x+1)In xdx = Iudv: uv — jvdu int egration by parts.

Let u=Ihx and dv=(2x+1)dx
du=1dx  and v=_[(2x+1)dx=x2+x
X

I(2x+1)ln xdx = Iudv: uv—Ivdu = (x2 + x)ln x—j(

X2 + X

X

2

j.dx = (%2 +x)In x— [ (x+1)ax

J(2x+1)ln xdx = (x? + x)in x—J'(x+1)dx: (%2 + x)in x—X?—x+C

Ex-50-13: Using integration by parts, J‘x\/1+ 2x dx =

J.x\/1+ 2x dx = Iudv= uv—J'vdu int egration by parts.

1
Let u=x and dv=+1+2xdx=(1+2x)z2dx

du=dx and v= I(1+ ZX)% dx = %(%)(&L 2X)% = %(1+ 2x)g
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[ 1+ 2xdx = [udv=uv - [vdu =§(1+ 2%)2 —%j(u 2%): dx = §(1+ 2%)2 —%(éj(u 2x)s +C

Ix,/1+ 2x dx = %(1+ 2x)g —%(1+ 2x)g +C

N

Ex-50-14:  [(1-x)e”dx=

0

(1-x)edx = I udv=uv— j vdu int egration by parts.

O N

Let u=1-x and dv=e*dx

2x

du = —dx and v:jezxdx:—e

2 1 2
(1-xp*d d du=(1- Lrercag = ta- et -Ler

_([ Xp2*dx = ju V=uv— jv u x{ ) je (—dx) = ( x)e 0

F 2 1 2 1 1 1 1 3
(1—xp>dx = 1 2 e (1-2)*-(1-0 foql=—Zet—Zet =2

! L e e ] ] 2% T3 TSt

2
Ex-50-15; ij In xdx =
1

2
jxs In xdx :Judv: uv—jvdu int egration by parts.
1

let u=Ihx and dv = x%dx

4
du:ldx and v:jxe’dx:x—
X 4
2 4 4 2 2
Ixslnxdx:judv:uv—jvdu:lnxX— —lj.lx“dx.:x—lnx —ix4 :4In2—0—1+i
] 4 47 x 4 1 16 16
_4In2—E
16
2
Ex-50-16: J'xcos xXdx =

NN

_[ udv=uv-— I vdu int egration by parts.
Let u=x and dv = cos xdx
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du = dx and v=_[cosxdx=sin X
i
2

X COS Xdx :judv: uv—jvdu:xsin X —_[sin xdx = Xsin X + COS X
T
2

z
2

— N

2

2
J.xcosxdx_—sm _z sin _r +COS z —COS _z :£—£+0—0:0
; 2 2 2 2 2 2 2

NN

Ex-50-17: The area under the graph of y=In x between x=1 and x=5 is given by

5
.fln Xdx =?
1

5
'[In xdx :judv: uv— jvdu int egration by parts.
Let u=Inx and dv=dx

du:idx and V=J.dX=X
X

5
—x1 =5In5-Ih1-(5-1)=5Ih5-4

[In xdx = [ udv— du = x| X dx. = xIn
!nx X—IU V—UV—IV u—xnx—j; X.—XﬂXl

Ex-50-18: The area under the graph of y = xsin x and the x axis between x=0
and x=2ris given by

27
Ixsin xdx =?
0

2r
I xsin xdx :judv= uv— I vdu int egration by parts.
0

Let u=x and dv =sin xdx
du = dx and v:jsin dx = —cos X

T . |27
+SINn X
0

szin xdx = judv= uv—jvdu = —XCOS X —_[(—cos X)dx. = —xcos xé

+8in X 5” =-27008(277)—0+sin(27)—sin(0) = 27

co 2
J'xsm xdx = —xcosx0
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Narrated Anas (RA): The Prophet(SAW) used to say, “O Allah! Our Lord!
Give us in this world that, which is good and in the Hereafter that,

which is good and save us from the torment of the Fire” (Al-Bukhari)

Dear Brothers and Sisters! 4l 5 d cua ) g aSle a3lud)

| kindly request each one of you to remember me, my parents, my
children, my family and the entire Muslims of the world in your daily
Prayers. If you have not done it so far, then please do it now.

| 43S 50y Al ey aSule aMlad) gabisigl siguy sasina o) gil 8

S S5 ()d s sy g o 5) dsi lian a K Al 43X ()l A
AP FsS Al ead 5193 gl Loy ead )00 o) Hgala)eaila i oo
I S5 Whal o (sl 5 4S9 (55 (S led (asS Al o) 3 48 sililalius

abdullahwardak53@gmail.com * 459 ) Laj +Sa g dilae v ol g

(2)40) Al +asS el a4y 5108 A0S (5 ) 4l o g o155 suli Al LS (ol A
@\J@m&mméavgd)ﬁj\ UMM\M@6§MM
ropadlall QL el g o shate o) Al giia 45 () (o2
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