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“In the name of Allah , the Most Beneficent , the Most Merciful ”.

    �   ��  �    � � ) (   �    �  �    �  
 

Narrated Anas (RA): The Prophet(SAW( used to say, “O Allah! Our Lord!  

Give us in this world that, which is good and in the Hereafter that,  

which is good and save us from the torment of the Fire” (Al-Bukhari) 
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(A-Level)

Dear Brothers and Sisters!      �     � �    � � �      

children, my family and the entire Muslims of the world in your daily 

I kindly request each one of you to remember me, my parents, my

Prayers.
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   SECTION A (P1-C1-14-5-06) 

Ex-1-1: (i) Evaluate 
 

 

 

 

 
 

2 2 22
223 3 33 3

3 233
2 2

3 3

1 8 81
2 2 2 4

8 1
8 1






 
       

 
 

  (ii) Simplify 
 

3
3 3 9 3 9 3 3

6 9 6 9 6 9 6

2 2 8

32 32 32 4

a c a c a c a

a c a c a c c
    

 

Ex-1-2: A is the point (3, - 4) and B is the point (- 7, 6). M is the midpoint of AB. 

Determine whether the line with equation 3 5y x   passes through M. 

   
7 3 6 4 4 2

, , 2,1
2 2 2 2

M M M
      

     
   

 

  3 5y x    

   
?

1 3 2 5    

  
?

1 6 5   

  
?

1 1 ok   

 

Ex-1-3: Fig-1-3  shows the graph of y = f(x).  

 

2)( xxfy 

x

Fig-1-3

 

Draw the graphs of the following. 

(i)  2)(  xfy     

(ii)   3 xfy  

Ans: 
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2)( xxfy 

x

Fig-1-3

3,0

0,-2

 
2

( 3) 3y f x x   

2( ) 2 2y f x x   

 

Ex-1-4: (i)  Expand and simplify  
2

2 3 3 2  

 Ans: 

        
2 2 2

2 3 3 2 2 3 2 2 3 3 2 3 2 12 12 6 18 30 12 6          

(ii)  Express 
20 2

20
 in the form ba , where a and b are integers and b is 

as small as possible. 

Ans: 
20 2 20 2 20 20 40

40 4 10 2 10
2020 20 20

    

 

 

Ex-1-5: Make r the subject of  yxrz  2 , where 0r . 

Ans:  yxrz  2  

  
 yx

z
r


2  

  
 yx

z
r





2
 

  
 yx

z
r





  

 
z

r
x y

 


 OK 

 

 

Ex-1-6: Solve the inequality  03103 2  xx  
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Ans: 

  03103 2  xx  

      0313  xx  

 

3103 2  xxy

x
3

1


3

 

(3x + 1) (x + 3) > 0

 x = - 3  x = - 1/3

+--

++- 0

0

+-+

(x + 3) (3x + 1)

Ans:      - 3 > x     or       x > - 1/3

(3x + 1) (x + 3)

 

Ex-1-7: Solve the inequality  

(i) 12
7

54



x

x
 

Ans:  12754  xx  

  71454  xx  

  57144  xx  

  1210  x  

  
10

12
x  

5

6
 x  

(ii) 2
3

7


x
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Ans:    22
32

3

7
3 


 x

x
x  Very Important!  

     23237  xx  

   962217 2  xxx  

  217962 2  xxx  

21718122 2  xxx  

  021718122 2  xxx  

  039192 2  xx  

     03132  xx  

39192 2  xxy

x
2

13

3

2

13
3  x    

Ex-1-8: Find the coefficient of 
5x  in the binomial expansion of  725 x . 

Note: Use the following, when n is positive integer! 

  1 2 2 3 3 4 4 5 5 ...
0 1 2 3 4 5

n n n n n n n n
n n n n n n n

a b a a b a b a b a b a b b
n

                 
                     

             

 

Note: Use the following, when n is not integer! 

 
       2 3 4

1 1 2 1 2 ( 3)
1 1 ...,

2! 3! 4!

n n n n n n n n n n
x nx x x x

     
       

Hence, in this example, n = 7, then use the following: 
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  7652433425677

7

7

6

7

5

7

4

7

3

7

2

7

1

7

0

7
babbababababaaba 








































































 Looking there properly:     ...25
5

7
...25

527









 xx  

 
21

!5!2

!567

!5!57

!7

5

7

















  and  

52 5 5 55 2 25 2 800x x x    

   
52 5 5

7
5 2 21 800 16800 ...

5
x x x

 
    

 
ans: 16800 

Ex-1-9: You are given that ,64)( 3  kxxxf  where k is a constant. When f(x) is 

divided by  2x , the remainder is 42. Use the remainder theorem to find 

the value of k. Hence find a root of .0)( xf  

 Ans: 64)( 3  kxxxf  

  426224)2( 3  kf  

  2438422426232426224 3  kkkk  

624)( 3  xxxf  

10666)1(2)1(4)1( 3  xf  is a root 

 

Ex-1-10: You are given that  k, k + 1 and k + 2 are three consecutive integers. 

(i)  Expand and simplify    
2 22 1 2k k k     

    
2 22 2 2 2 21 2 2 1 4 4 3 6 5k k k k k k k k k k               

(ii)  For what values of n will the sum of the squares of these three consecutive 

integers be an even number? 

      
2 22 21 2 3 6 5 3 2 5k k k k k k k            …(Eq.1) 

 It is even for 1,3,5, ...k k odd   

Give a reason for your answer. 

Reason:  : 3 2 5ans k k    
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 3 2k k   is odd for n = odd,  and  3 2k k   is even for n = even, but 5 is 

added at the end. Then,  3 2 5k k    is even for n = odd. 

 

 

SECTION B(P-1) 

Ex-1-11: Fig-1-11  shows a sketch of a circle with centre C (4, 2). The circle 

intersects the x-axis at A(1, 0) and at B. 

x

y

)0,1(A

)2,4(C

rr

),( 11 yxD

r

x

y

)0,1(A B

)2,4(C

),( yxB

Fig-1-11

 

(i)  Write down the coordinates of B.  

Ans: 

     13024
22
 xr  

     13024
222  xr  

   94134
2

 x  

   34  x  

 (a) 1134  xxx  

 (b) 7734  xxx  

 )0,7(B  

(ii)  Find the radius of the circle and hence write down the equation of the 

circle.  

Ans: Already found 

(iii)  AD is a diameter of the circle. Find the coordinates of D.  



 

11 

Ans: 718
2

1
4 1

1 


 x
x

 

 4
2

0
2 1

1 


 y
y

 

 )4,7(D  

(iv)  Find the equation of the tangent to the circle at D. Give your answer in the 

form  baxy  . 

Ans:  

x

y

)0,1(A

)2,4(C

rr

)4,7(D

r

),( yxB

 

 Gradient of  
2

31

3

2

47

24

1

2 





m
mmCD  

 
2

31

3

2

47

24

1

2 





m
mmCD  

  
2

29

2

21
47

2

3
4  cc  

 
2

29

2

3
 xy  

Ex-1-12: Fig-1-12  shows a sketch of the curve with equation   34
2
 xy  

x

y

)3,4( Min

x

y

4x
  34

2
 xy

 0,34 

 0,34 
 13,0

Fig-1-12
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(i)  Write down the equation of the line of symmetry of the curve and the 

coordinates of the minimum point. See Fig-1-12. 

(ii)  Find the coordinates of the points of intersection of the curve with the x-

axis and the y-axis, using surds where necessary. See Fig-1-12. 

(iii)  The curve is translated by 








0

2
. Show that the equation of the translated 

curve may be written as 33122  xxy  

 Ans:   138316834)( 222
 xxxxxxfy  

      131684413282)2( 22
 xxxxxxf  

  3312)2( 2  xxxf  

(iv)  Show that the line xy 28  meets the curve 33122  xxy at just one 

point, and find the coordinates of this point. 

 Ans: xy 28   

  33122  xxy  

025100283312283312 222  xxxxxxxx  

    2,5505 21

2
 Pxxx  only point. 

 

Ex-1-13: Fig-1-13  shows the graph of a cubic curve. It intersects the axes at (–5, 0),  

(–2, 0), (1.5, 0) and (0, –30). 

 

x

y

 0,5.1 0,2 0,5

Fig-1-13

 

(i)  Use the intersections with both axes to express the equation of the curve in 

a factorised form.  

Ans: 

     05.125  xxx  
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(ii)  Hence show that the equation of the curve may be written as 

30112 23  xxxy  

(iii)  Draw the line 105  xy  accurately on the graph. The curve and this line 

intersect at (–2, 0); find graphically the x-coordinates of the other points of 

intersection.  

(iv)  Show algebraically that the x-coordinates of the other points of intersection 

satisfy the equation 02072 2  xx . 

Hence find the exact values of the x-coordinates of the other points of 

intersection 

 

 

PAPER-2 

SECTION A(C1-12-1-05) 

Ex-2-1: Solve the inequality .156)3(2  xx      

Ans: 

  .156)3(2  xx  

  .15662  xx  

  .61562  xx  

  .214  x  

  
4

21
 x  

  
4

21
x  

Ex-2-2: Make r the subject of 3

3

4
rV        

Ans: 3

3

4
rV   

  
4

33 V
r   3

3

4

V
r
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Ex-2-3: Find the coefficient of 
3x  in the expansion of 

5)32( x .  

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

5
4322345

5 )3(
!4

)3(2)2)(3()4(5

!3

)3(2)3()4(5

!2

)3(2)4(5

!1

)3(25

!0

2
)32( x

xxxx
x 











  

543223455 )3()3)(2(5)3()2(10)3()2(10)3()2(52)32( xxxxxx   

The coefficient of 
3x  is: 

31080 x  

OR  the following method  is very good, always use this , if n is positive integer!! 

 
5 5 4 3 2 2 3

5 5 5 5
...

0 1 2 3
a b a a b a b a b

       
            

       
  

Looking there properly:    
5 32

5
2 3 ... 2 3 ...

3
x x

 
    

 
 

 

5 5! 5 4 3! 20
10

3 5 3 ! 3! 2! 3! 2

   
    

  
  and  

32 3 3 3 32 2 4 3 4 27 108x x x x      

   
32 3 3

5
2 3 10 4 27 1080 ...

3
x x x

 
     

 
ans: 1080 

Ex-2-4: Find the value of the following. 

 (i) 

2 2

2

1 1 2
4

2 11

2



 
   

   
 
 

       

(ii) 

4 4

5 45 532 (2 ) 2 16     

       

Ex-2-5: The line L is parallel to 3 5y x    and passes through the point (4, 3) 

  Find the coordinates of the points of intersection of L with the axes. 

Ans: The gradient of L is: 3m   , the equation is: 3y x b    
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 3 3(4) 3 12 15 3 15b b y x            

 The line L crosses the x-axis when 0y , 3 15 0 3 15 5x x x        

 Point is: (5,0) 

 The line L crosses the y-axis when 0x , 15y   

 Point is: (0,15) 

 

Ex-2-6: Express xx 62   in the form bax  2)(  

Sketch the graph of xxy 62  , giving the coordinates of its minimum 

point and the intersection with the axes.    

Ans:   93996
22  xxx  

  The coordinates of its minimum point (3,-9) 

  The intersection with the axes.   93
2
 xy  

The intersection with the x-axis.   6,0093
2

 xxxy  

The intersection with the y-axis. 0,0  yx  

  

x

y

)9,3( 

)0,6()0,0(

 

 

Ex-2-7: Find, in the form cmxy  , the equation of the line passing through A(3, 7) 

and B(5,-1). 

Ans: cmxy   

  4
2

8

35

71

12

12 













xx

yy
m  
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cxy  4  

c 347  

19127 c  

194  xy  

 Show that the midpoint of AB lies on the line 102  yx .  

 Midpoint of AB =  3,4
2

17
,

2

53

2
,

2

2121 






 








  yyxx
 

 102  yx  

 

?

4 2 3 10 10 10 OK       

 

Ex-2-8: Simplify (2 3)(2 3)    

Ans:  
2

2(2 3)(2 3) 2 3 4 3 1           

 Express 
23

21




 in the form 2ba  , where a and b are rational. 

  
  

 
 

2
7

4

7

5

7

245

23

22323

2323

2321

23

21
2

2

2


















  

     

 

SECTION B (P-2) 

Ex-2-9: Fig-2-9  shows a circle with centre C(2,1) and radius 5. 
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x

y

)1,2(C

A

P

Q
Fig-2-9

 

(i) Show that the equation of the circle may be written as 

0202422  yxyx .      

x

y

),( 21 xxC

A

P

Q

r

 

    22

1

2

1 ryyxx 
 

    222
512  yx

 

251244 22  yyxx
 

205252422  yxyx
 

202422  yxyx
 

0202422  yxyx
 

(ii) Find the coordinates of the points P and Q where the circle cuts the y-axis. Leave 

your answers in the form ba      
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 0202422  yxyx
 

 0202202040 222  yyyy
 

   
231

2

262

2

762

2

8042

12

201422

2

4
22

2,1 

















a

acbb
y

 

(iii) Verify that the point A(5,-3) lies on the circle. 

 0202422  yxyx
 

 
020)3(2)5(4)3(5

?
22 

 

 
OK 020620925

?

 

 Show that the tangent to the circle at A has equation 2734  xy    

x

y

)1,2(C

)3,5( A

P

Q

r

 

bmxy   

Gradient of
3

4

3

4

52

)3(1








mAC  

Gradient of
4

31
1 

m
m  

Equation oftangent: bxbmxy 
4

3
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4

27

4

15
35

4

3
3  bb  

4

27

4

3
 xy  

2734  xy  

 

Ex-2-10: A cubic polynomial is given by 810)( 23  xxxxf  

(i) Show that (x-1) is a factor of f(x). 
Factorise f(x) fully 

   Sketch the graph of y=f(x).  

Ans: if (x-1) is a factor of f(x), then f(1)=0 

OKfxxxxf  0810118)1(1011)1(810)( 2323
  

81023  xxx1x

822  xx

23 xx 
- +

xx 102 2 

xx 22 2 
- +

88  x

88  x
+ -

0  

)2()4()1()82()1(810)( 223  xxxxxxxxxxf  

 
- 4 1 2

x

y

   

(ii) The graph of y=f(x) is translated by 








0

3
. 
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Write down an equation for the resulting graph. You need not simplify your 

answer. 

- 3 3
x

y

2xy  2)3(  xy2)3(  xy

2)( xxfy 

1 2

1

2)3()3(  xxfy

2
2)3()3(  xxfy

3The graph of y=f(x) is translated by 








0

3

The graph of y=f(x) is translated by 








0

3

3

2)()( axaxfby Note: The graph of y=f(x) is translated by 








b

a

 

)2()4()1()82()1(810)( 223  xxxxxxxxxxf  

8)3(10)2()3()3( 23  xxxxf  

 

Extra Information 

- 3 3
x

y

xy 
3 xy

3 xy

1 23

The graph of y=f(x) is translated by 








0

3

The graph of y=f(x) is translated by 








0

3

xxfy  )( xxfy  )( 1

2 3 xfy

3    33  xfxfy

Note: The graph of y=f(x) is translated by  axfy 








0

a

Note: The graph of y=f(x) is translated by  axfby 









b

a

 

Find also the intercept on the y-axis of the resulting graph. 

8)3(10)2()3()( 23  xxxxf  
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9830498)30(10)20()30()0( 23  f  

Intercept (0, -9)         

Ex-2-11: (i) Show that the graph of 
2 5 21y x x    is above the x-axis for  

all values of x. 

Ans: 

2

2 2 25 25 5 59
5 21 5 21

4 4 2 4
y x x x x x

 
           

 
 

  The minimum is 
59

4
 when x = 0, hence always above x-axis 

(iii) Find the set of values of x for which the graph of 102 2  xxy  is 

above the x-axis. 

0)2()52(0102 2  xxxx  

(2x + 5) (x - 2) > 0

 x = 2

+--

++- 0

0

+-+

(2x + 5) (x - 2)

(2x + 5)(x - 2) 

(x - 2)

(2x + 5)

Ans:                 OR   x > 2

2

5
x

2

5
x

    

(iv) Find algebraically the coordinates of the points of intersection of the 

graph of 1132  xxy  and 102 2  xxy   

Ans: 102 2  xxy     and   1132  xxy  

  102113 22  xxxx  

  0101132 22  xxxx  

   03702140214 22  xxxxxx  

  7, 3x and x      Points are:  95,7   and   5,3  
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PAPER-3 

SECTION A (C1-23-5-05) 

Ex-3-1: Find the remainder when  52 23  xx  is divided by x-3.    

Ans: 52)( 23  xxxf  

    40545518275323)3(
23

 f  

Hence the remainder is 40 as shown below for verification 

 

X-3

x
2

X
3
+2x

2
-5

X
3
-3x

2

- +

5x
2

+5x+15

5x
2
-15x
+-

15x-5

15x-45
+-

40

-5

 

Ex-3-2: Make x the subject of 4 7 2x y y mx        

Ans: 4 7 2 4 2 5 7x y y mx x mx y y y         

  
7

(4 ) 7
4

y
m x y x

m
    


 

Ex-3-3: The smallest of three consecutive integer is n. 

  Write down the other two integers. 

  Prove that the sum of any three consecutive integers is divisible by 3. 

Ans: If n is the smallest of the 3 consecutive numbers: 

  1st number =n 

  2nd number=n+1 

  3rd number=n+2 

Sum of the 3 consecutive numbers is: n+(n+1)+(n+2)=3n+3. If divided by 3, it 

is equal to n+1.        
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Ex-3-4: A line has equation 5 7 15x y  . Find its gradient and the coordinates of 

the points where it crosses the axes.     

Ans: The standard equation of a straight line is: bmxy  , where m  is the 

gradient and  b  is the y-intercept. 

5 15
5 7 15 7 5 15

7 7
x y y x y x           

  Hence, 
5

7
m   , and the point where it crosses the y-axis, i.e. x=0 

 
15

7
y  , and the point is 

15
0 ,

7

 
 
 

. The point where it crosses the x-axis, i.e. 

y=0, 
5 15

0 5 15 3
7 7

y x x x        , and the point is  3, 0 . 

Ex-3-5: Find the binomial expansion of 
3)2( x .     

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

32
30223

3 6128
!3

2321

!2

232

!1

23

!0

2
)2( xxx

xxx
x 








  

OR  the following method  is very good, always use this instead, if n positive integer!! 

 
3 3 2 2 3

3 3 3 3

0 1 2 3
a b a a b ab b

       
           

       
  

 
3 3 2 2 3

3 3 3 3
2 2 2 2

0 1 2 3
x x x x

       
           

       
 

 

3 3! 3!
1

0 3 0 ! 0! 3! 0!

 
   

  
  

 

3 3! 3!
3

1 3 1 !1! 2! 1!

 
   

  
 

 

3 3! 3!
3

2 3 2 ! 2! 1! 2!

 
   

  
  

 

3 3! 3!
1

3 3 3 ! 3! 0! 3!

 
   

  
 

 
3 3 2 2 3

3 3 3 3
2 2 2 2

0 1 2 3
x x x x
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3 3 2 2 32 2 3 2 3 2x x x x        

 
3 2 32 8 12 6x x x x      

   

Ex-3-6: Simplify the following. 

 (i) 
0b          

Ans: 
0 1b   

(ii) 
7 3 7 ( 3) 7 3 10a a a a a             

(iii)  
  bababa

ba
326

2

1
26

2

1
26

3

1

9

1

9

1
9 



    

Ex-3-7: (i) Simplify 24 3        

Ans: 27 3 9 3 3 9 3 3 3 3 3 4 3           

(ii) Express 
75

36


 in the form 7ba  , where a and b are integers 

Ans: 
 

  
 
 

     752
18

7536

725

7536

75

7536

7575

7536

75

36
2

2





















 

7210   

Ex-3-8: Fig.8 is a plan view of a rectangular enclosure. A wall forms one side of the 

enclosure. The other three sides are formed by fencing of total length 30m. 

The width of the rectangle is x m and the area enclosed is 112 
2m . 

xm

Fig-3-8  



 

25 

x

30 -2x

x

 

Area=

056150112302112302112)230( 222  xxxxxxxx

Show that 056152  xx . 

By factorising, solve this equation and find the possible dimensions of the  

rectangle.          

780)7)(8(56152  xandxxxxx 7 by 16 or 8 by 14 

Ex-3-9: Find the x-coordinates of the points of intersection of the line 23  xy  

and the curve 173 2  xxy . Leave your answers in surd form.  

      

Ans: At the point of intersection, the values of x  and y  of both the straight line 

and the curve are the same. 

01103

02317317323

2

22





xx

xxxxxxy
 

3

725

6

7410

6

71610

6

71610

6

11210

6

1210010

)3(2

)1)(3(4)10()10(

2

22

2,1

























a

bb
x

 

 

    SECTION B (P-3) 

Ex-3-10: (i) Write 2582  xx  in the form bax  2)(    

 Ans:   942516168258
222  xxxxx  

 (ii) State the coordinates of the minimum point on the graph of  

 2582  xxy  and sketch this graph.   

  942516168258
222  xxxxxy  
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The minimum value of 9y  when 4x . Hence the coordinates of the 

minimum point is: (4,9) 

   

(4,9)

x

y
9)4( 2  xy

(0,25)

 

(iii) Solve the inequality 
2 9 25 11x x       

2 29 25 11 9 25 11 0x x x x         

2 9 14 0 ( 7)( 2) 0x x x x         

(x – 7) (x - 1) > 0

 x = 1  x = 7

+--

++- 0

0

+-+

(x - 1) (x - 7)

(x – 7)(x - 1) 

(x - 7)

(x - 1)

Ans:        x < 1   OR   x > 7
 

(iv)    The graph of 2582  xxy  is translated by 








 20

0
. State an equation for 

the resulting graph.  

Ans: replace y by y + 20 i.e. 

2025825820258)20( 222  xxyxxyxxy

582  xxy  

Note: Consider the followings: 

 )(xfy   is translated by 








b

a
 

 Replace x x a    and  replace y y b   
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Ex-3-11: The graph of 2582  xxy  is translated by 








 2

3
.   

      25383)2(
2

 xxy  

 25248962 2  xxxy  

 225249142  xxy  

 56142  xxy  

 

 

Ex-3-12: The graph of 2582  xxy  is translated by 












2

3
.  

Replace ( 3) 3x x x x       

And  replace  ( 2) 2y y y y       

    
2

( 2) 3 8 3 25y x x        

 
22 6 9 8 24 25y x x x        

 
2 6 9 8 24 25 2y x x x         

 
2 2 8y x x    

Ex-3-13: The points A(0,2), B(7,9) and C(6,10) lie on the circumference of a circle as 

shown in Fig-3-13 

x

y

A

C

B

Fig-3-13
 

(i) Find the length of AC. 
Prove that triangle ABC is right-angled at B.    
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Ans: 

101006436)210()06( 22 AC  

 984949)29()07( 22 AB  

211)910()76( 22 BC  

298100222  BCABAC  

(ii) Hence show that the centre of the circle is (3,6) and its radius is 5. 
Find the equation of the circle.     

22

1

2

1 )()( ryyxx   

  AC is the diameter 

 6,3
2

102
,

2

60

2
,

2

2121 






 








  yyxx
 

5
2

10

2


AC
r  

222 5)6()3(  yx  

(iii) Find an equation for the tangent to the circle at C. 

x

y

)2,0(A

)10,6(C

B

 

bmxy 
 

Gradient of
3

4

6

8

06

210





mAC  
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Gradient of
3

41
1 

m
m  

Equation oftangent: bxbmxy 
3

4
 

  188106
3

4
10  bb  

  18
3

4
 xy  

Find the coordinates of the points where this tangent crosses the axes. 

 Ans:  When this tangent crosses the x-axis, then y = 0   

 







 0,

4

54

4

54
54418

3

4
018

3

4
Pxxxxy  

When this tangent crosses the y-axis, then x = 0  

    18,018180
3

4
18

3

4
Pxy      

Ex-3-14: In the cubic polynomial f(x), the coefficient of 
3x  is 1. The roots of f(x)=0, 

are -1, 2, and 5. 

(i) Write f(x) in factorised form. 

Ans: 0)5)(2)(1()(  xxxxf  

 Show that f(x) may be written as 1036)( 23  xxxxf   

Ans:  0)5)(2)(1()( xxxxf  Multiply the factors correctly, then you will 

get 1036)( 23  xxxxf  

 (ii) Sketch the graph of y=f(x).  

  
- 1 2 5

x

y

(0, 11)

    

 (iii) Show that x = 4 is one root of the equation f(x) + 10 = 0 
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Hence find a quadratic equation which is satisfied by the other two roots of 

the equation f(x) + 10 = 0  

 Ans: 1036)( 23  xxxxf  

  203610103610)( 2323  xxxxxxxf  

2036)( 23  xxxxf  

  0201296642043464)4( 23 f  

  

2036 23  xxx4x

522  xx

23 4xx - +

xx 32 2 

xx 82 2 
+ -

205  x

205  x
+ -

0
 

   5242036)( 223  xxxxxxxf  

Hence, the quadratic equation is 522  xx
 

 

PAPER-4 

    SECTION A (C1-16-1-06) 

Ex-4-1: n is a positive integer. Show that nn 2
 is always even.  

Ans: )1(2  nnnn  

If n is even, n+1 is odd, then,  even  odd = even 

If n is odd, n+1 is even, then,  odd   even = even 

 

Ex-4-2: Fig-4-2  shows graphs A and B 
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0 1 2 3 4

1

2

3

4

x

y

A B

Fig-4-2  

(i) State the transformation which maps graph A onto graph B. 
 

Ans: Graph A is translated by 








0

2
.  

(ii) The equation of graph A is y=f(x). 
Which one of the following is the equation of graph B? 

y = f(x) + 2  y = f(x) – 2  y = f(x+2) y = f(x-2) 

y = 2f(x)   y = f(x+3)  y = f(x-3)  y = 3f(x) 

 

Note:  Ans: y = f(x-2) and see the following for more detail. 

- 3 3
x

y

xy 
3 xy

3 xy

1 23

The graph of y=f(x) is translated by 








0

3

The graph of y=f(x) is translated by 








0

3

xxfy  )( xxfy  )( 1

2 3 xfy

3    33  xfxfy

Note: The graph of y=f(x) is translated by  axfy 








0

a

Note: The graph of y=f(x) is translated by  axfby 









b

a
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Ex-4-3: Find the binomial expansion of 
4)2( x , writing each term as simply as 

possible. 

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

 
!4

)2()3(4

!3

2)2()3(4

!2

2)3(4

!1

24

!0

2
)2(

4312234
4 xxxx

x 








   

4324 8243216)2( xxxxx   

OR  the following method  is very good, always use this when n is positive integer!! 

 
4 4 3 2 2 3 4

4 4 4 4 4

0 1 2 3 4
a b a a b a b ab b

         
              

         
  

  4 3 2 2 3 4
4 4 4 4 4

2 4 2 2 2 2
0 1 2 3 4

x x x x x
         

              
         

 

 

4 4! 4!
1

0 4 0 ! 0! 4! 0!

 
   

  
  

 

4 4! 4!
4

1 4 1 !1! 3! 1!

 
   

  
 

 

4 4! 4! 4 3 2 1 24
6

2 4 2 ! 2! 2! 2! 2 1 2 1 4

    
     

     
 

 
 

4 4! 4!
4

3 4 3 ! 3! 01! 3!

 
   

  
 

 

4 4! 4!
1

4 4 4 ! 4! 01! 4!

 
   

  
 

  4 3 2 2 3 4
4 4 4 4 4

2 4 2 2 2 2
0 1 2 3 4

x x x x x
         

              
         

 

  4 3 2 2 3 42 4 2 4 2 6 2 4 2x x x x x          

  2 3 42 4 16 32 24 8x x x x x              

Ex-4-4: Solve the inequality 6
4

)12(3


x
     

Ans: 3246243624)12(36
4

)12(3



xxx

x
 

2

9

6

27
276  xx  
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Ex-4-5: Make C the subject of the formula
4


C

C
P     

Ans: PPCPCPCCPPC
C

C
P 4)1(44

4



  

 
1

4




P

P
C  

 

Ex-4-6: When kxx  33
 is divided by 1x , the remainder is 6. Find the value of 

k.         

Ans: 246631)1(3)( 3  kkfkxxxf  

 

Ex-4-7: The line AB has equation 54  xy  and passes through the point B(2, 3), as 

shown in Fig-4-7. The line BC is perpendicular to AB and cuts the x-axis at 

C. Find the equation of the line BC and the x-coordinate of C.  

B(2,3)

C

A

O
x

y

Fig-4-7

   

Ans: The equation of line AB: 54  xy , the gradient is: 4m . Because BC is 

perpendicular on AB, therefore, its 
4

1
m . The equation of line BC: 

bxy 
4

1
 and because it passes through B(2,3), 

 
2

7

4

1

2

7

2

1
3

4

2
32

4

1
3  xybb  is the equation of BC 

 

Ex-4-8: (i) Simplify )50485  . Express  your answer in the form  ba ,  
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where a and b are integers and b is as small as possible.   

         

Ans: 25422522542452254245)50485   

 230220210   

(ii) Express 
36

3


 in the form 3qp  , where p and q are rational. 

   

Ans: 
 

  
 
 

3
33

6

33

3

33

363

336

336

36

336

3636

363

36

3
2

2

2





















 

3
11

2

11

1
  

 

Ex-4-9: (i) Find the range of values of k for which the equation  

052  kxx  has one or more real roots.   

Ans:  For real roots: 042  acb       

   
4

25
2542540452  kkkk    

  (ii) Solve the equation  025204 2  xx      

2

5

2

5

8

20

8

020

8

40040020

)4(2

)25)(4(4)20(20

2

21

22

2,1















xx

a

bb
x

 

OR  factorise the expression: 

  2

1 2

5
4 20 25 0 2 5 2 5 0

2
x x x x x x            
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    SECTION B(P-4)      

Ex-4-10: A circle has equation 4522  yx .     

(i) State the centre and radius of this circle. 

Ans: The centre is at (0,0) and the radius is 45  

(ii) The circle intersects the line with equation 3 yx  at two points, 

A and B. Find algebraically the coordinates of A and B. 

Ans: 4522  yx  

  xyyx  33  

3694562456945)3( 22222  xxxxxxx  

0)3)(6(018303662 22  xxxxxx  

36  xandx  

Points:  A(6,-3) , and B(-3,6) 

Show that the distance AB is 162      

            162818199)3(663
22222

12

2

12  yyxxAB

 

Ex-4-11: (i) Write 672  xx  in the form bax  2)(     

Ans: 

 

4

25

2

7

4

4924

2

7

4

49
6

2

7
76

2

7

2

7
767

2

22

2

22

22



















































x

xxxxxxx

 

 (ii) State the coordinates of the minimum point on the graph of 

 672  xxy  

Ans: 
4

25

2

7
67

2

2 







 xxxy ,  
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the minimum value of 
4

25
y  when 

2

7
x ,  the coordinates of the minimum 

point is: 









4

25
,

2

7
 

(iii) Find the coordinates of the points where the graph of 672  xxy  

crosses the axes and sketch the graph. 

(iv) Show that the graphs 672  xxy  and 432  xxy  intersect only 

once. Find the x-coordinate of the point of intersection. 
 

Ans: 672  xxy   and  432  xxy  

 046374367 2222  xxxxxxxx  

2

1
24024  xxx  and 

4

11
6

2

7

4

1
6

2

1
7

2

1
67

2

2 
















 xxy  Hence point 









4

11
,

2

1
 

 

Ex-4-12: (i) Sketch the graph of 
2)3(  xxy      

(ii) Show that the equation 2)3( 2  xxy can be expressed as 

0296 23  xxx .  

Ans:      29629623 2322
 xxxxxxxxy     

(iii) Show that 2x  is one root of this equation and find the other two roots, 

expressing your answer in surd form. 

Ans:  296)( 23  xxxxf  

  0218248229262)2( 23 f  
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296 23  xxx2x

142  xx

23 2xx - +

xx 94 2 

xx 84 2 
+ -

2x

2x
+-

0
 

   142296)( 223  xxxxxxxf  

Hence, the quadratic equation is 142  xx  

a

acbb
x

2

42

1


   

a

acbb
x

2

42

2


  

32
2

324

2

344

2

124

2

4164

12

114)4(4 2

1 















x  

32
2

324

2

344

2

124

2

4164

12

114)4(4 2

2 















x  

Show the location of these roots on your sketch graph in part(i) 

 

 

PAPER-5 

    SECTION A(C1-6-6-06) 

Ex-5-1: The volume of a cone is given by the formula hrV 2

3

1
 . Make r  the 

subject of this formula.        

Ans: 
2 21 3 3 3

3

V V V
V r h r r

h h h
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Ex-5-2: One root of the equation 0723  axx  is 2x . Find the value of a.  

Ans: Because 2x  is a root, then 78407)2()2( 23  aa  

 
4

1
14  aa  

Ex-5-3: A line has equation 623  yx . Find the equation of the line parallel to this 

which passes through the point (2,10).     

Ans: 3
2

3
632623  xyxyyx , the slope of a line which is 

parallel to this is: 
2

3
m , 

  13
2

3
133102

2

3
10

2

3
 xybbbxy  

The equation of the line is: 13
2

3
 xy  

Ex-5-4: Find the coordinates of the point of intersection of the line 13  xy  and 

63  yx          

13  xy  

63  yx  

3

10
3106396)13(363  xxxxxxyx  

And 111101
3

10
313 








 xy  

Ex-5-5: Solve the inequality 322  xx        

Ans: 0)1)(3(03232 22  xxxxxx  
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(x + 3) (x - 1) < 0

 x = - 3  x = 1

+--

++- 0

0

+-+

(x + 3) (x - 1)

(x + 3)(x - 1) 

(x + 3)

(x - 1)

Ans:       -3 < x < 1 
 

1-3

(0,-3)

x

y

 

The value of y is positive above the x-axis and the value of y is negative below the 

x-axis. Hence 13  x  is the answer. 

  

Ex-5-6: (i) Simplify 243526         

Ans: 628626306463064630243526   

(ii) Express  2532   in the form 5ba  , where a and b are integers  

Ans:     312494531245333222532
2

2
2

  

Ex-5-7: Calculate 
3

6C  

Ans: 
 3

6! 6 5 4 3 2 1 720
6 20

6 3 !3! 3 2 1 3 2 1 36
C
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Note: 
 

!

! !rC

n
n

n r r



 

Ex-5-8:  Find the coefficient of 
3x  in the expansion of  6

21 x   

 Ans:

 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

     
2 35 4 36

6
6 1 2 6 5 1 2 6 5 4 1 21

(1 2 ) ...
0! 1! 2! 3!

x x x
x

      
         

Therefore, the coefficient of 
3x  is: 

 
33

3
6 5 4 1 2 960

160
3! 6

x
x

  
      

OR  the following method  is very good, always use this, if n is positive integer!! 

 
6 6 5 4 2 3 3

6 6 6 6
...

0 1 2 3
a b a a b a b a b

       
            

       
  

Looking there properly:    
6 33

6
1 2 ... 1 2 ...

3
x x

 
     

 
 

 

6 6! 6 5 4 3! 120
20

3 6 3 ! 3! 3! 3! 6

    
    

  
  and  

33 31 2 8x x    

   
33 3 3

6
1 2 20 8 160 ...

3
x x x

 
       

 
ans: -160 

 

Ex-5-9: Simplify the following. 

 (i) 

   

1

2

2 2 2 4
6

63 3 3

36 6 6 6 6 3

2 16 8
2264
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(ii) 
 

3
3 2 9 6 3 7 6

2 5 2 5 2

15 15 15

4 4 4

a b c a b c a b

a c a c c
        

   

Ex-5-10: Find the coordinates of the points of intersection of the circle 
2 2 36x y   

and the line 2 .y x  Give your answer in surd form.  

2 2 36x y   

2 .y x  

2 2 2 2 2 2 2 36
36 (2 ) 36 4 36 5 36

5
x y x x x x x x            

 

36 36 6 6 5 6 5

5 55 5 5 5
x          


    and  

12 5
2

5
y x  

 

 

    SECTION B (P-5) 

Ex-5-11: A(9,8), B(5,0) and C(3,1) are three points. 

 (i) Show that AB and BC are perpendicular. 

Ans: If AB and BC are perpendicular, then their gradients should be 
2

1

1

m
m  . Gradient 

of 2
4

8

95

80

12

12
1 
















xx

yy
mAB  

 Gradient of 
2

1

2

1

53

01

12

12
2 














xx

yy
mBC . Because 

2

1

1

m
m  , therefore AB 

and BC are perpendicular. 

(ii) Find the equation of the circle with AC as diameter. You need not simplify 

your answer. 

  Show that B lies on this circle.      

Ans: Since AC is the diameter of the circle, then 
2

AC
r   and the coordinates of the 

centre of the circle are the midpoints of the diameter AC: 
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 853649)93()81( 22 AC  

2

85

2


AC
r  

 Midpoint of AC=Centre=  5.4,6
2

18
,

2

39

2
,

2

2121 






 








  yyxx
 

 Equation of the circle=    
4

85
5.46

22
 yx  

 Now to show that B lies on the circle, the coordinates of point B must satisfy the 

equation. 

       
4

85

4

81
15.4065855.46

2222
 yx  

 (iii) BD is a diameter of the circle. Find the coordinates of D.  

Midpoint of BD=Centre=  5.4,6
2

0
,

2

5

2
,

2

2121 






 








  yxyyxx
 

75121256
2

5



 xx

x
95.4

2

0



 y

y
 

Coordinates of BD=  9,7  

Ex-5-12: You are given that 12209)( 23  xxxxf . 

 (i) Show that 2x  is a root of 0)( xf .     

Ans: If 2x  is a root of 012209)( 23  xxxxf , then 0)2( f  

04848124036812)2(20)2(9)2()2( 23  f  

Since ( 2) 0f   , then 2x   , is a root of ( ) 0f x  . 

 (ii) Divide )(xf  by 6x .       

Ans:  
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X+6

x
2

X
3
+9x

2
+20x+12

- -

3x
2

+3x+2

3x
2
+18x

2x+12

2x+12
--

0

+20x

X
3
+6x

2

- -

 

 (iii) Express )(xf  in fully factorised form.     

Ans: )1)(2)(6()23)(6(12209)( 223  xxxxxxxxxxf  

 (iv) Sketch the graph of )(xfy  .      

 (v) Solve the equation 12)( xf .      

Ans:

0)5)(4()209(02091212209)( 22323  xxxxxxxxxxxxxf

 5,4,0  x  are the roots of 12)( xf  

Ex-5-13: The insert shows the graph of 
x

y
1

 , 0x . 

(i) Use the graph to find approximate roots of the equation 32
1

 x
x

, showing your 

method clearly. 

x

y

32  xy

(0, 3)

(- 1.5, 0) 0
1

 x
x

y
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(ii) Rearrange the equation 32
1

 x
x

 to form a quadratic equation. Solve the 

resulting equation. Leaving your answers in the form 
r

qp 
   

(iii) Draw the graph of 2
1


x
y , 0x , on the grid used for part(i). 

(iv) Write down the values of x  which satisfy the equation 322
1

 x
x

.  

 

 

PAPER-6 

SECTION A (C1-16-1-07) 

Ex-6-1: Find in the form baxy  , the equation of the line through (5,12) which is 

parallel to 2 5y x   .       

Ans: 2 5y x   , the slope of a line which is parallel to this is: 2m   , 

 2 12 2 5 12 10 22 2 22y x b b b y x              

The equation of the line is: 2 22y x    

 

Ex-6-2: Sketch the graph of 
216y x  .       

Ans: 

-4 4

16

x

y

 



 

45 

Ex-6-3: Make a  the subject of the equation cafca 752  .    

Ans: cfacccafacafca 2)2(2572752   

f

c
a




2

2
 

Ex-6-4: When 53  kxx  is divided by 2x , the remainder is 5. Use the remainder 

theorem to find the value of k.     

Ans: 
3 3( ) 5 (2) 2 2 5 5 2 5 5 8 8f x x kx f k k               

4k   

Ex-6-5: Calculate the coefficient of 
4x  in the expansion of 

6)5( x .   

Ans:   65423324566
)5()5(6)5(15)5(20)5(15)5(65  xxxxxxx  

  156251875093752500375305 234566
 xxxxxxx  

Therefore, the coefficient of 
4x  is 375. 

OR  the following method  is very good, always use this if n is positive integer!! 

 
6 6 5 4 2 3 3 2 4

6 6 6 6 6
...

0 1 2 3 4
a b a a b a b a b a b

         
               

         
  

Looking there properly:    
6 24

6
5 ... 5 ...

4
x x

 
    

 
 

 

6 6! 6 5 4! 30
15

4 6 4 ! 4! 2! 4! 2

   
    

  
  and  

24 45 25x x  

   
24 4 4

6
5 15 25 375

4
x x x

 
    

 
ans: 375 

 

Ex-6-6: Find the value of each of the following, giving each answer as an integer or 

fraction as appropriate. 

  (i)   12552525 3
3

2

3
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(ii) 

2 2 2

2 2

5 5 3 9

3 3 5 25

 



 
   

 
       

Ex-6-7: You are given that 
2

3
a , 

4

179
b , 

4

179
c . Show that 

6
4

24

4

1791796

4

179

4

179

2

3









 cba    

 
  6

2

12
4

2

3

16

64

2

3

16

1781

2

3

16

179

2

3

4

179

4

179

2

3
2

2


































 






















 






















 












 








abc

6 cbaabc  

 

Ex-6-8: Find the set of values of k  for which the equation 022 2  kxx  has no 

real roots.         

Ans: The equation 022 2  kxx  has no real roots when 

2 2 2 24 0 4(2)(2) 0 16 0 16 4 4b ac k k k k              

4-4

(0,-16)

k

y

 

44  k  
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(x – 4) (x + 4) < 0

 x = - 4  x = 4

+--

++- 0

0

+-+

(x + 4) (x - 4)

(x – 4)(x + 4) 

(x - 4)

(x + 4)

Ans:      - 4 < x < 4
 

Ex-6-9: (i) Simplify 
23 )(43 abba  .      

Ans:    2522323 1243)(43 babaaabba   

(ii) Factorise 42 x  and .652  xx  Hence express 
65

4
2

2





xx

x
 as a fraction in 

its simplest form.      

Ans: 
3

2

)3)(2(

)2)(2(

65

4
2

2















x

x

xx

xx

xx

x
  

     

Ex-6-10: Simplify    2222 11  mm , showing your method. 

Hence, given the right-angled triangle in Fig.10, express p  in terms of m , 

simplifying your answer. 

m2 - 1
m2 + 1

p

Fig.10

 

Ans:       2242424242222 41212121211 mmmmmmmmmmm   

    222222 411 mmmp   

mp 2  
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SECTION B (P-6) 

Ex-6-11: The graph of 
x

xy
1

  is shown on the insert. The lowest point on one 

branch is (1,2). The highest point on the other branch is (-1,-2). 

(i) Use the graph to solve the following equations, showing your method 

clearly. 

(A) 4
1


x
x         

(B) 4
1

2 
x

x         

(ii) The equation 4)1( 22  yx  represents a circle. Find in exact  

 form the coordinates of the points of intersection of this circle with the y-

axis.        

Ans: 

When this circle crosses the y-axis, 

33144)10(0 222  yyyx  

The coordinates of the points of intersection of this circle with the y- 

Axis are: )3,0(  and )3,0(   

(iii) State the radius and the coordinates of the centre of this circle. 
Explain how these can be used to deduce from the graph that this circle 

touches one branch of the curve 
x

xy
1

   but does not intersect with the 

other. 

Ex-6-12: Use coordinate geometry to answer this question. Answers obtained from 

accurate drawing will receive no marks. 

A and B are points with coordinates (-1,4) and (7,8) respectively. 

(i) Find the coordinates of the midpoint, M, of AB. 

Show also that the equation of the perpendicular bisector of AB is 

122  xy .  
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Ans: The coordinates of the midpoint, M, of AB  6,3
2

48
,

2

17








 
  

 Gradient of AM
2

1

8

4

)1(7

48





 m  

Hence, gradient of perpendicular bisector is 2
1

1 
m

m  

1266)3(262  bbbxy  

122  xy  

 

(ii) Find the area of the triangle bounded by the perpendicular bisector, the y-

axis and the line AM, as sketched in Fig.11.  

Ans: 

Gradient of AM
2

1

8

4

)1(7

48





 m  

2

9

2

1
4)1(

2

1
4

2

1
 bbbxy  

2

9

2

1
 xy  point where it crosses y-axis: 









2

9
,0 . Hence coordinates  

of point N is: )5.4,0(
2

9
,0 









 

A(-1,4)

B(7,8)

M(3,6)

x

y

o

N(0,4.5)

P(0,12)

Fig.11
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)12,0(122 Pxy   

25.1125.29)5.46()03( 22 NM  

45369)612()30( 22 MP  

Area
2

4525.11

2







PMNM
 

 

Ex-6-13: Fig-6-13 shows a sketch of the curve )(xfy  , where 25)( 3  xxxf . 

x

y

o

Fig-6-13

 

(i) Use the fact that 2x  is a root of 0)( xf  to find the exact values of the 

other two roots of 0)( xf , expressing your answers as simply as possible 

x-2

x
2

x
3
-5x+2

- +

2x
2

+2x-1

2x
2
-4x

-x+2

-+
0

-5x

x
3
-2x

2

- +

-x+2

 

)12)(2(25)( 23  xxxxxxf  

0)12( 2  xx  
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21
2

222

2

82

2

442

)1(2

)1)(1(4)2(2

2

22

2,1


















a

bb
x

 

The roots are: 21,21,2 321  xxx  

(ii) Show that 10229)3( 23  xxxxf .     

21553)3(3)3(32)3(5)3()3(25)( 322333  xxxxxxxfxxxf

17527279)3( 23  xxxxxf  

10229)3( 23  xxxxf  

(iii) Write down the roots of 0)3( xf .  Do it? 

     

PAPER-7 

SECTION A(C1-7-6-07) Calculators: No 

Ex-7-1: Solve the inequality xx 3421   .      

Ans: xx 3421   

  1432  xx  

35  x  

5

3
x  

Ex-7-2: Make t  the subject of the equation 
2

2

1
ats  .     

Ans: 
2

2

1
ats   

  
a

s
t

22    
2 2s s

t
a a
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Ex-7-3: You are given that ckxxxf  3)( . The value of )0(f  is 6, and 2x  is a 

factor of )(xf . 

 Find the values of k  and c .       

Ans: ckxxxf  3)(  

6600)0( 3  cckf  

7148620622)2( 3  kkkf  

Ex-7-4: (i) Find a , given that 
3123 64 yxa  .     

 Ans:   yxyxayxa 4
3

1
31233123 4464   

 (ii) Find the value of 

5 5 5

5 5

1 1 3 243
243

3 3 1 1

 



 
    

 
    

Ex-7-5: Find the coefficient of 
3x  in the expansion of 

5)23( x .   

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

 
     

2 34 3 25
5

5 3 2 5 4 3 2 5 4 3 3 23
(3 2 ) ...

0! 1! 2! 3!

x x x
x

        
        

 
32

3 3
5 4 3 3 2 4320

720
3! 6

x
x x

   
     

The coefficient of 
3x  is:  -720 

OR  the following method  is very good, always use this if n is positive integer!! 

 
6 6 5 4 2 3 3 2 4

6 6 6 6 6
...

0 1 2 3 4
a b a a b a b a b a b

         
               

         
  

Looking there properly:      
5 2 35

3 2 ... 3 2 ...
3

x x
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5 5! 5 4 3! 20
10

3 5 3 ! 3! 2! 3! 2

   
    

  
  and  

32 33 2 72x x    

   
2 3 3

5
3 2 720

3
x x

 
    

 
   

The coefficient of 
3x  is:  -720 

 

Ex-7-6: Solve the equation 3
2

54




x

x
.       

Ans: 
2

1

10

5
5105465463

2

54



xxxxxx

x

x
 

Ex-7-7: (i) Simplify 5098          

Ans: 2225272252495098   

(ii) Express 
52

56


 in the form 5ba  , where a and b are integers.  

Ans: 
 

  
 

 
51230

54

30512

52

56512

5252

5256

52

56
2

2

2


















 

Ex-7-8: (i) A curve has equation 42  xy . Find the x-coordinates of the  

points on the curve where 21y . 

Ans: 5254214 222  xxxxy  

(ii) The curve 42  xy  is translated by 








0

2
. 

Write down an equation for the translated curve. You need not simplify 

your answer.       

Ans: 4)2( 2  xy  

Ex-7-9: The triangle shown in Fig-7-9  has hight (x+1)cm and base (2x-3)cm. Its  

area is 
29cm . 
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x+1

2x-3
 

Fig-7-9 

(i) Show that 0212 2  xx .       

Ans: Area    02121832329321
2

1 22  xxxxxxx  

(ii) By factorising, solve the equation 0212 2  xx . Hence find the height 

and base of the triangle.     

Ans: 0)3)(72(0212 2  xxxx  

)(30)3(
2

7
0)72( NAxxxx   

Base 4373
2

7
232 








 x  

Hight
2

9
1 x  

SECTION B (P-7) 

Ex-7-10: A circle has centre C(1,3) and passes through the point A(3,7) as shown in 

Fig-7-10. 

A(3,7)

C(1,3)

T

Fig-7-10

 

(i) Show that the equation of the tangent at A is 172  yx .   

Ans: Gradient of CA 2
2

4

13

37
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The gradient of the tangent at A is
2

1
  

The equation of the tangent at A is 
2

17
5.17)3(

2

1
7

2

1
 bbbxy  

The equation of the tangent at A is OKyxxy  172
2

17

2

1
 

(ii) The line with equation 92  xy  intersects this tangent at the point T. Find the 

coordinates of T.       

Ans: 
2

17

2

1
 xy  

 735517184
2

17

2

1
92  xxxxxxy  

59149)7(292  xy   Point T=(7,5) 

           

Ex-7-11: (i) Write 27244 2  xx  in the form cbxa  2)( .    

Ans: 9)3(4
4

27
9964

4

27
6427244 2222 

















 xxxxxxx  

(ii) States the coordinates of the minimum point on the curve 

27244 2  xxy .        

Ans: 9)3(427244 22  xxx  

The coordinates of the minimum point on the curve: (3,-9) 

(iii) Solve the equation  027244 2  xx .     

Ans:

 

   0)362)(362(03)3(23)3(29)3(427244 22  xxxxxxx  

2

3
0)32(

2

9
0)92(

0)32)(92(





xxIfandxxIf

xx
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(iv) Sketch the graph of the curve 27244 2  xxy    

9)3(427244 22  xxx  

4.51.5

(3,-9)

x

y

3

     

Ex-7-12: A cubic polynomial is given by 12112)( 23  xxxxf  

(i) Show that 12112)452)(3( 232  xxxxxx  . 

Hence show that 0)( xf  has exactly one real root.   

1211212156452)452)(3( 232232  xxxxxxxxxxx  

0)452)(3()( 2  xxxxf  

30)3(  xxIf

 74242540)452( 22  acbxxIfand ,  

No real roots. Hence only one real root of 3x  

(ii) Show that 2x  is a root of the equation 22)( xf  and find the other 

roots of this equation.      

2212112)( 23  xxxxf  

If 2x  is a root of 2212112)( 23  xxxxf , then 

OKf  221222416122112220)2( 23
 

(iii) Using the results from the previous parts, sketch the graph of )(xfy  . 
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PAPER-8       

    SECTION A(C1-9-1-08) Calculator: No 

Ex-8-1: Make v  the subject of the equation 
2

2

1
mvE  .     

Ans: 
m

E
v

m

E
vmvE

22

2

1 22   

Ex-8-2: Factorise and hence simplify 
1

473
2

2





x

xx
     

Ans: 
1

43

)1)(1(

)1)(43(

1

473
2

2















x

x

xx

xx

x

xx
 

Ex-8-3: (i) Write down the value of 

0

4

1








.      

Ans: 1
4

1
0









 

 (ii) Find the value of 2

3

16


       

Ans:  
64

1

2

1
2216

6

62

3

42

3

 


 

 

Ex-8-4: Find algebraically, the coordinates of the point of intersection of the lines 

52  xy  and 726  yx .       

Ans: 52  xy  

10

17
1710710467)52(26726  xxxxxxyx

5

8
5

5

17
5

10

17
252 








 xy   

17

10
x        and 

8

5
y    
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Ex-8-5: (i) Find the gradient of the line 2454  yx .    

Ans: 
5

24

5

4
42452454  xyxyyx

 

Gradient 
5

4
m

 

(ii) A line parallel to 2454  yx  passes through the point (0,12). Find the 

coordinates of its point of intersection with the x-axis.  

Ans: 
4 24

4 5 24 5 4 24
5 5

x y y x y x           

4
12

5
y mx b x b b        

 
4

12
5

y x    

 The intersection with x-axis happens when y=0, 
4 60

12 0 15
5 4

x x         

 Point of intersection with x-axis is:  15, 0  

Ex-8-6: When 73  kxx  is divided by )2( x , the remainder is 3. Find the value of 

k .          

Ans: 1287323722)2(7)( 33  kkfkxxxf  

 6 k  

 

 

Ex-8-7: (i) Find the value of 
3

8C .       

Ans: 
 3

8 ! 8 7 6 5!
8 56

8 3 ! 3! 5!3!
C
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(ii) Find the coefficient of 
3x  in the binomial expansion of 

8

2

1
1 








 x . 

Ans:  

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

 

2 3

7 6 5
8 8

1 1 1
8 1 8 7 1 8 7 6 1

1 1 2 2 2
1 ...

2 0! 1! 2! 2!

x x x

x

     
                

             
 

  

3

5

3
3

1
8 7 6 1

3362
21

2! 2 8

x
x

x

 
              

 
 

The coefficient of 
3x  is:  -21 

OR  the following method  is very good, always use this in n is positive integer!! 

 
8 8 7 6 2 5 3

8 8 8 8
...

0 1 2 3
a b a a b a b a b

       
            

       
  

Looking there properly:  
8 3

581 1
1 ... 1 ...

32 2
x x

    
        

    
 

 

8 8! 8 7 6 5!
56

3 8 3 ! 3! 5! 3!

    
   

  
  and  

3 3
5 1

1
2 8

x
x

 
   
 

 

 
3 3

5 3
8 1

1 56 7
3 2 8

x
x x

    
          

    
   

The coefficient of 
3x  is:  -7 

Ex-8-8: (i) Write 348   in the form ba , where a and b are integers  

and b is as small as possible.      

Ans: 353343316348   
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(ii) Simplify 
1 1

5 3 5 3


 
       

Ans:     
2

2

1 1 5 3 5 3 10 10 10 5

25 3 22 115 3 5 3 5 3 5 3 5 3

  
     

      
 

 

Ex-8-9: (i) Prove that 12 is a factor of nn 63 2   for all even positive integer n. 

Ans:  2

24 2

72 4
3 6 3 2

144 6

240 8

n

n
n n n n

n

n





    


 

       

   

   SECTION B(P-8) 

Ex-8-10: Fig-8-10  shows a sketch of the graph of 
x

y
1

 . 

x

y

o

Fig-8-10

   

(i) Sketch the graph of 
2

1




x
y , showing clearly the coordinates of any points where 

it crosses the axes.     

(ii) Find the value of x  for which 5
2

1


x
     

(iii) Find the x-coordinates of the points of intersection of the graphs of xy   

and 
2

1




x
y . Give your answers in the form ba  .    

 Show the position of these points on your graph in part(i)  
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Ex-8-11: (i) Write 852  xx  in the form bax  2)(  and hence show  

that 0852  xx  for all values of x .    

Ans: 
4

7

2

5
8

4

25

2

5
8

2

5

2

5
585

2222

22 


































 xxxxxx  

(ii) Sketch the graph of 852  xxy , showing the coordinates of  

the turning point.        

(5/2,-7/4)

x

y

 

Ans: Coordinates of the turning point:  








4

7
,

2

5
 

(iii) Find the set of values of x  for which 14852  xx    

Ans: 
0)1)(6(

065014851485 222





xx

xxxxxx
 

6-1

(0,-6)

x

y

 

Ans: 16  x  
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(iv) If 85)( 2  xxxf , does the graph of 10)(  xfy  cross the x-axis? Show 

how you decide.      

Ans: 85)( 2  xxxf  

 25108510)( 22  xxxxxfy  

 Now in order to cross the x-axis, y should be equal to zero.  

0252  xx  

2

335
,

2

335

2

335

2

8255

)1(2

)2)(1(4)5()5(

2

21

22

2,1



















xandx

a

bb
x

 

Ex-8-12: A circle has equation 94822  yxyx  

(i) Show that the centre of this circle is C(4,2) and find the radius of the circle.

         

Ans: 944416168948 2222  yyxxyxyx  

29)2()4( 22  yx  

The centre is at: (4,2) and the radius is: 29r  

(ii) Show that the origin lies inside the circle.    

(iii) Show that AB is a diameter of the circle, where A has coordinates (2,7) and 

B has coordinates (6,-3).    

Ans: If AB is a diameter, then centre should be the Midpoints of AB. 

Mid Point   OK






 
2,4

2

37
,

2

62
 

(iv) Find the equation of the tangent to the circle at A. Give your answer in the 

form cmxy  .      

The gradient of AB
2

5

4

10

26

73





m  

Hence, the gradient of the tangent is
5

21


m
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The equation of the tangent is: 

7

31

5

4
7)2(

5

2
7

5

2









 bbbxy  

7

31

5

2
 xy

 

PAPER-9 

     SECTION A(C1-15-5-08) Calaculator: No 

Ex-9-1: Solve the inequality xx  513 .       

Ans: xx  513  

 153  xx  

 64 x  

 
4

6
x  

2

3
x  

Ex-9-2: (i) Find the points of intersection of the line 1232  yx  with the  

axes.          

Ans: The line intersect the x-axis when y=0, 612)0(32  xx  

 The line intersect the y-axis when x=0, 4123)0(2  yy  

 Points: (6,0) and (0,4) 

 (ii) Find the gradient of this line.      

Ans: 4
3

2
12231232  xyxyyx  

The gradient of the line is: 
3

2
m  

Ex-9-3: (i) Solve the equation 032 2  xx .      
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Ans: 300)3(2032 2  xandxxxxx  

(ii) Find the set of values of k  for which the equation 032 2  kxx  has no 

real roots.      

The equation 032 2  kxx  has no real roots when 042  acb , hence 

8

9
980))(2(432  kkk  

Ex-9-4: Given that n  is a positive integer, write down whether the following 

statements are always true (T), always false (F) or could be either true or 

false (E).        

 (i) 12 n  is an odd integer (T) 

Ans: When Oddn  , then OddOddEvenn 12  is always ODD 

 (ii) 13 n  is an even integer (E) 

Ans: When Oddn  , then 13 n  is always EVEN 

 When Evenn  , then 13 n  is always ODD 

 (iii) n  is odd 
2n  is odd (T) 

Ans: When Oddn  , then OddOddOddnnn 2
 is always ODD 

 (iii) 
2n  is odd 

3n  is even. (F)       

Ans: When Oddn 2
, then Oddn   . Hence OddOddOddOddnnnn 3

is 

always ODD 

Ex-9-5: Make x  the subject of the equation 
2

3






x

x
y .     

Ans: yyxyxyxxyyx
x

x
y 23)1(2332

2

3





  

1

32






y

y
x  
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Ex-9-6: (i) Find the value of 
2

1

25

1










       

Ans: 

 
525

1

25

25

1

1

25

1 2

1

2

1

2

1






















 

 (ii) Simplify 
 

zy

zyx
2

532

4

2
        

Ans: 
  41310

2

515105

2

532

8
4

2

4

2
zyx

zy

zyx

zy

zyx
  

Ex-9-7: (i) Express 
35

1


 in the form 

c

ba 3
, where a, b and c are integers.

         

Ans:    22

35

35

35

3535

35

35

1
2















 

 

Ex-9-8: Find the coefficient of 
3x  in the binomial expansion of  525 x .  

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

 
     

2 34 3 25
5

5 5 2 5 4 5 2 5 4 3 5 25
(5 2 ) ...

0! 1! 2! 3!

x x x
x

        
        

 
32

3 3
5 4 3 5 2 1500

2000
3! 6

x
x x

   
     

The coefficient of 
3x  is:  -2000 

OR  the following method  is very good, always use this if n is positive integer!! 
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5 5 4 3 2 2 3

5 5 5 5
...

0 1 2 3
a b a a b a b a b

       
            

       
  

Looking there properly:      
5 2 35

5 2 ... 5 2 ...
3

x x
 

     
 

 

 

5 5! 5 4 3! 20
10

3 5 3 ! 3! 2! 3! 2

   
    

  
  and  

32 35 2 200x x    

   
2 3 3

5
5 2 2000

3
x x

 
    

 
   

The coefficient of 
3x  is:  -2000 

 

Ex-9-9: Solve the equation 01272  yy . 

 Hence solve equation 0127 24  xx .      

Ans: 0)4)(3(01272  yyyy  

 3 y   and  4y  

Let 
2xy  , then 0127127 224  yyxx  

When 332  xyx  

When 2442  xyx  

 

Ex-9-10: (i) Express 262  xx  in the form bax  2)(    

Ans: 7)3(299626 222  xxxxx  

 (ii) State the coordinates of the minimum point on the graph of 

 262  xxy         

Ans: 7)3(26 22  xxx  

 The coordinates of the minimum point is: (3,-7) 
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(iii) Sketch the graph of 262  xxy . You need not state the coordinates of 

the points where the graph intersects the x-axis.     
      

Ans: 7)3(26 22  xxx  

 
(0,-7)

x

y

 

(iv) Solve the simultaneous equations 262  xxy  and 142  xy . Hence, 

show that the line intersect only once. Find the x-coordinate of the line 

142  xy  is a tangent to the curve 262  xxy .   

     

Ex-9-11: You are given that 12772)( 23  xxxxf . 

 (i) Verify that 4x  is a root of 0)( xf .     

Ans: If 4x  is a root of 12772)( 23  xxxxf , then 0)4( f

OKf  0122811212812)4(7)4(7)4(2)4( 23
 

 (ii) Hence express )(xf  in fully factorised form.    

 

x+4

2x
2

2x
3
+7x

2
-7x-12

- -

-x
2

-x-3

-x
2
- 4x

-3x-12

++
0

  -7x

+ +

-3x-12

2x
3
+8x

2

 

Ans: )1)(32)(4()32)(4(12772)( 223  xxxxxxxxxxf  

 (iii) Sketch the graph of )(xfy  .      

 (iv) Show that xxxxf 33172)4( 23  .     
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12772)( 23  xxxxf  

 

OKxxx

xxxxxx

xxxxxx

xxxxf









33172

1228711256712896242

12287)168(74)4(3)4(32

12)4(7)4(7)4(2)4(

23

223

23223

23

 

 

Ex-9-12: (i) Find the equation of the line passing through  A(-1,1) and 

B(3,9).         

Ans: bmxy   and 2
4

8

)1(3

19





m  

369)3(292  bbbxbmxy  

32  xy  

(ii) Show that the equation of the perpendicular bisector of AB is 112  xy  

Mid-Point of AB  5,1
2

91
,

2

31








 
  

The gradient of the perpendicular bisector is 
2

1
m  

The equation is: 
2

11

2

1
5)1(

2

1
5

2

1
 bbbxy  

The equation is: 
2

11

2

1
 xy  

(iii) A circle has centre (5,3), so that its equation is kyx  22 )3()5( . Given 

that the circle passes through A, show that 40k . Show that the circle 
also passes through B. 

Ans: If the circle kyx  22 )3()5( , passes through A, then 

 4043626)31()51( 2222  kk  
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(iv) Find the x-coordinates of the points where this circle crosses the x-axis. 

Give your answers in surd form.    

Ans: The x-coordinates of the points where this circle crosses the x-axis is: 

31531940)5(40)30()5( 222  xxx  

315 x  

 

 

PAPER-10 

    SECTION A(C1-9-1-09) Calculator: No 

Ex-10-1: State the value of each of the following. 

 (i) 
32
          

Ans: 
8

1

2

1
2

3

3   

 (ii) 
09           

Ans: 190   

 

Ex-10-2: Find the equation of the line passing through (-1,-9) and (3,11). Give your 

answer in the form cmxy  .      

Ans: Gradient of the line 5
4

20

)1(3

)9(11





m  

41511)3(5115  bbbxy  

45  xy  

 

Ex-10-3: Solve the inequality .257  xx       

Ans: .257  xx  

 7255  xxx  
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96  x  

6

9
x  

2

3
x  

Ex-10-4: You are given that 6)( 4  axxxf and that 2x is a factor of )(xf . Find 

the value of a .        

Ans: 6)( 4  axxxf  

 If 2x  is a factor of 6)( 4  axxxf , then 06)2(2)2( 4  af  

5101662  aa  

Ex-10-5: (i)  Find the coefficient of 
3x  in the expansion of   173 32  xxx . 

           

Ans:   2 3 3 33 7 1 .... 7 3 .....x x x x x        

 The coefficient of 
3x  is: 4 

(ii) Find the coefficient of 
2x  in the binomial expansion of  721 x .  

       

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221

 

 
   

26 57
7

7 1 2 7 6 1 21
(1 2 ) ...

0! 1! 2!

x x
x

  
       

 
25

2 2
7 6 1 2 168

84
2! 2

x
x x

 
    

The coefficient of 
2x  is:  84 

OR  the following method  is very good, always use this if n is positive integer!! 

 
7 7 6 5 2

7 7 7
...

0 1 2
a b a a b a b
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Looking there properly:      
7 5 27

1 2 ... 1 2 ...
2

x x
 

    
 

 

 

7 7! 7 6 5! 42
21

2 7 2 ! 2! 5! 2! 2

   
    

  
  and  

25 21 2 4x x  

   
5 2 2

7
1 2 84

2
x x

 
  

 
   

The coefficient of 
2x  is:  84 

 

Ex-10-6: Solve the equation 4
2

13




x

x
       

Ans: 2.0
5

1
151381384

2

13



xxxxxx

x

x
 

Ex-10-7: (i) Express 5125  in the form 
k5 .      

Ans: 2

7

2

1

3 5555125   

 (ii) Simplify  2534 ba .        

Ans:   1061062253 1644 bababa   

Ex-10-8: Find the range of values of k  for which the equation 0182 2  kxx  does 

not have real roots.        

Ans: The equation 0182 2  kxx  has no real roots when 

01440182404 222  kkacb  

12-12

(0,-12)

k

y
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1212  k  

Ex-10-9: Rearrange )2(5  yxy  to make y  the subject  of the formula.  

Ans: )2(5  yxy  

 52  xxyy  

 52)1(  xxy  

x

x
y






1

52
 

Ex-10-10: (i) Express 4875   in the form 3a .     

Ans: 3934351632534875   

 (ii) Express 
23

14


 in the form dcb  .     

Ans: 
 

  
226

7

214

7

42

7

21442

29

21442

2323

2314

23

14
















 

 

Ex-10-11: Fig-10-11 shows the points A and B, which have coordinates (-1,0) and 

(11,4) respectively. 

B(11,4)

A(-1,0)
x

y

Fig-10-11

 

(i) Show that the equation of the circle with AB as diameter may be written as: 

40)2()5( 22  yx      
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Ans: 16016144)04())1(11(
2

22  AB
AB

r  

2

160

2


AB
r  

The coordinates of the centre is the Midpoint of AB 

)2,5(
2

04
,

2

111








 
C  

Equation of the circle is: 40
4

160

2

160
)2()5(

2

222 













 ryx  

Hence, equation of the circle is: 40)2()5( 22  yx  

 

(ii) Find the coordinates of the points of intersection of this circle with the y-

axis. Give your answer in the form ba  .   

Ans: The intersection of this circle with the y-axis happens when x=0, 

15)2(40)2(2540)2()50( 2222  yyy  

15215)2(  yy  

Point of intersection with y-axis:  0, 2 15  

(iii) Find the equation of the tangent to the circle at B. Hence find the 

coordinates of the points of intersection of this tangent with the axes. 

      

Ans: Gradient of AB 3
4

12

04

)1(11





  

The gradient of the tangent at B is
3

1
  

The equation of the tangent at b is 
3

23

3

11
4)11(

3

1
4

3

1
 bbbxy  
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The equation of the tangent at b is
3

23

3

1
 xy  

The intersection of this tangent with the x-axis happens when y=0.    

230
3

23

3

1

3

23

3

1
 xxxy . Hence point (23,0) 

The intersection of this tangent with the y-axis happens when x=0.    

3

23

3

23
0

3

23

3

1
 yyxy . Hence point 









3

23
,0 . 

 

Ex-10-12: (i) Find algebraically the coordinates of the points of intersection  

of the curve 1063 2  xxy  and the line xy 42 .   

Ans: 1063 2  xxy  

xy 42  

081030421063421063 222  xxxxxxxx  

0)2)(43(08103 2  xxxx  

3

10

3

4
242

3

4
0)43( 








 xyandxxIf  

1082)2(424220)2(  xyxxIf  

Points of intersection: 








3

10
,

3

4
 and  10,2  

(ii) Write 1063 2  xx  in the form   cbxa 
2

    

Ans:     71
3

7
13

3

10
1123

3

10
231063

22222 

























 xxxxxxxx  

(iii) Hence otherwise, show that the graph of 1063 2  xxy  is always above 

the x-axis.       



 

75 

Ans:   711063
22  xxx , the minimum value is 7 and the other values are always 

greater than 7. Hence, always above x-axis. 

 
Ex-10-13: Answer part (i) of this question on the insert provided. 

The insert shows the graph of 
x

y
1

 . 

(i) On the insert, on the same axes, plot the graph of 552  xxy  for 

50  x .       

(ii) Show algebraically that the x-coordinates of the points of intersection of 

the curves 
x

y
1

  and 552  xxy  satisfy the equation 0155 23  xxx .

       

(iv) Given that 1x  at one of the points of intersection of the curves, factorise 

155 23  xxx  into a linear and a quadratic factor. 

Show that only one of the three roots of 0155 23  xxx  is  

rational. 

 

PAPER-11 

    SECTION A (C1-14-5-2006) 

Ex-11-1: (i) Evaluate 
 

 

 

 

    933
1

27

1

27

27

1

27

1 23

2
33

2

3

2

3

2

3

2

3

2

3

2














 

 (ii) Simplify 
 

3

3

75

48

75

484

75

42 4

64

256

64

4

64

4

c

a

ca

ca

ca

ca

ca

ca
  

 

Ex-11-2: A is the point (2, - 5) and B is the point (- 6, 3). M is the midpoint of AB. 

Determine whether the line with equation 73  xy passes through M. 

  1,2
2

2
,

2

4

2

53
,

2

26








 








 
MMM  

 73  xy  
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   7231
?

  

 761
?

  

 ok 11
?

 

 

Ex-11-3: Fig-11-3  shows the graph of y = f(x).  

 

2)( xxfy 

x

Fig-11-3

 

Draw the graphs of the following. 

(i)  2)(  xfy  

(ii)   3 xfy  

Ans: 

 

2)( xxfy 

x

Fig-11-3

3,0

0,-2

 2
3)(  xxfy

2)( 2  xxfy

 

Ex-11-4:  (i)  Expand and simplify  2

3223   

 Ans:          6123012612183232232233223
222
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(ii)  Express 
30

320
 in the form ba , where a and b are integers and b is as 

small as possible. 

Ans: 102
30

1060

30

10920

30

9020

3030

30320

30

320
  

 

Ex-11-5: Make r the subject of  yxrz  2 , where 0r . 

Ans:  yxrz  2  

 
 yx

z
r


2  

 
 yx

z
r





2
 

 
 yx

z
r





 

 
 yx

z
r





 OK 

 

Ex-11-6: Solve the inequality  03103 2  xx  

Ans: 

  03103 2  xx  

      0313  xx  

 

3103 2  xxy

x
3

1


3
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(3x + 1) (x + 3) > 0

 x = - 3  x = - 1/3

+--

++- 0

0

+-+

(x + 3) (3x + 1)

Ans:      - 3 > x     or       x > - 1/3

(3x + 1) (x + 3)

 

 

Ex-11-7: Solve the inequality  

(i) 12
7

54



x

x
 

Ans:  12754  xx  

 71454  xx  

 57144  xx  

 1210  x  

 
10

12
x  

 
5

6
x  

(ii) 2
3

7


x
 

Ans:  

    22
32

3

7
3 


 x

x
x  Very Important.  

2
3x  is always positive 

    23237  xx  

  962217 2  xxx  

  217962 2  xxx  
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21718122 2  xxx  

 021718122 2  xxx  

 039192 2  xx  

    03132  xx  

 

39192 2  xxy

x
2

13

3

 

 
2

13
3  x  

 

  

Ex-11-8: Find the coefficient of 
5x  in the binomial expansion of  725 x . 

  7652433425677

7

7

6

7

5

7

4

7

3

7

2

7

1

7

0

7
babbababababaaba 








































































 looking there properly:     ...25
5

7
...25

527









 xx  

 
21

!5!2

!567

!5!57

!7

5

7

















  and  

52 5 5 55 2 25 2 800x x x    

   ...1680032252125
5

7
5552 xxx 








 ans: 16800 
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Ex-11-9: You are given that ,64)( 3  kxxxf  where k is a constant. When f (x) is 

divided by  2x , the remainder is 42. Use the remainder theorem to find 

the value of k. Hence find a root of .0)( xf  

 Ans: 64)( 3  kxxxf  

  426224)2( 3  kf  

  2438422426232426224 3  kkkk  

624)( 3  xxxf  

10666)1(2)1(4)1( 3  xf  is a root 

 

Ex-11-10: You are given that n, n + 1 and n + 2 are three consecutive integers. 

(i)  Expand and simplify    222 21  nnn  

     563441221 2222222  nnnnnnnnnn  

(ii)  For what values of n will the sum of the squares of these three consecutive 

integers be an even number? 

       52356321 2222  nnnnnnn  

 It is even for oddnn  ...,5,3,1  

Give a reason for your answer. 

SECTION B (P-11) 

Ex-11-11: Fig-11-11 shows a sketch of a circle with centre C (4, 2). The circle 

intersects the x-axis at A(1, 0) and at B. 

x

y

)0,1(A

)2,4(C

rr

),( 11 yxD

r

x

y

)0,1(A B
11 11Fig  

)2,4(C

),( yxB
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(i)  Write down the coordinates of B.  

Ans: 

     13024
22
 xr  

     13024
222  xr  

   94134
2

 x  

   34  x  

 (a) 1134  xxx  

 (b) 7734  xxx  

 )0,7(B  

(ii)  Find the radius of the circle and hence write down the equation of the 

circle.  

Ans: Already found 

(iii)  AD is a diameter of the circle. Find the coordinates of D.  

Ans: 718
2

1
4 1

1 


 x
x

 

 4
2

0
2 1

1 


 y
y

  )4,7(D  

(iv)  Find the equation of the tangent to the circle at D. Give your answer in the 

form  baxy  . 

 Ans:  

x

y

)0,1(A

)2,4(C

rr

)4,7(D

r

),( yxB
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 Gradient of  
2

31

3

2

47

24

1

2 





m
mmCD  

 
2

31

3

2

47

24

1

2 





m
mmCD  

  
2

29

2

21
47

2

3
4  cc  

 
2

29

2

3
 xy  

 

Ex-11-12: Fig-11-12  shows a sketch of the curve with equation   34
2
 xy  

x

y

)3,4( Min

x

y

4x
  34

2
 xy

 0,34 

 0,34 
 13,0

11 12Fig  

 

(i)  Write down the equation of the line of symmetry of the curve and the 

coordinates of the minimum point. See Fig.12 

(ii)  Find the coordinates of the points of intersection of the curve with the x-

axis and the y-axis, using surds where necessary. See Fig.12 

(iii)  The curve is translated by 








0

2
. Show that the equation of the translated 

curve may be written as 33122  xxy  

 Ans:   138316834)( 222
 xxxxxxfy  

      131684413282)2( 22
 xxxxxxf  

  3312)2( 2  xxxf  

(iv)  Show that the line xy 28  meets the curve 33122  xxy at just one 

point, and find the coordinates of this point. 
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 Ans: xy 28   

  33122  xxy  

025100283312283312 222  xxxxxxxx  

    2,5505 21

2
 Pxxx  only point. 

 

Ex-11-12: Fig-11-12  shows the graph of a cubic curve. It intersects the axes at (–5, 0),  

(–2, 0), (1.5, 0) and (0, –30). 

 

x

y

 0,5.1 0,2 0,5

Fig-11-12

 

 

(i)  Use the intersections with both axes to express the equation of the curve in 

a factorised form.  

Ans: 

     05.125  xxx  

(ii)  Hence show that the equation of the curve may be written as 

30112 23  xxxy  

(iii)  Draw the line 105  xy  accurately on the graph. The curve and this line 

intersect at (–2, 0); find graphically the x-coordinates of the other points of 

intersection.  

(iv)  Show algebraically that the x-coordinates of the other points of intersection 

satisfy the equation 02072 2  xx . 

Hence find the exact values of the x-coordinates of the other points of 

intersection 
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PAPER-12 

SECTION A(C2-23-5-05) 

Ex-12-1: Differentiate 5 3xx   

Ans: 
5 2

5

2

5

3

5 3

5

3
1

5

3
1

x
x

dx

dy
xxxxyLet 



 

Ex-12-2: The nthterm of an arithmetic progression is n23 . Find the sum of the 
first 30 terms. 

Ans: nan 23  

52323 1  anan  

5231 a  

72232 a  

93233 a  

 25712  aad  

    1020)130(252
2

30
)1(2

2
1  dna

n
Sn

 

Ex-12-3: Given that 
2

3
sin  , find in surd form the possible values of cos . 

Ans:  



3

1

2

 

Or 
2

1

2

34

4

3
1sin1cos1cossin 222 


   

Ex-12-4: A curve has equation 
x

xy
1


 

 Use calculus to show that the curve has a turning point at x = 1. 
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y

x

0 gradientslope
dx

dy

At this point (i.e. Maximum or turning point)

0 gradientslope
dx

dy

At this point (i.e. Minimum or turning point)

0
2

2


dx

yd

0
2

2


dx

yd
and

and

 

Ans: 10
11

11
1

2

2

2

21 


  x
x

x

x
x

dx

dy
xx

x
xy

 

Show also that this point is a minimum. 

For minimum

 

 

 

Ex-12-5: (i) Write down the value of 25log 5  

 
Ans: 25log25log25log 5

2

55 
 

 (ii) Find 








9

1
log 3

 

Ans:   23log23log
9

1
log 3

2

33 






 
 

 
(iii) Express   5loglog xx aa  as a multiple of xalog

 

Ans:   xxxxx aaaaa log6log5logloglog 5   

 

Ex-12-6: Sketch the graph xy 3  

Minimum
xx

x
dx

yd

dx

yd
and

dx

dy



  02

1

2
200

3

3

2

2

2

2
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Solve the equation 503 x , giving your answer correct to 2 decimal places. 

 Ans:

 56.3561.3
477.0

699.1

3log

50log
50log3log50log3log503  xxxx  

Ex-12-7: The gradient of a curve is given by 
3

6

xdx

dy
 . The curve passes through 

(1, 4). 

Find the equation of the curve. 

Ans:

 c
x

ydxxdydxxdyx
dx

dy

xdx

dy



 




2

6
666

6 13
333

3
 

 7
3

7
1

3
4

3

2

6
22

13







x
yccc

x
c

x
y  

 

Ex-12-8: (i) Solve the equation 4.0cos x  for 00 3600  x  

 Ans: 00 58.293,422.664.0cos  xx  

(ii) Describe the transformation which maps the graph of xy cos onto 

the graph of xy 2cos  

Ans: The values of x will be stretched by half and y will remain the same. 

    SECTION B (P-12) 

Ex-12-9: Fig-12-9 shows a sketch of the graph of 721210 23  xxxy  

1

y

x
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Fig-12-9

x

y

 

(i) Write down .
dx

dy
 

Ans: 12203721210 223  xx
dx

dy
xxxy

 

(ii) Find the equation of the tangent to the curve at the point on the 
curve where x=2 

Ans: gradient of the tangent at x=2

 16124012
2

12203 2 



x

xx
dx

dy

 

This line is tangent at point (2, 64) on the curve. 

The equation is: 96)2(166416  cccxcmxy

 
The equation is: 9616  xy

 
(iii) Show that the curve crosses the x-axis at x = -2. Show also that the 

curve touches the x-axis at x = 6. 

If the curve crosses the x-axis at x=-2, then 0
2


x
y

 OK
x

xxx
x

y 07224408
2

721210
2

23 







 

The equation is: 96)2(166416  cccxcmxy

 
(iv) Find the area of the finite region bounded by the curve and the x-

axis, shown shaded in Fig.9 

Ans:  
6 4 3 2

3 2

2

610 12
10 12 72 72

24 3 2

x x x
Area x x x dx x



       


 
     

 
     

 
4 3 2 4 3 2

6 10 6 12 6 2 10 2 12 2
72 6 72 2

4 3 2 4 3 2
Area
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 324 720 216 432 4 26.667 24 144 252 89.333 341.333Area             

 

Ex-12-10: Arrowline Enterprises is considering two possible logos: 

and

S

R

O
1.82

12.6 cm

T
C

B

D

A

36
0

42
0

102
0

Fig-12-10-1
Fig=12-10-2

11.4 cm

 

(i) Fig-12-10-1 shows the first logo ABCD. It is symmetrical about AC. 

Find the length of AB and hence find the area of this logo. 

cmAB
AB

8.7
102sin

)42sin(4.11

42sin102sin

4.11
0

0

00





 

  20 133.26)36sin(8.74.11
2

1
cmArea   

(ii) Fig-12-2 shows a circle with centre O and radius 12.6 cm. ST and RT are 
tangents to the circle and angle SOR is 1.82 radians. The shaded region 
shows the second logo.  

S

R

O
1.82

12.6 cm

T

Fig-12-10-2

090

090

0
1 14.52

 

Show that ST=16.2 cm to 3 significant figures. 
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Ans: 0
0

1

0 14.52
2

28.104
28.104

)180(82.1
182  


radian

 

cmST
ST

21.1614.52tan6.12
6.12

14.52tantan 00

1   

Find the area and perimeter of this logo. 

Ans:

  22
774.59472.144246.204)82.1(6.12

2

1

2

21.166.12

2

21.166.12
cmArea 







 








 


Ans: 

cmSRRTSTPerimetercmrSR 352.55932.2221.1621.16932.2282.16.12  

 

Ex-12-11: There is a flowerhead at the end of each stem of an oleanderplant. 

The next year, each flowerhead is replaced by three stems and 

flowerheads, as shown in Fig-12-11. 

Year 1

Year 2 Year 3Fig-12-11

 
(i) How many flowerheads are there in year 5? 

Ans: Flowerheads are: 1, 3, 9,   therefore, geometric with ratio=r=3
 

81)3( 415

15

1

1   raaraa n

n  

Find also the sum to infinity of this progression. 

Ans: 8
5.0

4

5.01

4

1
inf

1

11 









r

a
SGPinitefor

r

a
S  

(ii) How many flowerheads are there in year n? 

Ans: 11

1 )3(   nn

n raa  

(iii) As shown in Fig.11, the total number of stems in year 2 is 4, 
(that is, 1 old one and 3 new ones). Similarly, the total number 
of stems in year 3 is 13, (that is, 1+3+9). 
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Show that the total number of stems in year n is given by 
2

13 n

 

 

Ans: 8
5.0

4

5.01

4

1
inf

1

11 









r

a
SGPinitefor

r

a
S  

 

(iv) Kitty’s oleander has a total of 364 stems. Find 

(A) Its age, 

729log3log729372813364
2

13



 na nn

n

n

yearsn 6
477.0

863.2

3log

729log


 

(B) How many flowerheads it has. 

24333)3( 51611

1   nn

n raa  

 

(v) Abdul’s oleander has over 900 flowerheads. 

 

Show that its age, y years, satisfies the inequality 1
3log

900log

10

10 y

 

900)3( 1  y

na
 

1
3log

900log

3log

900log
1900log3log)1(

10

10

10

10  yyy

 

Find the smallest integer value of y for which this is true. 

 

yearsyy 819.7119.61
3log

900log

10

10   
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PAPER-13 

SECTION A(C2-16-1-07) 

Ex-13-1: Differentiate 46 2

5

x  

46 2

5

 xy  

2

3

2

3

15
2

5
6 xx

dx

dy
  

Ex-13-2: A geometric progression has 6 as its first term. Its sum to infinity is 5. 

  Calculate its common ratio. 

 1

1

 n

n raa  

 
r

a
s




1

1  

 
5

1
15656555

1

6

1

1 





 rrr
rr

a
s  

Ex-13-3: Given that 
3

1
cos   and   is acute, find the exact value of tan . 

3

1
cos   

 



1

3
8

819 

8
1

8
tan 

 

Ex-13-4: Sequences A, B and C are shown below. They each continue in the 

pattern established by the given terms. 

  A:  1, 2, 4, 8, 16, 32, … 

  B: 20, -10, 5, -2.5, 1.25, -0.625, … 

  C: 20, 5, 1, 20, 5, 1, … 
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(i) Which of these sequences is periodic? Ans: C is periodic 

(ii) Which of these sequences is convergent? Ans:  B is convergent 

(iii) Find, in terms of n , the nth  term of sequence A. 

Ans: 11

1 2   nn

n raa  

 

Ex-13-5: A is the point (2, 1) on the curve 
2

4

x
y  . 

 B is the point on the same curve with x-coordinate 2.1. 

 (i) Calculate the gradient of the chord AB of the curve. Give your  

answer correct to 2 decimal places. 

2

4

x
y   

 
91.0

41.4

4

1.2

4

1.2

4
22





xx

y  

 

A(2, 1)       and      B(2.1,  0.91) 

9.0
1.0

09.0

21.2

191.0

12

12 










xx

yy
gradientm  

(ii) Give the x-coordinate of a point C on the curve for which the 

gradient of chord AC is a better approximation to the gradient of the 

curve at A. 

 (iii) Use calculus to find the gradient of the curve at A. 

  2

2
4

4  x
x

y  

  1
8

8

2

8
8

3

3 


 

xx
x

dx

dy
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Ex-13-6: Sketch the curve xy sin  for 00 3600  x  

 



y

090

0180

0270

0360

1

-1

 

Solve the equation 68.0sin x  for 00 3600  x  



y

sin
cos

tan

sin
cos
tan

sin

cos

tan

sin
cos
tan

084.42084.42

and00 84.22284.42180 
00 16.31784.42360 

 

Ex-13-7: The gradient of a curve is given by xx
dx

dy
62  . Find the set of 

values of x  for which y  is an increasing function of x . 

  xx
dx

dy
62   

  0)6(062  xxxx
dx

dy
 

 

6x0x

0

0
+--

++-

+-+

60  xORx
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Ex-13-8: The 7th term of an arithmetic progression is 6. The sum of the first 10 
terms of the progression is 30. 

  Find the 5th term of the progression. 

dnaan )1(1   

)1....(66)17(6 11  dada  

  )2....(304510)92(
2

10
30)1(2

2
111  dadadna

n
s

)2....(692 1  da  

)1....(661  da  

62 1  aandd  

286)2)(15(6)1( 51  adnaan  

Ex-13-9: A curve has gradient given by xx
dx

dy
86 2  . The curve passes through 

the point (1, 5). Find the equation of the curve. 

 xx
dx

dy
86 2   

 dxxxdy 86 2   

  cxx
xx

dxxxy  
23

23
2 42

2

8

3

6
86  

1425)1(4)1(25 23  cc  

142 23  xxy  

Ex-13-10: (i) Express 









x
x aa

1
loglog 4  as a multiple of xalog  

  xxxxx
x

x aaaaaaa log3loglog4loglog4
1

loglog 14 







   

 (ii) Given that 3loglog 1010  cb , find b in terms of c . 

  3loglog 1010  cb  

  3log 10 bc  

  
c

bbc
1000

1000103   
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    SECTION B (P-13) 

Ex-13-11: Fig-13-11a shows a village green which is bordered by 3 straight 
roads AB, BC and CA. The road AC runs due North and the 
measurements shown are in meters. 

  

N

C

B

A

82

189

118

Fig-13-11a

 

 

N

C

B

A

82

189

118

1

2

 

(i) Calculate the bearing of B from C, giving your answer to the nearest 
01.0  

7789.0
)82)(118(2

)189()82()118(
coscos)82)(118(2)82()118()189(

222

11

222 


   

0

11 16.1417789.0cos    

0

11 16.1417789.0cos    

Ans: bearing of B from C: 0000

2 8.3884.3816.141180   

(ii) Calculate the area of the village green 

5.3031sin)82)(118(
2

1
)( 1  greenvillageA  

The road AB is replaced by a new road, as shown in Fig-13-11b. The village 
green is extended up to the new road. 
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C
B

A

82

189

130

New road

130

0

Fig-13-11b

 

C
B

A

82

189

130

New road

130

0

3

 

0568.0
)130)(130(2

)189()130()130(
coscos)130)(130(2)130()130()189(

222

33

222 


 

63.16276.1
180

256.93
256.930568.0cos

0
0

33 





  

The new road is an arc of a circle with centre O and radius 130 m. 

(iii) (A) Show that angle AOB is 1.63 radians, correct to 3  

significant figures. 

(B) Show that the area of land added to the village green is 
25300 m correct to 2 significant figures. 

53355843813773256.93sin)130)(130(
2

1
)63.1()130(

2

1 02 addedLand  

Ex-13-12: Fig-13-12 is a sketch of the curve 12112 2  xxy  

  

x

y

(4,0)O

Fig-13-12  
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(i) Show that the curve intersects the x-axis at (4, 0) and find the 
coordinates of the other point of intersection of the curve and the x-
axis. 

12112 2  xxy  

2

3
40)4)(32(012112 2  xandxxxxxy

Point on the x-axis: (4,0) 

(ii) Find the equation of the normal to the curve at the point (4,0). 

Show also the area of the triangle bounded by this normal and the 

axes is 1.6 2unit  

12112 2  xxy  

51116
4

114
4





 x

x
xdx

dy
 

5

11

1

2 
m

m
5

4
0)4(

5

1
0

5

1
 cccxcmxy  

5

4

5

1
 xy  

 (iii) Find the area of the region bounded by the curve and the x-axis. 

  

x

y

(4,0)O

5

4

5

1
 xy










5

4
,0

mbhA 6.1
10

16

5

4
)4(

2

1

2

1











 

Ex-13-13: Answer part (ii) of this question on the insert provided. 

 The table gives a firm’s monthly profits for the first few months after the 

start of its business, rounded to the nearest 100£ . 

 

Number of months after start-up (x) 1

500

2

800

3 4 5

1200 1900 3000Profit for this month

6

4800)(£y
 

The firm’s profits, y£ , for the xth  month after start-up are modeled by 

axky 10 , where a and k are constants. 
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(i) Show that , according to this model, a graph of y10log  against x  gives a 

straight line of gradient a  and intercept k10log . 

axky 10  

kaxaxkky ax log10loglog)10log(log   

kaxy loglog   

cmxy   

(ii) On the insert, complete the table and plot y10log  against x , drawing by 

eye a line of best fit. 

(iii) Use your graph to find an equation for y  in terms of x  for this model. 

(iv) For which month after start-up does this model predict profits of about 

?75000£  

(v) State one way in which this model is unrealistic. 

Number of months after start-up (x) 1

500

2

800

3 4 5

1200 1900 3000Profit for this month )(£y

6

4800

y10log 2.699 2.9 3.079 3.279 3.477 3.681
 

1

2

3

4

0
1 2 3 4 5 6 7

y10log

x

(5,3.75)

(1,2.7)

 

 

22.3165.2log  kck  

 

kaxy loglog 

263.0
4

05.1

15

7.275.3





 mgradienta
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taxky 263.01022.31610   

ty 263.01022.316   

375.2)2.237log(263.02.237
22.316

75000
101022.31675000 263.0263.0  ttt

monthst 9
263.0

375.2
  

2.9 3.079 3.279 3.477 3.681

(1, 2.7)

(6, 3.681)

 

kaxy loglog   

22.3165.2log  kck  

1962.0
5

981.0

16

7.2681.3





 mgradienta  

taxky 1962.01022.31610   

ty 1962.01022.316   



 

100 

375.2)2.237log(1962.02.237
22.316

75000
101022.31675000 1962.01962.0  ttt

monthst 1.12
1962.0

375.2
  

 

     PAPER-14 

     SECTION A(C2-9-1-08) 

Ex-14-1: Differentiate 1210 4 x  

Ans: 34 401210 x
dx

dy
xylet   

Ex-14-2: A sequence begins 

 1  2 3 4 5 1 2 3 4 5 1 … 

And continues in this pattern 

(i) Find the 48th term of this sequence. 

Ans: 48/5=9 and 3 remainder. Hence, 3 is the 48th term. 

(ii) Find the sum of the first 48 terms of this sequence 

Ans: 1+2+3+4+5=15. Hence  Sum=9x15+1+2+3=135+6=141 

Ex-14-3 You are given that 
2

1
tan   and the angle   is acute. Show, without 

using a calculator, that 
5

4
cos 2  . 

Ans: 

 



5

2

1

 

5

4

5

2
cos

5

2
cos

2

2 
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Ex-14-4: Fig-14-4 shows a sketch of the graph )(xfy  . On separate diagrams, 

sketch the graphs of the following, showing clearly the coordinates of 
the points corresponding to A, B and C. 

(1, 3) (3, 3)

A

B

C

(2, 1)

3

y

x

(1, 6) (3, 6)

A

B

C

(2, 2)

6

y

x

(-2, 3) (0, 3)

A

B

C

(-1, 1)

3

y

x

y=2f(x) y=f(x+3)y=f(x)

Fig-14-4

 

  

 (i) )(2 xfy   

(ii) )3(  xfy  

 

Ex-14-5:

   CxxxCx
xx

dxxxdxxx 













  7

4

3
27

3

46

12
712712 3

4

6
3

4

6

3

1

535

 

Ex-14-6: (i) Sketch the graph of siny  for  20   

 



y

090

0180

0270

0360

1

-1

 

Ans: 

(ii) Solve the equation 1sin2   for  20   .Give your answer in the 

form k  

Ans:  
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6

11

180

)(330

6

7

180

)(210

330,2105.0sin
2

1
sin1sin2 001



 

and

 

Ex-14-7: (i) Find 6032168422222 5432
5

2


k

k

 

 Ans: 6032168422222 5432
5

2


k

k
 

(ii) Find the value of n for which for 
64

1
2 n  

6222
2

1

64

1
2: 66

6
  nAns nn

 

 Sketch the curve with equation xy 2  

y

x

xy 2
1

 

 

Ex-14-8: The second term of a geometric progression is 18 and the fourth term 
is 2. The common ratio is positive. Find the sum to infinity of this 
progression. 

Ans: 

)1...(1818 11

12

12

1

1   rararaaraa n

n  

)2...(22 3

1

3

1

14

14   rararaaand
 

Dividing Eq.2 and 1:  
3

1

9

1

18

2 2

1

3

1  rr
ra

ra
 

5418
3

1
18 111 








 aara  

81
2

543

3

2

54

3

13

54

3

1
1

54

1

1 













r

a
S
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Ex-14-9: Sketch the graph of .23log 10  xy  

 

y10log

2

x0

23log 10  xy









10,

3

1 3

1
23110log 10  xx

 

 

(i) Find the value of x when y=500, giving your answer correct to 2 
decimal places. 

Ans: 23.0233.023699.2500log23log 1010  xxxy
 

 

(ii) Find the value of y when x = -1. 

 Ans: 

10

1
10123log23log 1

1010  yyxy  

(iii) Express for  4

10log y  in terms of x. 

23log: 10  xyGiven
 

812)23(4log4log 10

4

10  xxyy  

(iv) Find an expression for y in terms of x. 

xxxyxy 33223

10 1010010101023log  

 

xxxy 33223 10100101010  

 

3100 10 xy    
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SECTION B (P-14) 

Ex-14-10:  Fig-14-10 shows a solid cuboid with square base of side x cm and 

height h cm. Its volume is 3120 cm  

 

h cm

x cm

x cm

Fig-14-10

 

 (i) Find h in terms of x. Hence show that the surface area, 2cmA .of the 

cuboid is given by
x

xA
480

2 2   

Ans: The volume:  
2

2 120
120

x
hhxV   

Ans: The surface area:  

x
x

x
xxhxxhxhxhxhxxx

480
2

120
4242 2

2

2222 







  

(ii) Find 
dx

dA
 and  

2

2

dx

Ad
 

3

2

2
2122 960448044802

480
2   x

dx

Ad
andxx

dx

dA
xx

x
xA  

2

480
4

x
x

dx

dA
  

32

2 960
4

xdx

Ad
and   

(iii) Hence find the value of x which gives the minimum surface area. Find 
also the value of the surface area in this case. 

For maximum area, 

9.145323.97658.48
932.4

480
)932.4(2

932.4

480
2

932.412048040
4804480

4

22

33

2

3

2












x
x

xAand

xx
x

x

x
x

dx

dA
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Ex-14-11: (i) The course for a yacht race is a triangle (see Fig-14-11-1). 

The yachts start at A, then travel to B, then to C and finally back to 
A. 

A

B

C

302 m

348m

N

Fig-14-11-1

 

 (A) Calculate the total length of the course for this race. 

(B) Give that the bearing of the first stage, AB, is 0175 , calculate the 
bearing of the second stage, BC. 

Ans:  

Find mBCBC 87.38318.14735672cos)348)(302(2)348()302( 0222   

The total length of the course=302+348+383.87=1033.87m 

and  0
0

0
44.4874826.0

87.383

72sin302
sin

72sin

87.383

sin

302
 BB

B  

A

B

C

302 m

348m

N

720

1750

50
50

Bearing of BC=360
0
-5

0
-48.44

0
=306.56

0
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(ii) Fig-14-11-2 shows the course of another yacht race. The course 
follows the arc of a circle from P to Q, then a straight line back to P. 

The circle has radius 120 m and centre O; angle POQ = 0136  

0136

m120

P

Q

O 0136

m120

P

Q

O
000 224136360 

Fig-14-11-2

 

Calculate the total length of the course for this race. 

The length of the arc mrS 14.469)91.3(120
180

224
120 













 

Find mPQPQ 22249284136cos)120)(120(2)120()120( 0222   

The total length of the course=PQ+S=222+469.14=691.14 

 

Ex-14-12: (i) Fig-14-12 shows part of the curve 4xy   and the line xy 8 , 

which intersect at the origin and the point P. 

  

y

x

P

Q
O

Fig-14-12

 

(A) Find the coordinates of P, and show that the area of triangle OPQ is 16 
square units. 

Ans: At point P, the values of y are the same:  

)16,2(28,00)8(8 334  Pxxandxxxxx  

Area of the triangle OPQ=:    unitsquarePQOQ 16)162(
2

1

2

1
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(B) Find the area of the region bounded by the line and the curve. 

y

x

P

Q
O

y1 = 8x

y2 = x
4

y = y1 – y2

 

  6.9
5

48

5

32
1600

5

2
)2(4

0

2

5
4

0

2

52

8
8)(

5
2

5
2

52

0

2

0

2
4

21  
x

x
xx

dxxxdxyy  

(ii)  You are given  that 4)( xxf   

(A) Complete this identity for )( hxf   

   
4322344 464)()( hxhhxhxxhxhxf   

(B) Simplify  

h

hxhhxhx

h

xhxhhxhxx

h

xfhxf 432234432234 464464)()( 






 

3223 464
)()(

hxhhxx
h

xfhxf



  

(C) Find     33223

00 4464lim
)()(

lim xhxhhxx
h

xfhxf
hh 


  

(D) State what this limit represents. 

 Ans: This limit represents 
dx

df
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PAPER-15 
SECTION A (C2-13-1-09) 

Ex-15-1: Find    CxxCx
x

dxxx 

















 2

1

52

15

2

3

4 12426
5

20
620  

Ex-15-2: Fig-15-2 shows the coordinates at certain points on a curve. 

 

y

x

(5, 4.9)

(10, 4.6)

(15, 3.9)

(20, 2.3)

(25, 1.2)

(30, 0)

(0, 4.3)

2

4

5 10 15 20 25 30

Fig-15-2

 

Use the trapezium rule with 6 strips to calculate an estimate of the area of 
the region bounded by this curve and axes. 

Ans:    sheetFormulafromyyyyyyy
h

Area 5432160 22222
2



 

5
6

030








n

ab
h

 

    25.951.385.2)2.13.29.36.49.4(203.4
2

5
Area

 

Ex-15-3: Find  
 

5

1 1

1

k k
 

Ans: 45.1
20

29

60

87

60

1012152030

6

1

5

1

4

1

3

1

2

1

1

15

1








k k

 

 

Ex-15-4: Solve the equation 5.02sin x   for 00 1800  x  

Ans: 
000001 165,105)330,210..(30)5.0(sin25.02sin   xeixx  
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Ex-15-5: Fig.5 shows the graph of  )(xfy   

  

On the  insert, draw the graph of  

 (i) )2(  xfy  

 (ii) 3 ( )y f x   

(2,3)

(4,1)
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Ex-15-6: An arithmetic progression has first term 7 and third term 12 

 (i) Find the 20th term of this progression. 

 Ans: dnadndnaa nn )1(7)1(7)1(1   

5.25712212)13(73  ddda  

5.545.477)5.2)(120(720  a  

(ii) Find the sum of the 21st to the 50th terms inclusive of this 
progression. 

Ans: 

  )(
2

30

2
50211 aaaa

n
S nn   

57507)5.2)(121(721 a  

5.1295.1227)5.2)(150(750  a  

5.2797)5.12957(15)(
2

30
502130  aaS  

 

Ex-15-7: Differentiate 
x

x
1

4 2    and hence find the x-coordinate of the 

stationary point of the curve 
x

xy
1

4 2 
 

Ans: 
2

122 1
84

1
4

x
x

dx

dy
xx

x
xy  

   

For stationary point:  0
1

8
2x

x
dx

dy

2

1

8

1
0

18 3

2

3




xx
x

x
 

 

Ex-15-8: The terms of a sequence are given by: 

1921 u  

1

1

2
n nu u    

(i) Find the third term of this sequence and state what type of sequence 

it is. 



 

111 

Ans: 

1921 u  

96
2

192

2

1
12  uu

 

48
2

96

2

1
23  uu

 

It is a geometric series with the ratio:  

2

1
r

 

(ii) Show that the series ...321  uuu  converges and find its sum to 

infinity. 

Because : 1r
 

The series will converge 

128

2

1
1

192

1

1 







r

a
s  

Ex-15-9: (i) State the value of aalog
 

Ans: 1log aa
 

(ii) Express each of the following in terms of xalog  

(A) xx aa loglog 3   

Ans: xxxxx aaaaa log
2

7
log

2

1
log3loglog 3   

(B)  x
a

1
log   

Ans: xx
x

aaa loglog
1

log 1    
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SECTION B (P-15) 

Ex-15-10: Fig-15-10 shows a sketch of the graph of 67 2  xxy  

1

y

x

67 2  xxy

2
Fig-15-10

 

(i) Find 
dx

dy
 and hence find the equation of the tangent to the curve at 

the point on the curve where 2x   

Ans:  4,2tan347
2

27 atgenttheofgradientm
x

x
dx

dy



  

264)2(343  cccxcmxy : 

23  xy   

(ii) Show the curve crosses the x-axis where x = 1 and find the x-
coordinate of the other point of intersection of the curve with the x-
axis. 

Ans: When the curve crosses the x-axis, y=0 

610)1)(6(67670 22  xandxxxxxxx  

 Hence, points of intersections are: P1(1,0) and P2(6,0) 

(iii) Find  

2

1

2 )67( dxxx

6

13
6

3

1

2

7

3

8
26

3

1

2

17
12

3

2

2

27

1

2

6
32

7
)67(

3232322

1

2 






















 x

xx
dxxx

 

Hence find the area of the region bounded by the curve, the tangent and 

the x-axis, shown shaded on Fig.10. 
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1

y

x

23  xy

67 2  xxy

2

 

2

y

x

O

y1 = 3x-2

y = y1 – y2

y2 = 7x -x
2
 - 6

 

   
0

2

52

4
4446723)(

32

0

2
2

2

0

2

0

2

21

xx
xdxxxdxxxxdxyyArea     

3

8

3

8
88000

5

2

2

24
)2(4

0

2

52

4
4

3232





xx

xArea

 

 

Ex-15-11: (i) Fig-15-11 shows the surface ABCD of a TV presenter’s desk. AB 

and CD are arcs of circles with centre O and sector angle 2.5 radians. 

OC = 60 cm and OB = 140 cm. 

BA

D C

O

60cm

80cm

2.5

Fig-15-11
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Calculate the length of arc CD 

 



a

 

And the length of the arc is  a = r θ 

  cmrCD 1505.260       

(A) Calculate the area of the surface ABCD of the desk 

Area=     2222

2

2

1

2

2

2

1 4500)5.2(6080
2

1

2

1
)(

2

1
)(

2

1
cmrrradianrradianr    

(ii) The TV presenter is at point P, shown in Fig-15-11-1. A TV camera can move 

along the track EF, which is of length 3.5 m. 

FE

P

2.8 m

3.5 m

1.6 m

 

    Fig-15-11-1 

When the camera is at E, the TV presenter is 1.6 m away. When the camera is at F, 

the TV presenter is 2.8m away. 

(A) Calculate, in degrees, the size of angle EFP. 

Ans:

 
2 2 2 2 2 2

2 2 2

1 0

(3.5) (2.8) (1.6)
2( )( )cos( ) cos

2( )( ) 2(3.5)(2.8)

cos 0.8944 cos (0.8944) 26.57

FF FP EP
EP EF FP EF FP F F

EF FP

F F 

   
     

   

 

(B) Calculate the shortest possible distance between the camera and the 

TV presenter. 
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FE

P

2.8 m

3.5 m

1.6 m

Q

057.26

 

The shortest distance from the camera to P is PQ as: 

mPQ
PQ

2524.157.26sin8.2
8.2

57.26sin 00   

 

Ex-15-12: Answer part (ii) of this question on the insert provided. 

The proposal for a major building project was accepted, but actual 

construction was delayed. Each year a new estimate of the cost was 

made. The table shows the estimated cost, £y million, of the project 

t years after the project was first accepted. 

 

Years after proposal accepted(t) 1 2 3 4 5

250Cost (£y million) 300 360 440 530

 

The relationship between y and t is modeled by taby   , where a and b are 

constants. 

(i) Show  that taby   may be written as btay 101010 logloglog 
 

Ans: btabaabyaby ttt

101010101010 loglogloglogloglog    

btay 101010 logloglog   

  (ii) On the insert, complete the table and y10log plot against t,  

drawing by eye a line of best fit. 
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2.477 2.556 2.643 2.724

(1, 2.398)

(3, 2.556)

 

(iii) Use your graph and the result of part (i) to find the values  

aof 10log  and b10log , and hence a and b.  

2.1199.110079.0
13

398.2556.2
log 079.0

10 



 bgradientb  

93.20832.2intlog 10  aerceptya  

(i) According to model, what was the estimated cost of the project when 
it was first accepted? 

btay 101010 logloglog   
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92.20832.22.132.2
0

log079.032.2log 1010 


 yt
t

yty  

(ii) Find the value of t given by this model when the estimated cost is 
£1000 million. Give your answer rounded to 1 decimal place. 

btay 101010 logloglog   

61.8
079.0

32.23
079.032.23)1000(log079.032.2log 1010 


 ttty  

 

 

    PAPER-16 

    SECTION A (C2-12-1-05) 

Ex-16-1: Find 
dx

dy
 when xxy  6  

Ans: 
x

xxx
dx

dy
xxxxy

2

1
6

2

1
6 52

1

52

1

66 


 

Ex-16-2:  Find dx
x

x 









3

3 1
 

Ans:   C
x

xxxxx
dxxxdx

x
x 



















 2

4241313
33

3

3

2

1

4241313

1
 

 

Ex-16-3: Sketch the graph of 00 3600sin  xforxy  

Ans:  

x

y

090

0180

0270

0360

1

-1

 

Solve the equation 00 36002.0sin  xforx  

Ans: 001 46.348,54.191)2.0(sin2.0sin  xx  
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Ex-16-4: For triangle ABC shown in Fig-16-4, calculate 

A

C

B

108
0

6.8cm

4.1cm Fig-16-4

 
 

(i) The length of BC, 

(ii) The area of triangle ABC. 

Ans: Because 2 sides and the angle between them is given, then cosine 

rule is used: 

A

C

B

1080

c=6.8cm

b=4.1cm

a

 

cmaa

Abccba

96.828.80

)309.0(76.5524.4681.16)108cos(8.61.42)8.6()1.4(cos2

2

022222





 

0

0

0

232.27

4576.0
96.8

)108sin(1.4
sin

sin

8.6

sin

1.4

)108sin(

96.8

sinsinsin








B

B
CBC

c

B

b

A

a

 

00 768.44)232.27108(180 C  

  20 258.13)108sin(8.61.4
2

1
sin

2

1
cmAcbArea   
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Note: Area of a triangle 

The formula always uses 2 sides and the angle formed by those sides: 

   
A

C

B

a
b

c  

BacCabAbcArea sin
2

1
sin

2

1
sin

2

1
  

Ex-16-5: The first three terms of a geometric progression are 4, 2, 1. 

Find the 20th term, expressing your answer as a power of 2. 

Ans: 

    17192

19

20

19120

120

1

1 222
2

1
4

2

1

4

2
4  








 arandrraaraa n

n

Find also the sum to infinity of this progression. 

Ans: 8
5.0

4

5.01

4

1
inf

1

11 









r

a
SGPinitefor

r

a
S  

Ex-16-6: A sequence is given by: 

41 a  

31  rr aa  

 Write down the first 4 terms of this sequence. 

Ans: 41 a  

73431211  aaa  

 103732312  aaa  

 1331033413  aaa
 

1631334514  aaa  

 Find the sum of the first 100 terms of the sequence.    
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Ans: It is an arithmetic series as the difference, d=13-10=3 

   

  15250
2

30500
3014

2

100

3012974)3)(1100(4)1(4
2

100

2

100

100





S

dnalandlSla
n

Sn

 

Ex-16-7: Fig-16-7 shows a sector of a circle of radius 5 cm which has angle   

radians. The sector has area of 30 2cm  

5cm 

Fig-16-7  
 

(i) Find  . 

 

Ans: A=Area
2

2 0

2 2

1 2 2(30) 2.4 180
( ) 2.4 137.51

2 25

A cm
r radian radians

r cm
 




       

(ii) Hence find the perimeter of the sector. 

 

 



a

 

And the length of the arc is  a = r θ 

  cmarrperimeterPcmra 221255124.25       

 

Ex-16-8: (i) Solve the equation 31610 x

 

Ans: 4997.2)316log(10log)316log()10log(  xxx   

  (II)  Simplify   









a
a aa

1
log4log 2

 

Ans

      6log6log4log2log4log
1

log4log
122 











aaaaa

a
a aaaaaaa   
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    SECTION B(P-16) 

 

Ex-16-9: (i) A tunnel is 100m long. Its cross-section, shown in Fig-16-9-1, is 

modelled by the curve   ,10
4

1 2xxy   

Where x and y are horizontal and vertical distances in meters. 

y

x
0 10

Fig-16-9-1  
 

Using this model, 

(A) Find the greatest height of the tunnel, 

Ans: For maximum value: 00
2

2


dx

yd
and

dx

dy

 

    ,502100210
4

1
10

4

1 2  xxx
dx

dy
xxy

 

    25.6
4

25
2550

4

1
5510

4

1
0

2

1 2

max2

2

 y
dx

yd
and

 

(B) Explain why 
10

0

100 ydx  gives the volume, cubic meters, of earth removed 

to make the tunnel. Calculate this volume. 

Ans: curvetheunderAreaydx 
10

0  
And if area is multiplied by the height, then it will give volume. 

     

3
3232

10

0

2

10

0

2

10

0

2

10

0

67.4166
6

20003000
25

3

10

2

1010
25

0

10

32

10
25

102510
4

100
10

4

1
100100

cm
xx

Volume

dxxxdxxxdxxxydx








 































 

 

 

(II) The roof the tunnel is re-shaped to allow for larger vehicles. Fig-16-9-

2 shows the new cross-section 
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 5.64 m 6.44 m  5.64 m6.44 m

2m 2m 2m 2m

2.15 m2.15 m

2m  
 

Use the trapezium rule with 5 strips to estimate the new cross sectional 

area. 

Hence, estimate the volume of earth removed when the tunnel is reshaped. 

Ans: 

y0 

y1 = 5.64 m y2 = 6.44 m y4 = 5.64 m

y5 = 0

y3 = 6.44 m

a=0 2m 4m 6m 8m b=10m

 210
4

1
xxy  m

n

ab
h 2

5

010








2.15 m2.15 m

 

    

10

0

543210

2 2222
2

10
4

1
yyyyyy

h
dxxx  

    

10

0

22 62.5215.2)64.544.644.664.5(215.2
2

2
10

4

1
mdxxx

 

Volume 3109541675262Re5262)62.52(100 mmovedVolume  . 
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Ex-16-10: A curve has equation 126 23  xxy . 

(i) Use calculus to find the coordinates of the turning points of this 

curve. Determine also the nature of these turning points. 

Ans: For turning point or (maximum/minimum), the following should 

apply. 

 Maximumfor
dx

yd
andgradient

dx

dy
00

2

2

  

 Minimumfor
dx

yd
andgradient

dx

dy
00

2

2

  

400)4(30123126 223  xandxxxxx
dx

dy
xxy  

121224
4

12
0

126
2

2

2

2








xdx

yd
and

x
x

dx

yd
and  

Hence, there are 2 turning points: Max at (0,12)  and Min at (4,-20) 

 

(ii) Find in the form cmxy  , the equation of the normal to the curve 

at the point (2, -4). 

Ans:

 

 4,2tan122412)2(12)2(3
2

123 22 


 atgenttheofgradient
x

xx
dx

dy
 

Hence, the gradient of the normal is
12

11

1

2 
m

m   

6

25

6

1
4)2(

12

1
4

12

1
 cccxcmxy : 

6

25

12

1
 xy   

Ex-16-11: Answer part (iii) of this question on the insert provided. 

A hot drink is made and left to cool. The table shows its temperature at ten-

minute intervals after it is made. 

 

Time (minutes)

Temprature (C
0
)

10

68

20

53

30 40 50

42 36 31
 

The room temperature is 22C0. The difference between the temperature of 

the drink and room temperature at time t minutes is zC0. The relationship 

between z and t is modeled by    ktzz  100 where 0z and k are positive 

constants. 
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(i) Give a physical interpretation for constant 0z  

(ii) Show that 01010 loglog zktz   

Ans:   ktktkt zzzzz   )10(loglog10loglog10 10010010100  

ktzktz  01010010 log10loglog   

On the insert, complete the table and draw the graph of z10log

against t.
 

Use your graph to estimate the values of k and 0z  
Hence  estimate the temperature of the drink 70 minutes after it is 

made. 

t

z

10

46

20

33

30 40 50

22 16 11

logz 1.662 1.518 1.342 1.0411.204

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

5 10 15 20 25 30 35 40 45 50

logz

t

0.9

log10z=-kt+log10z0

log10z0 = y-intercept=1.9

Z0=log-1 (1.9)=79.43

018.0
30

55.0

2050

0.155.1

12

12 










xx

yy
m

 

 
tkt ezz 018.0

0 43.7910  
 

53.22)283.0(43.7943.7943.79
70

26.1)70(018.0 


 ee
t

z  
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log10z=-kt+log10z0

log10z0 = y-intercept=1.8

Z0=log-1 (1.8)=63.1

1.662 1.518 1.342 1.0411.204

33 22 16 11

(20, 1.518)

(40, 1.204)

0157.00157.0
2040

518.1204.1





 kgrasdientk

 

 

 

    PAPER-17 

SECTION A (C2-16-06) 

Ex-17-1: Given that k0140 radians, find the exact value of k. 

Ans: 
9

7

9

7

180

140
140

0
0 


 kk


 

Ex-17-2: Find the numerical value of  


5

2

3

k

k  

Ans: 224125642785432
5

2

33333 
k

k  
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Ex-17-3: Beginning with the triangle shown in Fig-17-3, prove that that 

2

3
60sin 0  . 

2

2

2
Fig-17-3

 
Ans:  

2

2

2

1

A

B

600 600

600

 

3122 AB
 

2

3
60sin 0   

 

Ex-17-4: Fig-17-4 shows a curve which passes through the points shown in the 

following table. 

y

x
1 2 3 4

0

1

2

3

4

5

6

7

8

9

Fig-17-4

 
    

2

5.5

2.5

5

3 3.5 4

4.7 4.4 4.2

1.5

6.4

1

8.2

x

y
 

Use the trapezium rule with 6 strips to estimate the area of the region 

bounded by the curve, the lines x=1 and x=4, and the x-axis. 

State, with a reason, whether the trapezium rule gives an overestimate or 

an underestimate of the area of this region. 
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Ans:  6543210 22222
2

yyyyyyy
h

Area 

 

5.0
6

14








n

ab
h

 

    1.164.6425.02.4)4.47.455.54.6(22.8
2

5.0
Area

 

    

10

0

22 32.480)64.544.644.664.5(20
2

2
10

4

1
mdxxx

 

Hence, overestimated 

 

Ex-17-5: (i) Sketch the graph of by  xy tan for  00 3600  x . 

 

2



xy tan

y

x
 2

3

2

 
(iii) Solve the equation by    xx cos3sin4   for  00 3600  x . 

Ans: 00 87.216,87.36
4

3
tan

cos

sin
cos3sin4  xx

x

x
xx

 

Ex-17-6: A curve has gradient given by   962  xx
dx

dy
. Find  

2

2

dx

yd
. 

Ans: xx
dx

yd
xx

dx

dy
6296

2

2
2   

 

Show that the curve has a stationary point of inflection when x = 3. 

Ans: For stationary point the following should apply. 
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 Maximumfor
dx

yd
andgradient

dx

dy
00

2

2

  

 Minimumfor
dx

yd
andgradient

dx

dy
00

2

2

  

30)3(096 22  xxxx
dx

dy
 

Hence, there is a stationary point at x=3 

 

Ex-17-7: In Fig-17-7, A and B are points on the circumference of a circle with 

centre O. 

Angle AOB = 1.2 radians. 

The arc length AB is 6 cm. 

  

A

B

O
1.2

 
    Fig-17-7 

(i) Calculate the radius of the circle. 

(ii) Calculate the length of the cord AB. 

 



a

 

And the length of the arc is  a = r θ    cm
a

rra 5
2.1

6



  

A

B

O
1.2

Cord AB

r=5 cm

r=5 cm

 

0755.68
1802.1

2.1 





radians
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cmABAB 646.588.3188.31755.68cos5050755.68cos)5)(5(255 00222 

 

Ex-17-8: Find C
x

x
xx

dxxxdx
x

x 




































 2

2

322

3

32

1

3

2

1
3

2

3

2

6

2

3
6

6
 

Ex-17-9: The graph of  y10log against x is a straight line as shown in Fig-17-9. 

y10log

3

(4, 5)

x0

Fig-17-9

 

(i) Find the equation for y10log in terms of x. 

Ans: cmxy 10log  
2

1

4

2

04

35





m  

3)0(
2

1
3

2

1
log 10  cccxy  

3
2

1
log 10  xy  

(ii) Find the equation for y in terms of x. 












3

2

1

10 103
2

1
log

x

yxy  

 

SECTION B (P-17) 

Ex-17-10: The equation of a curve is 267 xxy   

(i) Use calculus to find the coordinates of the turning point on this 

curve. 

Find also the coordinates of the points of intersection of this curve 

with the axes, and sketch the curve. 
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 (ii) Find  

5

1

2 )67( dxxx , showing your working. 

(iii)  The curve and the line y = 12 intersect at (1, 12) and (5,12). Using 

your answer to part (ii), find the area of the finite region between 

the curve and the line y = 12. 

Ans: For stationary point the following should apply. 

 Maximumfor
dx

yd
andgradient

dx

dy
00

2

2

  

 Minimumfor
dx

yd
andgradient

dx

dy
00

2

2

  

)16,3(int302667 2  Poxx
dx

dy
xxy

 
This curve intersects x-axis when y = 0; 

)0,7()0,1(

1,70)1)(7(076067

21

22





PandP

xandxxxxxxxy
 

 

This curve intersects y-axis when x = 0; 

 

)7,0(767 1

2  Pxxy  

Ans:  

667.58667.51333.110

3

1
37

3

125
7535

3

1

2

)1(6
)1(7

3

5

2

)5(6
)5(7

1

5

32

6
7)67(

3232325

1

2













xx
xdxxx

 

x

y

y=12

(5,12)(1,12)

7

(7,0)(-1,0)

5-1=4

x

y

y=12

(5,12)(1,12)

7

(7,0)(-1,0)

 

Ans:    2

5

1

2 667.1048667.58124)67( unitdxxxArea    
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Ex-17-11: The equation of the curve shown in Fig-17-11 is  263  xxy . 

y

x
0

Fig-17-11

 

 (i) Find 
dx

dy

 

6326 23  x
dx

dy
xxy  

(ii) Find, in exact form, the range of values of x for which 263  xx  is a 

decreasing function. 

Ans:  The function is decreasing when  

222063 22  xxx
dx

dy
. 

     (iii) Find the equation of the tangent to the curve at the point (-1, 7). 

Find also the coordinates of the point where this tangent crosses the 

curve again. 

Ans:  Gradient of the tangent=m= 363
1

63 2 



x

x
dx

dy
. 

Ans: 437)1(373  cccxy   

43  xy  

If this tangent crosses the curve again, then 

solutionthearexandxxxxxx 210234326 33 
 

The coordinates of the other point is: (2, -2) 
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Ex-17-12: (i) Granny gives Simon £5 on his 1st birthday. On each successive 

birthday,                                             

she gives him £2 more than she did the previous year. 

(A) How much does she give him on his 10th birthday? 

Ans: This is arithmetic progression or series. The nth term of an arithmetic 

sequence is given by: 

  23185)110(25)1(  dnaan  

(B) How old is he when she gives him £51? 

Ans: 24483512)1(2551)1(  nnndnaan  

(C) How much has she given him in total when he has had his 20th 

birthday present? 

Ans:     480]3810[10)120(252
2

20
)1(2

2
 dna

n
Sn

 

(ii) Grandpa gives Simon £5 on his 1st birthday and increases the amount 

by 10% each year. 

 (A) How much does he give Simon on his 10th birthday? 

Ans: 1.179.11)3579.2(5)1.1(5)1.1(5 91101   rbecauseara n

n  

This is a geometric series and  r=1.1 

 (B) Simon first gets a present of over £50 from Grandpa on his  nth 

birthday. Show that  1
1.1log

1

10

n   Find the value of n. 

Ans: 1

1010

11 )1.1(5log50log)1.1(550   nnn

n ara  

15log10log5log)105(log50log 1010101010   

1.1log)1(5log)1.1(log5log)1.1(5log 1010

1

1010

1

10   nand nn

 

261
1.1log

1

1.1log

1
11.1log)1(5log15log

1010

101010  nnn  
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    PAPER-18 

SECTION A (C2-14-1-11) 

Ex-18-1: 
6

3

12

r r

   

Ans: 4.1124.234
6

12

5

12

4

12

3

12126

3


r r

 

OR 
5

2
112

5

2
234

6

12

5

12

4

12

3

12126

3


r r

 

Ex-18-2: 

1

5 23 2x x dx
 

 
 
  

Ans:  

















cx
x

c
xx

dxxx 2

162

1

6

2

1

5 4
2

2

1
2

6

3
23  

Ex-18-3: At a place where a river is 7.5 m wide, its depth is measured every 1.5 m 

across the river. The table shows the result. 

Distance across river (m)

Depth of river (m)

7.564.531.50

0.71.82.83.12.30.6

 
Use the trapezium rule with 5 stripes to estimate the area of cross-section of the river. 

Ans: 

 432150 2222
2

yyyyyy
h

Area 

 

5.1
5

05.7








n

ab
h

 

    ).3(0.16975.153.2175.08.18.21.33.2(27.06.0
2

5.1
fsArea 

 

Ans: Look at The following first, before answering this question. 
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(3,0)(-4,0)

(0, -12)











4

1
12,

2

1
intpoMinimum

y

x

12)( 2  xxxfy

(3,0)(-4,0)

(0, -12)











4

3
36,

2

1
intpoMinimum

y1

x

3633)(3 2

1  xxxfy

0)3)(4(12)( 2  xxxxxfy

)0,3()0,4(:int3,4 andarespoxx 

0)3)(4(33633)(3 2

1  xxxxxfy

)0,3()0,4(:int3,4 andarespoxx 

12)( 2  xxxfy

2

1
012  xx

dx

dy

4

1
1212

2

1

4

1
12

2

1

2

1

2

1

2




















x
y











4

1
12,

2

1
intpoMinimum

3633)(3 2

1  xxxfy

2

1
0361  xx

dx

dy

4

3
3636

2

3

4

3
36

2

1
3

2

1
3

2

1

2




















x
y











4

3
36,

2

1
intpoMinimum

 

 

Note: as it can be seen very clearly, that the y-value of the minimum/maximum  point is 

affected. If )(xfy   has a minimum/maximum point of  baP ,1 , then )(3 xfy   will 

have a minimum/maximum point of  baP 3,2 . For example, if )(xfy   has the minimum 

point of 









4

1
12,

2

1
1P , then the minimum/maximum point for )(3 xfy   will be 











4

3
36,

2

1
2P . 

 

Also: (very important): If )(xfy   has a minimum/maximum point of  baP ,1 , then 

)(3 xfy   will have a maximum/minimum point of  baP 3,2  . For example, if )(xfy   

has the minimum point of 









4

1
12,

2

1
1P , then the maximum point for )(3 xfy   will 

be 









4

3
36,

2

1
2P . 
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Look at this also: 

(3,0)(-4,0)

(0, -12)











4

1
12,

2

1
intpoMinimum

y

x

12)( 2  xxxfy

(3,0)(-4,0)

(0,36)











4

3
36,

2

1
int_ poMax

y1

x

3633)(3 2

1  xxxfy

0)3)(4(12)( 2  xxxxxfy

)0,3()0,4(:int3,4 andarespoxx 

0)3)(4(33633)(3 2

1  xxxxxfy

)0,3()0,4(:int3,4 andarespoxx 

12)( 2  xxxfy

2

1
012  xx

dx

dy

4

1
1212

2

1

4

1
12

2

1

2

1

2

1

2




















x
y











4

1
12,

2

1
intpoMinimum

3633)(3 2

1  xxxfy

2

1
0361  xx

dx

dy

4

3
3636

2

3

4

3
36

2

1
3

2

1
3

2

1

2




















x
y











4

3
36,

2

1
intpoMax

 

 

 

Also look here: 

(3,0)(-4,0)

(0, -12)











4

1
12,

2

1
intpoMinimum

y

x

12)( 2  xxxfy

(1.5,0)(-2,0)

(0, -12)











4

1
12,

4

1
intpoMinimum

y1

x

12)2(3)2()2( 2

1  xxxfy

0)3)(4(12)( 2  xxxxxfy

)0,3()0,4(:int3,4 andarespoxx 

0122412)2()2()2( 22

1  xxxxxfy

)0,5.1()0,2(:int5.1,2 andarespoxx 
12)( 2  xxxfy

2

1
012  xx

dx

dy

4

1
1212

2

1

4

1
12

2

1

2

1

2

1

2




















x
y











4

1
12,

2

1
intpoMinimum

4

1
0281  xx

dx

dy

4

1
1212

2

1

4

1
12

4

1
2

4

1
4

4

1

2




















x
y











4

1
12,

4

1
intpoMinimum

0)2)(32(0621224 22

1  xxxxxxy

01224 2

1  xxy
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Now lets repeat the question again: 

Ex-18-4: The curve )(xfy   has a minimum point at  5,3 . 

  State the coordinates of the corresponding minimum point on the graph of 

 (i) )(3 xfy   

 (ii) )2( xfy    

Ans: 

 The curve )(xfy   has a minimum point at  5,3 . 

 (i) )(3 xfy   has a minimum point at    15,353,3  . 

 (ii) )2( xfy   has a minimum point at 
















 5,

2

3
5,3

2

1
. 

 

Ex-18-5: The second term of a geometric sequence is 6 and the fifth term is -48. 

  Find the tenth term of the sequence. 

Find also, in simplified form, an expression for the sum of the first n terms 

of this sequence. 

Ans:  

1 k

k aru  

)1....(612

2   araru  

)2....(48415

5   araru  

Dividing Eq.2 by 1: 

28
6

48 3
4




 rr
ar

ar
 

3
2

66
6 




r
aar  

  ?23
99110

10

1   araruaru k

k  

      
  12

3

123

12

1)2(3

1

1

















n
nnn

n
r

ra
S  
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Ex-18-6: The third term of an arithmetic progression  is 24. The tenth term is 3. 

  Find the first term and the common difference. 

Find also, the sum of the 21st to 50th terms inclusive 

Ans:   

dnaun )1(   

)1....(242)13(3  dadau  

)2....(39)110(10  dadau  

Subtracting Eq.2 from 1: 

3217  dd  

30)3(224224  da  

       405876015313030230
2

1
)1(2

2

1
 dnanSn

 

 

Ex-18-7: Simplify 

 (i) 
5 4

10 10log 3logx x  

(ii) 10log 1 log b

a a  

Ans: 

 (i) 
17

10101010

4

10

5

10 loglog17log12log5log3log xxxxxx   

 (ii) baba a

b

aa  log0log1log  

 

Ex-18-8: Showing your method clearly, solve the equation 

   cos5sin5 2    for 
0 00 360   

Ans: 

  cos5sin5 2   

Remember:  2222 cos1sin1cossin   

   cos5cos55cos5cos15sin5 222   
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  01cos5cos0coscos5 2    

  00 270,900cos01cos5cos    

00 258,54.101
5

1
cos01cos5  If  

Ans: 
0000 258,270,90,54.101  

 

Ex-18-9: Charles has a slice of cake; its cross-section is a sector of a circle, as shown 

in Fig-18-9. The radius is r cm and the sector angle is 
6


 radians. 

He wants to give half of the slice to Jan. He makes a cut across the sector as 

shown. 

a cm

a cm

6



r  cm
Fig-18-9

 

Show that when they each have half the slice, 
6

a


  

Ans: Remember this: 

A

B

C

a

b

c
AbcBacCabArea sin

2

1
sin

2

1
sin

2

1


 

Area of the total sector=
1262

1

2

1
2

22 r
rr


   

Area of the triangle=
24122

1

2

22 rrAreaSector 












 

Also Area of the triangle=
46

sin
2

1

6
sin

2

1 2
2 a

aaa 


 

666244

22
2

22 
r

r
a

r
a

ra
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   SECTION B (P-18) 

Ex-18-10: A is the point with coordinates (1, 4) on the curve 
24y x . B is the point 

with coordinates (0, 1) as shown in Fig-18-10. 

A(1,4)

B(0,1)

y

x
O

C

Fig-18-10

 

(i) The line through A and B intersects the curve again at the point C. Show that the 

coordinates of C are 
1 1

,
4 4

 
 
 

. 

(ii) Use calculus to find the equation of the tangent to the curve at A and verify that  

equation of the tangent at C is 
1

2
4

y x   . 

(iii) The two tangents intersect at the point D. Find the y-coordinate of D. 

Ans: 

  

A(1,4)

B(0,1)

y

x
O

C

 

130133
01

14
: 




 xyccxymcmxyABLine  

Now 13  xy  and 
24xy   should intersect at C. 

4

1
10)1)(14(0134134 22  xandxxxxxxx  
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4

1
,

4

1

4

1

16

4

4

1
44

2

2 Cxy  

24xy   

cmxy   

484)1(8488
1

8 


 xycccxy
x

x
dx

dy
m  

4

1
2

4

1

2

1

4

1

4

1
2

4

1
22

4

18 










 xycccxy

x
x

dx

dy
m

 

4

1
2  xy  and 48  xy  intersect 

14
8

3
848

8

3

40

15

4

15

4

1
41048

4

1
2 








 xyandxxxx  

Intersection point is: 







1,

8

3
 

 

Ex-18-11: Fig-18-11 shows the curve 3 23 3y x x x    . 

(i) Use calculus to find  
3

3 2

1

3 3x x x dx   and state what this represents. 

(ii) Find the x-coordinates of the turning points of the curve 3 23 3y x x x    , 

giving your answers in surds form. Hence, state the set of values of x for 

which 3 23 3y x x x    , is a decreasing function. 

-1 1 3

y

x

Fig-18-11
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Ans: 

 
1

3
3

24
3

23

3

4
33

2
3

42343

1

23 x
x

x
x

x
xxx

dxxxx   

  
















 3

2

1
1

4

1
9

2

9
27

4

81
3

2

1
1

4

1
33

2

3
3

4

3
33

2
3

42
3

43

1

23 dxxxx  

The above integral represents area under the curve. 

(b) 

 33 23  xxxy  

 
3

323

6

346

6

486

6

12366
0163 2,1

2 









 xxx

dx

dy
 

3

323

3

323
21





 xandx  

functiongincreaforxx
dx

dy
sin0163 2    Try This! 

 

Ex-18-12: The table shows the size of a population of house sparrow from 1980 

to 2005. 

 

Year (t) 1980

25000

2000

Population (P)

20051985 1990 1995

22000 18750 16250 13500 12000
 

 The ‘red alert’ category for birds is used when a population has 

decreased by at least 50% in the previous 25 years. 

 (i) Show that the information for this population is consistent with 

the house sparrow being on red alert in 2005. 

 The size of the population may be modelled by a function of the form 

10 k tP a   , where P is the population, t is the the number of years 

after 1980, and a and k are constants. 

 (ii) Write the equation 10 k tP a    in logarithmic form using base 

10, giving your answer as simply as possible. 

 (iii) Complete the table and draw the graph of 
10log P  against t, 

drawing a line of best fit by eye. 
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 (iv) Use your graph to find the values of a and k and hence the 

equation for P in terms of t. 

 (v) Find the size of the population in 2015 as predicted by this 

model 

 Would the house sparrow still be on red alert? Give a reason for your 

answer. 

Ans: 

ktaP  10  

aktktaaP kt log10loglog)10log(log  
 

aktP loglog   

cmxy   

Year (t) 1980

25000

2000

Population (P)

2005

P10log 4.4 4.34 4.27 4.2 4.1 4.08

1985 1990 1995

22000 18750 16250 13500 12000

 

PLog10

(Year)

4.08

4.1

4.2

4.27

4.34

4.4

1980 1985 1990 1995 2000 2005

5.3

(1985, 4.34)

(1995, 4.2)
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4.2 4.34 0.14
0.014

1995 1985 10
Gradient


    


 

int 5.3c y ercept    

aktP loglog   

2000003.5intlog  aerceptyca  

014.0014.0  kgradientk  

cmxy   

 3.5014.0log 10  tP  

91.223.521.283.52015014.0log 10 P  

?1039810
2015

1020000010 2014015.0014.0 


 

t
aP tkt

 

 

 

 PAPER-19 

SECTION A (C2-27-5-10) 

Ex-19-1: You are given that  11 u  

     
n

n
n

u

u
u




1
1  

Find the values of 2u , 3u  and 4u . Give your answers as fractions. 

2

1

11

1

1 1

1
2 







u

u
u  

3

1

5.01

5.0

1 2

2
3 







u

u
u  

4

1

3

1
1

3

1

1 3

3

4 







u

u
u  
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Ex-19-2: (i) 

 
12

25

12

34612

4

1

3

1

2

1

1

1

15

1

14

1

13

1

12

1

1

15

2




















r r

 

(ii) Express the series 7665544332   in the form 


a

r

rf
2

)(  

where )(rf  and a  are to be determined. 

Ans: 



6

2

)1(7665544332
r

rr  

 

Ex-19-3: (i) Differentiate 50156 23  xxx  

  50156 23  xxxy  

  15123 2  xx
dx

dy
 

(ii) Hence find the x - coordinates of the stationary points on the curve 

50156 23  xxxy  

150)5)(33(015123 2  xandxxxxx
dx

dy

 

50507515012550)5(15)5(65
5

50156
5

2323 



 x

xxx
x

y  

5850156150)1(15)1(6)1(
1

50156
1

2323 



 x

xxx
x

y  

Coordinates: )50,5(1 P  and )58,1(2 P  

MinimumP
x

x
dx

yd
xx

dx

dy
)50,5(181230

5
126015123 12

2
2 


  

MaxP
x

x
dx

yd
and )58,1(18126

1
126 22

2
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Ex-19-4: In this question, xxxf 5)( 2  . Fig-19-4 shows a sketch of the graph 

of )(xfy  . 

 

0 5

(2.5, -6.25)

x

y

Fig-19-4

 

On separate diagrams, sketch the curves )2( xfy   and )(3 xfy  , labelling the 

coordinates of their intersections with the axes and their turning points. 

0 5

(2.5, -6.25)

x

y

Fig.4

0 5

(1.25, -6.25)

x

y

2.5

f(2x)f(x)

0 5
x

y

(2.5, -18.75)

3f(x)

 

Ex-19-5: Find  









5

2

3

6
1 dx

x
 

  37.2
100

237

4

3

25

3
25

4

3
2

25

3
5

2

53

2

6
61

6
1

2

2

5

2

3

5

2

3





















 

 x
xxxdxxdx

x

 

Ex-19-6: The gradient of a curve is 2

1

2 126 xx  . The curve passes through the 

point (4, 10). Find the equation of the curve. 
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cx
x

dxxxyxx
dx

dy
























  2

33

2

1

22

1

2

3

2
12

3

6
126126  

18219210641281082
3

2
12

3

6
2

3

32

33









 cccxxcx

x
y

18282 2

3

3  xxy  

Ex-19-7: Express xx aa loglog 3   in the form xk alog . 

 Ans: 

  xxxxxxx aaaaaaa log
2

7
log

2

1
log3loglog3loglog 2

1
3   

 

Ex-19-8: Showing your method clearly, solve the equation  22 cos3sin4  , 

for values of   between 00  and 0360 . 

5

2
sin

5

4
sin4sin5sin13cos3sin4 22222  

 

  000011 568.296,43.243,565.116,43.638944.0sin
5

2
sin 








   

 

Ex-19-9: The points (2, 6) and (3, 18) lie on the curve naxy  . 

Use  logarithms to find the values of a  and n , giving your answers 

correct to 2 decimal places. 

naxy   

 na 26    ...(1) 

 na 318    ...(2) 

Dividing Eq.2 by 1: 

 
 

 
 

71.2
5.1log

3log

2

3
log3log

2

3

2

3
3

2

3

6

18


















 nn

a

a
n

n

n

n

n

 

    2log71.2log2log6log)2(26 71.271.2  aaaa
n
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917.0)0378.0(log0378.0816.0778.02log71.26loglog 1  aa

OR  

naxy   

xnay logloglog   

2loglog6log na    ...(1) 

3loglog18log na   ...(2) 

Subtracting Eq.2 from 1 

2log3logloglog6log18log nnaa   

2log3logln6log18log n  

  3log5.1log
2

3
log2log3log

6

18
log 








 n

n

nn  

71.2
)5.1log(

3log
 n

 

    2log71.2log2log6log)2(26 71.271.2  aaaa
n

 

917.0)0378.0(log0378.0816.0778.02log71.26loglog 1  aa

 

    SECTION B (P-19) 

Ex-19-10: (i) Find the equation of the tangent to the curve 4xy   at the 

point where 2x . Give your answer in the form cmxy   

4xy   

Gradient= 32
2

4 3 



x

x
dx

dy
 

cxcmxy  32   now 16244  xy  

486416)2(3216  cc  

4832  xy  

(ii) Calculate the gradient of the cord joining the points on the 

curve 4xy   where 2x  and 1.2x  
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Gradient= 
12

12

xx

yy




 

)16,2(16
2

1

4

1 P
x

xy 


  

  )448.19,1.2(1.2
1.2

1

44

2 P
x

xy 


  

Gradient= 58.36
1.0

658.3

0.21.2

16448.19

12

12 









xx

yy

 

(iii) (A) Expand  4
2 h  

  43244
322

344
824322

32

2342

12

234
2422 hhhhh

hh
hh 









  

(B) Simplify 
 

h

h 44
22 

 

  32
4324432444

82432
82432282432222

hhh
h

hhhh

h

hhhh

h

h










 
 

(C) Show how your result in part (iii) (B) can be used to find 

the gradient of 4xy   at the point where 2x  

 
Ex-19-11: (a) A boat travels from P to Q and then to R. As shown in Fig-19-

11-1, Q ia 10.6 km from P on a bearing of 045 . R is 9.2 km from P on 

a bearing of 0113 , so that angle QPR is 068 . Calculate the distance 

and bearing of R from Q. 

  
R

9.2 km

Fig-19-11-1

N

N

Q

P

10.6 km

45
0

68
0
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R

9.2 km

Fig-19-11-1

N

N

Q

P

10.6 km

45
0

68
0

45
0



94.12306.7364.8436.11268cos)2.9)(6.10(2)2.9()6.10( 0222 QR

kmQR 133.1194.123 

11.133 km

766.0
133.11

68sin2.9
sin

sin

2.9

68sin

133.11 0

0



 



01 50)766.0(sin  

017513045 QfromRofBearing

000

1 13050180 

1

 

(b) Fig-19-11-2 shows the cross-section, EBC, of the rudder of a boat. 

 

E
B

A

rudder

D

C

r cm
80 cm 3

2

Detail of constructionFig-19-11-2  

BC is an arc of a circle with centre A and radius 80 cm. Angle 
3

2
CAB  radians. 

EC is an arc of a circle with centre D and radius r cm. Angle CDE is a right angle. 

E
B

A

rudder

D

C

r cm
80 cm 3

2

Detail of constructionFig-19-11-2  

(i) Calculate the area of a sector ABC. 
 

222 06.6702
3

2
)80(

2

1

2

1
cmrABCofArea 











  

(ii) Show that 340r  and calculate the area of triangle CDA. 

Ans: 
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80 cm

060

AD

C

r cm
030

 

cmr
r

340
2

3
8060sin80

80
60sin 00   

 
 
(iii) Hence calculate the area of cross-section of the rudder. 

Area of the triangle= 20 3.277180340
2

1
30sin

2

1
cmACCD 

 
222 9.3769

2
)340(

2

1

2

1
cmrDECofArea 




 
26.9983.27719.3769 cmDACDECofAreaAECofArea 

 25.57036.9981.6702 cmAECABCofAreaEBCofArea   

 

 

    PAPER-20 
    SECTION A (C2-6-6-06 

Ex-20-1: Write down the value of aalog  and 3)(log aa  

Ans:  1log aa
,  and 3log3)(log 3  aa aa  

 

Ex-20-2: The first term of a geometric series is 8. The sum to infinity of the 
series is 10. Find the common ratio. 

Ans:  
5

1
2108108101010

1

8

1

1 





 rrr
rr

a
S  

Ex-20-3:   is an acute angle and 
4

1
sin  . Find the exact value of tan . 

Ans: 

  



1
4

15116 

15

1
tan 

 



 

151 

Ex-20-4: Find  









2

1

2

4 1
3

dx
x

x , showing your working. 

Ans:  

 

7.52.49.9

1
1

3

5

1
2

2

3

5

2

1

23

51
3

5
131

3 5551252

1

24

2

1

2

4




























 x
x

x
x

xx
dxxxdx

x
x

 

Ex-20-5: The gradient of a curve is given by 23 x
dx

dy
 . The curve passes 

through the point (6, 1). Find the equation of the curve. 

Ans: 

   55
3

6
)6(31

3
3)3()3(3

33
222 ccc

x
xydxxdydxxdyx

dx

dy

55
3

3
3


x

xy  

 

Ex-20-6: A sequence is given by the following. 

31 u .  

   51  nn uu

 

(i) Write down the first 4 terms of this sequence. 

Ans: 31 a  

85351211  aaa  

135852312  aaa  

1851353413  aaa  

(ii) Find the sum of the 51st to the 100th terms, inclusive, of the 

sequence. 

Ans: It is an arithmetic series as the difference, d=13-8=5 

      6275245625)150(532
2

50
)1(2

2
50  Sdna

n
Sn

 

Ex-20-7: (i) Sketch the graph of xy cos for 00 3600  x . 

Ans: 
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x

y

1

-1

090 0180 0270 0360
x

y

1

-1

xcos x2cos
xcos

 

On the same axes, sketch the graph of xy 2cos for 00 3600  x . 

Label each graph clearly. 

 (ii) Solve the equation 5.02cos x  for 00 3600  x . 

Ans: 
00000000 330,210,150,30660,420,300,6025.02cos  xxx  

 

Ex-20-8: Given that for 36 3  xxy , find 
2

2

dx

yd
and

dx

dy
 

Ans: 
x

xxx
dx

dy
xxy

2

1
18

2

1
1836 22

1

23 


 

2

3

2

2
2

4

1
36

2

1
18



 xx
dx

yd

x
x

dx

dy
 

Ex-20-9: Use logarithms to solve the equation 10053 x . Give your answer 
correct to 3 decimal places. 

Ans:  954.0
5log3

2
25log32100log5log

10

1010

3

10  xxx  

SECTION B (P-20) 

Ex-20-10:  (i) At a certain time, ship S is 5.2 km from lighthouse L on a 

bearing of 048 . At the same time, ship T is 6.3 km from L on a 

bearing of 0105 , as shown in Fig-20-10-1. For these positions, 
calculate 
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N S

T

5.2 km

6.3 km

048

0105

Not to scale

L
Fig-20-10-1

 

  (A) the distance between ships S and T, 

N S

T

5.2 km

6.3 km

048

057

Not to scale

L

0105
 

04.3157cos52.6569.3904.2757cos)3.6)(2.5(2)3.6()2.5( 00222 ST

04.312 ST  

57.5ST  

(B) the bearing of S from T. 

 

  

N S

T

5.2 km

6.3 km

048

057

Not to scale

L

0105

5.57 km



 

0
0

0
53.51783.0

57.5

57sin2.5
sin

sin

2.5

)57sin(

57.5
 


, a 
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N S

T

5.2 km

6.3 km

048

057

Not to scale

L

0105

5.57 km

053.51

0000 53.33653.51180105 TfromSofBearing
 

(ii)  

  

N

5.2 km

S



L

M

Fig-20-10-2
 

Ship S then travels at 24 1hkm  anticlockwise along the arc of a circle,  

keeping 5.2 km from the lighthouse L, as shown in Fig.10.2. 

Find, in radians, the angle   that the line LS has turned through in 26 minutes. 

Ans: 

059.114
)180(2

2
2.5

4.10
4.102.54.10

60

26
24 


 radrSMkmhr

hr

km
SM

 

 

N

5.2 km

S



L
Fig.-20-10-2

M

000

4 674859.114 

0

1 484

2
3

000

1

0

2 42489090  

00000

3 23424867180 
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Hence find, in degrees, the bearing of ship S from the lighthouse at this  

time. 

00000 293234248180 lighthousethefromSshipofBearing  

 

Ex-20-11: A cubic curve has equation 13 23  xxy . 

(i) Use calculus to find the coordinates of the turning points on this 
curve. Determine the nature of these turning points. 

13 23  xxy  

200)2(3063 2  xandxxxxx
dx

dy
 

)3,2(6612
2

66)1,0(6
0

66
2

2

2

2







 Min
x

x
dx

yd
andMax

x
x

dx

yd

 

(ii) Show that the tangent to the curve at the point where x = -1 has 
gradient 9. 

 963)1(6)1(3
1

63
1

22 






x

xx
xdx

dy
gradient  

Find the coordinates of the other point, P, on the curve at which the 
tangent has gradient 9 and find the equation of the normal to the 
curve at P. 

int30)1)(3(032963 22 pootherxxxxxxx
dx

dy
gradient 

 112727
3

13 23 



x

xxy
 

larPerpendicumP
9

1
)1,3( 

 

3

4
)3(

9

1
1

9

1
 cccxcmxy  

3

4

9

1
 xy  

Show that the area of the triangle bounded by the normal at P and the x- and y-
axes is 8 square units. 
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0 (12, 0)
x

y

4

3

9

1
 xy










3

4
,0

 

  8
3

4
12

2

1









Area  

Ex-20-12: Answer the whole of this question on the insert provided. 

A colony of bats is increasing. The population, P, is modeled by btaP 10 , 
where t is the time in years after 2000. 

(i) Show that, according to this model, the graph of P10log  against t 

should be a straight line of gradient b. State, in terms of a, the intercept on 
the vertical axis. 

btaP 10  

abtbtaaP bt log10loglog)10log(log   

abtP loglog   

cmxy   

(ii) The table gives the data for the population from 2001 to 2005. 

Year

t

P

2001 2002 2003 2004 2005

1 2 3 4 5

7900 8800 10000 11300 12800
 

Complete the table of values on the insert, and plot P10log  against t. Draw 

a line of best fit for the data. 

(iii) Use your graph to find the equation for P in terms of t. 

(iv) Predict the population in 2008 according to this model. 
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Year

t

P

2001 2002 2003 2004 2005

1 2 3 4 5

7900 8800 10000 11300 12800

logP 3.897 3.944 4 4.053 4.107
 

1

2

3

4

0
1 2 3 4 5 6 7

P10log

t

(5,4.107)(1,3.897)

 

abtP loglog   

501270.3log  aca  

0682.0
4

273.0

15

897.3107.4





 mgradientb

 

btaP 10  

tbtaP 0682.010501210   

tP 0682.0105012   

tbtaP 0682.010501210   

17604105012 )8(0682.0 P  
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3.897 3.944 4 4.053 4.107

(1, 3.897)

(4, 4.053)

 

abtP loglog   

691884.3log  aca  

052.0
3

273.0

14

897.3053.4





 mgradientb

 

btaP 10  

tbtaP 052.010691810   

tP 052.0106918   

tbtaP 052.010691810   

4.18029106918 )8(052.0 P  
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    PAPER-21 

DERIVATIVES 

 

Ex-21-1: ny au  

Ans:  1ndy du
nau

dx dx

  

 

Ex-21-2: Find the derivative of 23xy  . 

Ans:  x
dx

dy
6 . 

 

Ex-21-3: Find the derivative of 348364 234  xxxxy . 

Ans:  861816 23  xxx
dx

dy
. 

 

Ex-21-4: Find the derivative of 873 2  xxy . 

Ans:  76  x
dx

dy
. 

 

Ex-21-5: Find the derivative of  34 xy . 

Ans:   243  x
dx

dy
. 

 

Ex-21-6: Find the derivative of  343  xy . 

Ans:     22
4393433  xx

dx

dy
. 

OR 

  Let 43  xu  3uy   

     222 43934333  xx
dx

du
u

dx

dy
 

 

Ex-21-7: Find the derivative of xy   

Ans:  2

1

xxy   

x
x

dx

dy

2

1

2

1
2

1




 

 

Ex-21-8: Find the derivative of 12  xy  

Ans:    2

1

22 11  xxy   
1

2 2

2

1
1 2

2 1

dy x
x x

dx x
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Ex-21-9: Find the derivative of 
 32 23

1




xx
y  

Ans:  
 

  32

32
23

23

1 



 xx

xx
y  

   
 

 42

42

23

323
32233








xx

x
xxx

dx

dy
 

 
 

Ex-21-10: Find the derivative of   32 23


 xxy  

Ans:    32 23


 xxy  

   
 

 42

42

23

323
32233








xx

x
xxx

dx

dy
 

 

Ex-21-11: Find the derivative of  
x

xx
y

32 
  

Ans:  2

1

2

3

2

1
1

2

1
2

2

1

2

1

222

33
333

xxxx

x

x

x

x

x

x

x

x

x

xx
y 






 

  2

1

2

3

3xxy   

 

1
2

1
1

2

3

2

1
3

2

3 

 xx
dx

dy
 

 

Ex-21-12: Find the derivative of   43ln  xy  

Note:  uy ln  

  
dx

du

udx

dy


1
 

Ans:  
43

3
3

43

1







xxdx

dy
 

 

Ex-21-13: Find the derivative of   354ln xy   

Note:  uy ln  

  
dx

du

udx

dy


1
 

 

Ans:   
3

2
2

3 54

15
15

54

1

x

x
x

xdx

dy





  

Ex-21-14: Find the derivative of   354log xy   

Note:  uy log  

  
10ln

11


dx

du

udx

dy
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Ans:   
 3

2
2

3 5410ln

15

10ln

1
15

54

1

x

x
x

xdx

dy





  

 

Ex-21-15: Find the derivative of   0452sin  xy  

Note:  uy sin  

  
dx

du
u

dx

dy
 cos  

 

Ans:     00 452cos22452cos  xx
dx

dy
 

 

Ex-21-16: Find the derivative of   0255cos  xy  

Note:  uy cos  

  
dx

du
u

dx

dy
 sin  

 

Ans:     00 255sin55255sin  xx
dx

dy
 

 

Ex-21-17: Find the derivative of  
x

x
y

2cos

2sin
  

Note:  
v

u
y   

  
2v

dx

dv
u

dx

du
v

dx

dy


  

 

Ans:  
 

 22cos

22sin2sin2cos22cos

x

xxxx

dx

dy 
  

 

  
   

 
    

   
 2

22

22

2

22

2sec2
2cos

2

2cos

2cos2sin2

2cos

2sin22cos2
x

xx

xx

x

xx

dx

dy






  

 
 

Ex-21-18: Find the derivative of  xxy ln  

Note:  vuy   

  
dx

du
v

dx

dv
u

dx

dy
  

Ans:  xx
x

x
dx

dy
ln1ln

1
  

 
 

Ex-21-19: Find the derivative of  xey 4  
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Note:  uey   

  xxu ee
dx

du
e

dx

dy 44 44   

 
 
 
 

   PAPER-22 

   SECTION A (C3-25-5-05) 

 

Ex-22-1: Solve the equation 123 x
      

 

 

123 x   

  

 3 2 1x  
 

 
3

1
1213123.  xxxa

 

 . 3 2 1 3 2 1 3 3 1b x x x x          
 

 
 

Ex-22-2: Given that 
6

arcsin


x , find x . Find xarccos  in terms of  .   

 

5.0
6

sin
6

arcsin 










xx

 

 
3

)5.0arccos(arccos


x
 

 

Ex-22-3: The functions )(xf  and )(xg are defined for the domain 0x  as follows: 
3)(,ln)( xxgxxf   

Express the composite function )(xfg in terms of xln     

  xxxfxfg ln3ln)( 33   
 

 State the transformation which maps the curve )(xfy   onto the curve )(xfgy  . 

 

Ex-22-4: The temperature CT 0  of a liquid at time t minutes is given by the 

equation 02030 05.0   tforeT t  . 

 
Write down the initial temperature of the liquid, and find the initial 

rate of change of temperature. 
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Find the time at which the temperature is C040 .    

C
t

eT t 005.0 502030
0

2030 


 

 

 

 
s

C

t
e

dt

dT t
0

05.0 1
0

05.020 


 

 
 

5.0
20

10
102010304020203040 05.005.005.005.0   tttt eeee  

utestt min863.13
05.0

693.0
693.05.0ln05.0 




  

 

Ex-22-5: Using the substitution  12  xu , show that  3ln2
4

1

12

1

0


 dx

x

x

  

dx
x

x
 

1

0
12

 

2
212

du
dx

dx

du
xu   

 

 
2

1
1212




u
xuxxu  

 

















 



uu

u

du
du

u

du

u

udu
du

u

udu

u

u
dx

x

x
ln

4

1

4

1

4

1

4

1

4

1

4

11

4

1

2

1

2

1

12

1

0

 

         3ln2
4

1
1ln3ln

4

1
13

4

1

0

1
12ln

4

1

0

1
12

4

1

12

1

0


 xxdx

x

x

 
 

Ex-22-6: A curve has equation 
x

x
y

ln32
  . Find 

dx

dy
. Hence find the exact 

coordinates of the stationary point of the curve.    
  

 

 
 
   222

ln32

1ln3

ln32

3ln32

ln32

3
ln32

ln32 x

x

x

x

x

x
xx

dx

dy

x

x
y



























 

 
3

1

2
3

1
ln1ln301ln30

ln32

1ln3
exxxx

x

x

dx

dy







 




























 3

1

3

1

3

13

1

3

1

3

1

3

1

3

1

3

1
,int

3

1

12
ln

3

3
2ln32

ln32
eePoe

e

e

e

e

e

exx

x
y  
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Ex-22-7: Fig-22-7 shows the curve defined implicitly by the equation 

xxyy 232   , together with line 2x .  

 

 

x

y

2

0

Fig-22-7

 
Find the coordinates of the points of intersection of the line and the curve. 

Find 
dx

dy
in terms of x  and y . Hence find the gradient of the curve at each 

of these two points.         

12)2(22
2

2 332 



x

xxyy  

340)3)(4(01212 22  yandyyyyyyy  
)4,2()3,2( 21  PandP  

 

   23122322 2232  x
dx

dy
yx

dx

dy

dx

dy
yxxyy  

 12

23 2






y

x

dx

dy
 

 2
7

14

16

212

3,212

23 2

1












yxy

x
gradient

patdx

dy
 

 2
7

14

18

212

4,212

23 2

2















yxy

x
gradient

patdx

dy
 

 

  
 
     SECTION B(P-22) 
 

Ex-22-8: Fig-22-8 shows part of the curve xxy 3sin  . It crosses the x-axis at 

P. The point on the curve with x-coordinate 
6

1
 is Q. 
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y

x

Q

PO
Fig-22-8

 
(i) Find the x-coordinate of P.      

,0303sin003sin0  xxandxxxy
Pat

y

 

3


 x  

 

(ii) Show that Q lies on the xy        

 
62

sin
66

3
sin

6
6

3sin


 





















x
xxy  

Yes, Q lies on the xy  , because both x and y are equal to
6


  

(iii) Differentiate  xx 3sin . Hence prove that the line xy   touches the curve at 

Q 

  1
2

sin
2

cos
2

6

3sin3cos33sin 
























x
xxxxx

dx

d

 

1
dx

dy
xy  

 

(iv) Show that the area of the region bounded by the curve and the line xy   is 

 8
72

1 2             

 

y

x

Q

PO
Fig-22-8

A1

A2

A

y=x
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72662

1 2

1



















A

 

9

1
3sin

6

0

2   dxxxA



 

72

8

9

1

72

22

21





AAA  

 
 

Ex-22-9: The function  21ln)( xxf    has domain 33  x  

Fig-22-9 shows the graph of )(xfy   
 

  

y

x

P(2, ln5)

3O
Fig-22-9

-3

3

 
 
(i) Show algebraically that the function is even. State how this property relates 

to the shape of the curve.        
 

 21ln)( xxf   
 21ln)( xxf   
  evenxfxf  )(  

 
(ii) Find the gradient of the curve at the point P(2, ln5).   
 

 21ln)( xxfy   

m
xx

x

dx

dy








5

4

41

4

21

2
2

 
 
(iii) Explain why the function does not have an inverse for the domain  

33  x           

  

The domain of )(xf  is now restricted to 30  x  . The inverse of )(xf  is the 

function )(xg  
 

(iv) Sketch the curves )(xfy   and )(xgy  on the same axes 

State the domain of the function )(xg  
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Show that of 1)(  xexg   

 

 21ln)( xxfy   

111 22  yyy exexex  

1)(1   yeyf  
 

1)()(1   xexgxf  

(v) Differentiate )(xg . Hence verify that  
4

1
1)5(ln/ g . Explain the connection 

between this result and your answer to part (ii) 

     
12

1
1

2

1
11)( 2

1

2

1






x

x
xxxx

e

e
ee

dx

dg
eexg  

4

1
1

4

5

4

5

2

1

15

5

2

1

12

1

5ln12

1
)(

5ln

5ln
/ 










e

e

xe

e

dx

dg
xg

x

x

 

The answer in part (ii) is the same as this.

 

 

 

    PAPER-23 

    SECTION A (C3-18-1-06) 

 Ex-23-1: Given that  3
1

61 xy  , show that 
2

2

ydx

dy
 .   

   

       
 

2

3

2
3

2

3

2

3

1 2

61

2
612661

3

1
61

yx

xx
dx

dy
xy 






 

 
Ex-23-2: A population is P million at time t years. P is modelled by the 

equation  
 

btaeP  5   
 

 Where a and b are constants. 
 
 The population is initially 8 million, and declines to 6 million after 1 year. 

(i) Use this information to calculate the values of a and b, giving b 
correct to 3 significant figures.      

35885
0

5 


  aa
t

aeP bt
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1563635
1

35 


  bbbt ee
t

eP

 

3ln03ln1ln
3

1
lnln

3

1
13 








  ebee bb

 
3ln3ln  bb  

 (ii) What is the long-term population predicted by the model?  

50535 3ln 


 

t
eP t

 
 

Ex-23-3: (i) Express 3lnln2 x as a single logarithm.    

   22 3ln3lnln3lnln2 xxx   

 

(ii) Hence, given that x  satisfies the equation  25ln3lnln2  xx .  

Show that x  is a root of the quadratic equation 0253 2  xx  
 25ln3lnln2  xx  

 25ln3lnln 2  xx  

   25ln3ln 2  xx  

0253253 22  xxxx  
 

(iii)  Solve this quadratic equation, explaining why only one root is a valid 

solution of  25ln3lnln2  xx       

  
3

1
,202130253253 22  xandxxxxxxx  

Here only one solution (i.e. x=2 is OK), the other is not valid because 
logarithm of negative numbers are not possible. 
 
 

Ex-23-4: Fig.-23-4 shows a cone. The angle between the axis and the slant 

edge is 030 . Water is poured into the cone at a constant rate of 32cm  

per second. At time t seconds, the radius of the water surface is r cm 

and the volume of the water in the cone is 3cmV . 

 

   

30
0

cmr

Fig-23-4

 
 

(i) Write down the value of 
dt

dV
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s

cm

dt

dV 3

2  

(ii) Show that 3

3

3
rV   and find 

dr

dV

   
 

You may assume that the volume of a cone of height h and radius r is 

hr2

3

1


 

300

r

h

 
0

0

30tan
30tan

r
h

h

r


 

3

0

22

3

3

30tan3

1

3

1
r

r
rhrV  










 

22 3
3

33
rr

dr

dV
 

 

(iii) Use the results of parts (i) and (ii) to find the value of 
dt

dr
when 

r=2.         
 

  



32

1

34

2

3

2
32

2

2 
rdt

dr

dt

dr
r

dt

dr

dr

dV

dt

dV

 
 
Ex-23-5: A curve is defined implicitly by the equation 
 

   23 2 xxyy   
 

 (i)  Show that 
 

xy

yx

dx

dy

23

2
2 




      
23 2 xxyy   

 
 xy

yx

dx

dy
xy

dx

dy
xyxy

dx

dy
x

dx

dy
y

23

)(2
22232223

2

22




  

(ii) Hence write down 
dy

dx
in terms of x and y.   

  )(2

23

23

)(2 2

2 yx

xy

dy

dx

xy

yx

dx

dy









  

 

Ex-23-6: The function f(x) is defined by xxf sin21)(   for 
2

1

2

1
 x . 



 

170 

(i) Show that 






 


2

1
arcsin)(1 x

xf  and state the domain of this function. 

xxf sin21)(        

 






 





2

1
arcsin

2

1
sinsin21

y
x

y
xxy  








 


2

1
arcsin)(1 y

yf  








 


2

1
arcsin)(1 x

xf  

For domain 1
2

1
1

2

1








 


 xx
  

3211
2

1








 
xx

x
 

11212)1(1
2

1








 
 xxxx

x

 
 

domain 31  x
 Fig-23-6 shows a sketch of the graphs of )(xfy   and )(1 xfy    

(ii) Write down the coordinates of the points A, B and C.  

)(xfy 

)(1 xfy 

x

y

A

B

C

0

Fig-23-6

 








 
 

2

1
arcsin)(1 x

xfy

 

10100sin
2

1
0

2

1
arcsin)(0 01 










 
  xx

xx
xfy

at
y

B

  

)0,1(B  
 

xxfy sin21)(   









 3,

22
321sin21

max


Axandx

Aat
y  
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And point C is reflection of A: 








2
,3


C  

 
 
    SECTION B(P-23) 
 

Ex-23-7: Fig-23-7 shows the curve xxxy ln2  , where 0x   

 

   

y

x

C

D

B

E A
O

Fig-23-7  
 

The curve crosses the x-axis at A, and has a turning point at B. The point C 
on the curve has x-coordinate 1. Lines CD and BE are drawn parallel to the 
y-axis. 

 
 

(i) Find the x-coordinate of A, giving your answer in terms of e   
 )int(00)ln2(0ln20 OPoxxxxxxyAAt   
 

 )0,(int2ln0)ln2( 22 eAPoexxx   
 
(ii) Find the exact coordinates of B     

exxx
x

x
dx

dy
xxxy 








 1ln0ln

1
2ln2  

 ),(2ln2ln2 eeBeeeeeexxxy   
 
(iii) Show that the tangents at A and C are perpendicular to each other  

121ln21ln1ln1ln
1

2ln2 2

2












 ee

ex
xx

x
x

Aatdx

dy
xxxy

 

1011ln1
1

ln1ln
1

2ln2 












x
xx

x
x

Catdx

dy
xxxy

 

larPerpendicu
Catgradient

AatGradient 
1

 
 
(iv) Using integration by parts, show that  
 



 

172 

cxxxxdxx 
22

4

1
ln

2

1
ln

 

   .intln partbyegrationvduuvudvxdxx  
xdxdvandxuLet  ln  

2

11 2x
xdxvanddx

x
du

xdx

du
   

   c
x

x
x

dx
x

x
x

dx
x

x
x

x
vduuvudvxdxx

4
ln

22
ln

2
.

2
ln

2
ln

22222

 
 

 
Hence, find the exact area of the region enclosed by the curve, the x-axis and the 
line CD and BE.         
 

4

1

424

1
1ln

2

1

4
ln

214
ln

2
ln

222222

1











eee
e

eex
x

x
xdxx

e

 
 

Ex-23-8 The function
x

x
xf

cos2

sin
)(


  has domain    x ,  

 Fig-23-8 shows the graph of  )(xfy   for   x0   
 

 

y

x

P

O

Fig-23-8


 
 

(i) Find  )( xf   in terms of  )(xf . Hence sketch the graph of  )(xfy   for the 

complete domain    x        

x

x
xf

cos2

sin
)(




 

oddxf
x

x

x

x

x

x
xf 












 )(

cos2

sin

cos2

sin

)cos(2

)sin(
)(  

(ii) Show that  
 2

/

cos2

1cos2
)(

x

x
xf




 . Hence find the exact coordinates of the 

turning point P. State the range of the function  )(xf , giving your answer 

exactly. 
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x

x
xf

cos2

sin
)(




 
 

 
2

22

2

22

2

/

)cos2(

)sin(coscos2

)cos2(

sincoscos2

)cos2(

sinsincoscos2
)(

x

xxx

x

xxx

x

xxxx
xf
















 

2

/

)cos2(

1cos2
)(

x

x
xf






 

32

1
cos01cos20

)cos2(

1cos2
)(

2

/ 





 xxx

x

x
xf

 

3

3

5.02

2

3

3
cos2

3
sin

3
cos2

sin
)( 
































xx

x
xfy

 

101
1

1

12

1

max
0

12

0

cos2

sin

min









 yrangeyand

x

x
y  

 
 

(iii) Using the substitution  xu cos2 or otherwise, find the exact value of  

 



0
cos2

sin
dx

x

x
        

 
x

du
dxx

dx

du
xu

sin
sincos2    

   )12ln()cos2ln(
0

cos2lnln
sin

sin

cos2

sin

0


  



xu
u

du

x

du

u

x
dx

x

x

 

3ln1ln)12ln()12ln()cos2ln(
cos2

sin

0


 



x

x

 

 
(iv) Sketch the graph of  )2( xfy    

      
 
(v) Using your answer to parts (iii) and (iv), write down the exact value of  

 



0
2cos2

2sin
dx

x

x
         

Area is stretched with scale factor 
2

1
. So area is 3ln

2

1
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   PAPER-24 
 
   SECTION A (C3-8-6-06) 
  

Ex-24-1: Solve the equation xx  23 .       

xx 23  

 3 2x x    

  1222323)(  xxxxxxa  

 
1

( ) 3 2 3 2 4 2
2

b x x x x x x            

2

1
1:  xandxans  

Ex-24-2: Show that 



6

0
24

33
2sin




xdxx

     

 

 
6

0

?2sin



xdxx  
 

   .int2sin
6

0

partbyegrationvduuvudvxdxx



 

xdxdvandxuLet 2sin  

xxdxvanddxdu 2cos
2

1
2sin    

  

0

6

2sin
4

1

0

6

2cos
2

2cos
2

1
2cos

2
2sin

6

0




xx
x

xdxx
x

vduuvudvxdxx
 



 

175 




































 3

sin
4

1

3
cos

12
0

6
2sin

4

1
0

6
2cos

12
0

6

2sin
4

1

0

6

2cos
2

2sin
6

0






xx
x

xdxx

24

33

248

3

2

3

4

1

2

1

123
sin

4

1

3
cos

12
2sin

6

0























 xdxx

 

 

Ex-24-3: Fig-24-3 shows the curve defined by the equation )1arcsin(  xy ,  for 

20  x .  

 

x

y

20

Fig-24-3

 

(i) Find x  in terms of y , and show that y
dy

dx
cos .  

1sinsin1)1arcsin(  yxyxxy

 
1sin  yx

 

y
dy

dx

ydx

dy

dx

dy
y cos

cos

1
cos1   

(ii) Hence find the exact gradient of the curve at the point where of 

5.1x .          

030)5.0arcsin()15.1arcsin(
5.1

)1arcsin( 



x

xy
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3

2

2

3

1

30cos

1

30cos

1
00





yydx

dy
gradient  

 

Ex-24-4: Fig-24-4 is a diagram of a garden pond. 

 
Fig-24-4

 h m

 

The volume 3mV  of water in the pond when the depth is h meters is given by  

 hhV  3
3

1 2   

(i) Find 
dh

dV

       
 

  322

3

1
3

3

1
hhhhV    

22 hh
dh

dV
   

Water is poured into the pond at the rate of 302.0 m per minute 

(ii) Find the value of 
dt

dh
 when 4.0h    

 

   
01.0

011.2

02.0

4.04.02

1
02.0

4.02

1
02.0

22




























 hhhdV

dh

dt

dV

dt

dh
 

 

Ex-24-5:     Positive integers a, b and c are said to form a Pythagorean triple if 
222 cba         

        (i) Given that t is an integer greater than 1, show that t2 , 12 t , 12 t

form a Pythagorean triple.     
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900

ta 2

12  tb

12  tc

 

    22222222 1)1(2  tttcba  

 12124 24242  ttttt  

 1212 2424  tttt    hence, OK 

        (ii) The two smallest integers of a Pythagorean triple are 20 and 21. Find 

the third integer.       

   29841841441400)21(20 22222  cbac  

Use this triple to show that not all Pythagorean triples can be expressed in the 

form t2 , 12 t  and 12 t  

Let 10202  tt  and 991)10(1 22 t  and 1011)10(1 22 t  

Hence  222 )101()99()20(   and therefore not valid for every t  

Ex-24-6: The mass kgM  of a radioactive material is modelled by the equation  

kteMM  0   

Where 
0M is the initial mass, t  is the time in years, and k is a constant 

which measures the rate of radioactive decay. 

(i)  Sketch the graph of M against t      

 

t

M

0

M0
kteMM  0
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(ii)  For carbon 14, 000121.0k . Verify that after 5730 years the 

mass M has reduced to approximately half the initial mass.   

00

)5730(000121.0

00
2

1
4999.0

5730
MMeM

t
eMM kt 


   

The half-life of a radioactive material is the time taken for its mass 

to reduce to exactly half the initial mass. 

(iii) Show that, in general, the half-life T is given by 

2ln2ln1ln
2

1
lnln

2

1

2

1
00 








  ktekteeMM ktkt

 

k
tkt

2ln
2ln   

(iv) Hence find the half-life of Plutonium 239, given that for this 

material 51088.2 k      

24068
1088.2

693.02ln
5





k
t  

 

    SECTION B (P-24) 

Ex-24-7: Fig-24-7 shows the curve 
1

32






x

x
y . It has a minimum at the point P. 

The line L is an asymptote to the curve. 

   

L

x

y

P

O

Fig-24-7

 

 

(i) Write down the equation of the asymptote L.     
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1

32






x

x
y

 

Asymptote is the value of x which makes y equal to 
 

asymptoteisxx 101   

(ii) Find the coordinates of P.        

     
     

0
1

32

1

322

1

1321

1

3

2

2

2

22

2

2

2






















x

xx

x

xxx

x

xxx

dx

dy

x

x
y

 

   OKisxxandxxxxx 3310310322 
 

)6,3(int6
2

12

13

39

31

32










 Po

xx

x
y  

(iii) Using the substitution 1 xu , show that the area of the region enclosed by 

the x-axis, the curve and the lines 2x and 3x  is given by 

du
u

uu
dx

x

x
 







 




 42

1

3 23

2

2

 









2

1

4
2 du

u
u

 

Evaluate this area exactly.        

L

x

y

P

O

Fig-24-7

X=2 X=3
 

dx
x

x
 


3

2

2

1

3

 

dudx
dx

du
xu  11  



 

180 

42312)1(11 22222  uuxuuuxuxxu  

1122131  uanduxu

 

 






 





2

1

23

2

2 42

1

3
du

u

uu
dx

x

x

2ln4
2

7
)0(42

2

1
2ln461ln42

2

1
2ln44

2

4

1

2
ln42

2

4
2

22

1


















  uu

u
du

u
u

 

(iv) Another curve is defined by the equation 
1

32






x

x
e y . Find 

dx

dy
 In terms of x  

and y by differentiating implicitly. Hence find the gradient of this curve at the 

point where 2x          

1

32






x

x
e y

 

2

2

2

22

2

2

)1(

32

)1(

322

)1(

)1)(3()2)(1(
















x

xx

x

xxx

x

xxx

dx

dy
e y

 

2

2

)1(

32






xe

xx

dx

dy
y

 

7
12

34

21

32












xx

x
e y

 

7

3

7

344

2)1(

32
2

2










xxe

xx

dx

dy
y

 

Ex-24-8: Fig-24-8 shows part of the curve )(xfy  , where xexf
x

sin)( 5

1


  for 

all x  
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x

y

P

O

Fig-24-8

 22

 

(i) Sketch the graph of  

(A) )2( xfy   

(B) )(  xfy         

(ii) Show that the x-coordinate of the turning point P satisfies the equation 

5tan x     

Hence find the coordinates of P      

xexfy
x

sin)( 5

1


  

  0sin
5

1
cos 5

1

5

1




xexe
dx

dy xx

 

  5tan
cos

sin
cos5sin0sin

5

1
cos  x

x

x
xxxx  

radxx 37.143.87)5(tan5tan 01  

 

  744.0)9799.0(76.037.1sin
37.1

sin 5

37.1

5

1







e
radx

xey
x

 

P(1.37 rad, 0.744) 

(iii) Show that )()( 5

1

xfexf





 . Hence, using the substitution  xu , show 

that  










0

2

5

1

)()( duufedxxf

 

xexfy
x

sin)( 5

1
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  )(sinsin)sin()( 555555 xfexeexeexexf

xxx 







  

Interpret this result graphically. [You should not attempt to integrate )(xf ] 

 

    PAPER-25 

    SECTION A (C3-18-1-07) 

 

Ex-25-1: Fig-25-1 shows the graph of xy   and 12  xy . The point P is the 

minimum point of 12  xy  and Q is the point of intersection of the 

two graphs. 

x

y

0
Fig-25-1

P

Q

xy 

12  xy

 

(i) Write down the coordinates of P.      

12  xy
 

y is minimum when  202  xx
 

)1,2(2112 Pxatxy   

(ii) Verify that the y-coordinate of Q is 
2

1
1

    

At point Q,  
21 yy   and also xxy  and xxxy  31)2(12 lso 

2

1
1

2

1
1323  xyandxxxx  
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Ex-25-2 Evaluate 
2

1

2 ln xdxx  , giving your answer in an exact form.  

   .intln

2

1

2 partbyegrationvduuvudvxdxx  

dxxdvandxuLet 2ln   

32

3

1
xdxxvand

x

dx
du    

    .

1

2

9

1

1

2

ln
33

1
ln

33

1
ln

3
ln 3

3
2

3
3

32

1

2 xx
x

dxxx
x

x

dx
xx

x
vduuvudvxdxx

 

 
9

7
2ln

3

8
18

9

1
1ln

3

1
2ln

3

8

1

2

9

1

1

2

ln
3

ln 3
32

1

2  xx
x

xdxx  

Ex-25-3 The value V  of a car is modeled by the equation of ktAeV   where t 

is the age of the car in years and A and k are constants. Its value when new 

is of 10000  , and after 3 years its value is of 6000  

(i) Find the values of A and k.     

10000
0




  A
t

AeV kt

 

6000100006000
3

10000 3 


  kkt e
t

eV

 

17.0
3

511.0
511.0)6.0ln(3ln36.0

10000

60003 



  kkeke k

 

 (ii) Find the age of the car when its value is 2000   

17.0

)2.0ln(
)2.0ln(17.02.0

10000

2000
200010000 17.017.0


  tteeV tt

 

yearst 4673.9
17.0

)2.0ln(



  

Ex-25-4 Use the method of exhaustion to prove the following result. 

No 1- or 2-digit perfect square ends in 2, 3, 7 or 8. 
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Ans: 0, 1, 4, 9, 16, 25, 36, 49, 64, 81, … 

State a generalization of this result.      

  

Ex-25-5 The equation of a curve is 
12

2




x

x
y   

(i) Show that 
2)12(

)1(2






x

xx

dx

dy

      

  
       22

2

2

22

2

22

12

)1(2

12

22

12

224

12

)2(212

12 






















x

xx

x

xx

x

xxx

x

xxx

dx

dy

x

x
y  

(ii) Find the coordinates of the stationary points of the curve. You need 

not determine their nature.     

 
1,00)1(20

12

)1(2
2





 xxxx

x

xx

dx

dy

 

)1,1(1
12

1

112
)0,0(0

012

22










 P
xx

x
yandP

xx

x
y

 

Ex-25-6 Fig-25-6 shows the triangle OAP, where O is the origin and A is the 

point (0, 3). The point P(x, 0) moves on the positive x-axis. The point Q(0, 

y) moves between O and A in such a way that AQ+AP=6 

  

P(x,0)

A(0,3)

Q(0,y)

0
x

y

Fig-25-6

 

(i) Write down the length AQ in terms of y. Hence find AP in terms of y, 

and show that  

  93 22
 xy         
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P(x,0)

A(0,3)

Q(0,y)

0
x

y

Fig-25-6

 

 yAQ  3   

    222
9030 xxAP   

6 APAQ  

    222 939336366 xyxyyyAQAP   

(ii) Use this result to show that  
3


y

x

dx

dy
    

  22
93 xy   

 
3)3(2

2
232







y

x

y

x

dx

dy
x

dx

dy
y  

(iii) When x=4 and y=2, 2
dt

dx
. Calculate 

dt

dy
at this time. 

dt

dx

dx

dy

dt

dy


 

5

4

32

4

32,4











y

x

yxdx

dy
 

5

8
)2(

5

4











dt

dx

dx

dy

dt

dy
 

   SECTION B(P-25) 

Ex-25-7 Fig-25-7 shows part of the curve ),(xfy   where xxxf  1)(  . The 

curve meets the x-axis at the origin and at the point P. 
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x

y

P O

Fig-25-7

 

(i) Verify that the point P has coordinates (-1, 0). Hence state the domain of 

the function )(xf          

xxxfy  1)(  

10101,0010  xxxandxxxPaty  

Point P(-1, 0). 

(ii) Show that  
x

x

dx

dy






12

32
        

xxxfy  1)(  

2

1

)1()( xxxfy   

 
 

x

x

x

xx

x

xxxx

x

x
xxx

dx

dy

































12

23

12

)1(2

12

112

1

1

12
)1(1

2

1
2

1

2

1

 

(iii) Find the exact coordinates of the turning point of the curve. Hence write 

down the range of the function      

3

2
0230

12

23





 xx

x

x

dx

dy
 

33

2

3

1

3

2

3

23

3

2

3

2
1

3

2

3

21 






x

xxy  











33

2
,

3

2
intPo  
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(iv) Use the substitution of xu 1  to show that  duuudxxx  
















1

0

2

1

2

30

1

1  

Hence find the area of the region enclosed by the curve and the x-axis.  

dxxx




0

1

1  

 dudx
dx

du
xu  11  

 11  uxxu   limits for u=0, u=1 

   duuuduuudxxx  
















1

0

2

1

2

3

2

11

0

0

1

11  

Ex-25-8 Fig-25-8 shows part of the curve )(xfy   where  21)(  xexf  for 

0x   

 

x

y

P O

Fig-25-8

 

(i) Find  )(/ xf , and hence calculate the gradient of the curve )(xfy   at the 

origin and at the point (ln2, 1).      

  21)(  xexf  

   )(212 2 xxxx eeee
dx

dy
  

 0)11(2
0

)(2 2 



x

ee
originatdx

dy

originat
gradient xx

 

 

4)24(2)(2)(2
2ln

)(2
2ln2ln

2ln2ln2ln2ln22 2










eeee
x

ee
xdx

dy

x
gradient xx
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 The function  )(xg  is defined by  xxg  1ln)(  for 0x  

(ii) Show that  f(x) and g(x) are inverse functions. Hence, sketch the graph of 

y=g(x). Write down the gradient of the curve y=g(x) at the point (1, ln2). 

   )1ln(111
2

 yxyeyeey xxx

 

 )1ln()(1  yyf  

 )()1ln()(1 xgxxf 

 

  xxg  1ln)(  

   4

1

)11(2

1

112

1
)(/ 







xxx
xg  

(iii)  Show that    cxeedxe xxx 2
2

1
1 22

  

    cxeedxeedxe xxxxx 2
2

1
)12(1 222

 

Hence evaluate   

2ln

0

2
1 dxex , giving your answer in exact form. 

 
2

1
2ln

2

3
2ln422

2

1
2ln2

2

1

0

2ln
2

2

1
1 2ln2ln2

2ln

0

22









 eexeedxe xxx

 

(iv) Using your answer to part (iii), calculate the area of the region enclosed by 

the curve )(xgy  , the x-axis and the line 1x  

 

    PAPER-26 

SECTION A (C3-11-6-07) 

Ex-26-1: (i) Differentiate  x21 .     

xy 21
 

 2

1

21 xy 
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x

xx
dx

dy

21

1
21221

2

1
2

1

2

1






 

 (ii) Show that derivative of  xe1ln  is 
1



x

x

e

e
   

 xey  1ln
 

 x

x

e

e

dx

dy







1  

Ex-26-2: Given that xxf 1)(  and xxg )(  , write down the composite 

function )(xgf  

xxgxgf  1)1()(  

On separate diagrams, sketch the graphs of )(xfy   and )(xgfy    

xxfy  1)(  and xxgfy  1)(  

)(xf

)1,0(

)0,1(

xxgf  1)(

)1,0(

)0,1(

)(xf

xx

y

 

 

 

Ex-26-3: A curve has equation 192 22  xyy   

(i) Find 
dx

dy
 in terms of x and y. Hence find the gradient of the curve at the 

point A(1,2)       

192 22  xyy  

 
14

18
1814184




y

x

dx

dy
xy

dx

dy
x

dx

dy

dx

dy
y  
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2
9

18

18

18

2,114

18








yxy

x

dx

dy
Gradient  

(ii) Find the coordinates of the points on the curve at which 0
dx

dy
  

00180
14

18



 xx

y

x

dx

dy
 

   1,
2

1
0112012102 22  yyyyyyyy  

Points: P1(0,0.5)   and  P2(0,-1) 

 

Ex-26-4: A cup of water is cooling. Its initial temperature is C0100 . After 3 

minutes, its temperature is  C080  

(i) Given that  tkaeT  25  where T is the temperature in C0 , t is the time in 

minutes and a and k are constants, find the values of a and k. 

7510025
0

25 


  aa
t

aeT tk
 

15

11

75

55
55258075752580 333   kkk eee  

1.0
3

31.0
31.0

15

11
ln3

15

113 












  kke k  

(ii) What is the temperature of the water 

(A) After 5 minutes, 

49.70)606.0(75257525
5

7525 5.01.0 


  e
t

eT t  

  (B) in the long term?     

25025
75

2575257525 1.0 







e
e

t
eT t  

 

Ex-26-5: Prove that the following statement is false. 
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For all integers n greater than or equal to 1, 132  nn  is a prime 

number.  

numberprimennn  5131131 2

 

numberprimennn  11164132 2

 

numberprimennn  19199133 2

 

 numberprimennn  2911216134 2  

Ex-26-6: Fig-26-6 shows the curve )(xfy  , where xxf arctan
2

1
)(   

 

x

y

O

Fig-26-6
 

(i) Find the range of the function )(xf , giving your answer in terms of . 

         

 xxfy arctan
2

1
)(     xandx  

 
422

1
)arctan(

2

1
)(











 xfy  

 
422

1
)arctan(

2

1
)(











 xfy  

 Therefore, range (i.e. value of y:    
44


 y ) 

(ii) Find the inverse function )(1 xf  . Find the gradient of the curve 

)(1 xfy   at the origin.     
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)2tan(arctan
2

1
)( yxxxfy   

)2tan()(1 yyf 

 

)2tan()(1 xxf 

 

x

x
xxgxf

2cos

2sin
)2tan()()(1 

 

   
2

02cos

2

2cos

2sin22sin2cos22cos
22







 gradient
xxx

xxxx

dx

dg
 

(iii) Hence write down the gradient of xy arctan
2

1
  at the origin.  

2

2

1 2 cos 2 1
arctan tan 2 1

02 cos 2 2 2

dy dy y
y x x y

yy dx dx
       


 

 

SECTION B (P-26) 

Ex-26-7: Fig-26-7 shows the curve 
3

2

21 x

x
y


 . It is undefined at ax  ; the line 

ax   is a vertical asymptote. 

x

y

O

Fig-26-7

ax

 

(i) Calculate the value of a , giving your answer correct to 3 significant 

figures.     

3

33

3

2

2

1

2

1
021

21



 xxxasymptotefor

x

x
y  
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3 2

1
 x  

ax   

3 2

1
 a  

(ii) Show that 
 23

4

21

22

x

xx

dx

dy




 . Hence determine the coordinates of the 

turning points of the curve.     

3

2

21 x

x
y


  

   
     23

4

23

44

23

223

21

22

21

642

21

6221

x

xx

x

xxx

x

xxxx

dx

dy














  

 
  10100)1(2220

21

22 3334

23

4





 xxandxxxxx

x

xx

dx

dy
 

113  xx  














3

1
,1int

3

1

121 3

2

Po
xx

x
y  

(iii) Show that the area of the region between the curve and the x-axis 

from 10  xtox  is  3ln
6

1
      

 

1

0

3

2

21
dx

x

x
 

 
2

23

6
621

x

du
dxx

dx

du
xu   

  


3ln
6

1
)1ln3ln(

6

1

0

1
21ln

6

1
ln

6

1

6

1

621

3

2

21

0

3

2

xu
u

du

x

du

u

x
dx

x

x
 

Ex-26-8 Fig-26-8 shows part of the curve xxy 2cos , together with a point P 

at which the curve crosses the x-axis 
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x

y

PO

Fig-26-8

 

(i) Find the exact coordinates of P    

xxy 2cos  

42
202cos002cos0


 xxxandxxxyPat  









 0,

4


P  

(ii) Show algebraically that xx 2cos is an odd function, and interpret this 

result graphically. 

xxxfy 2cos)(   

( ) cos( 2 ) cos 2 ( )f x x x x x f x odd         

x

y

PO

Fig-26-8
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(iii) Find 
dx

dy
          

xxy 2cos  

  xxxxxx
dx

dy
2cos2sin22cos2sin2   

(iv) Show that turning points occur on the curve for values of x , which 

satisfy the equation curve 
2

1
2tan xx   

2 sin 2 1
2 sin 2 cos2 0 2 sin 2 cos2 2 tan 2 1 tan 2

cos2 2

dy x x
x x x x x x x x x x

dx x
          

 

(v) Find the gradient of the curve at the origin. 

110
0

2cos2sin2 



x

xxx
dx

dy
 

Show that the second derivative of xx 2cos is zero when 0x . 

xxy 2cos  

xxx
dx

dy
2cos2sin2   

  0
0

2sin22sin2cos22
2

2





x

xxxx
dx

yd
 

(vi) Evaluate 
4

0

2cos



xdxx , giving your answer in terms of  . Interpret this 

result graphically.    


4

0

2cos



xdxx  

xdxdvandxu 2cos  

xvanddxdu
dx

du
2sin

2

1
1   
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0

42cos
4

1
2sin

2
2sin

2

1
2sin

2
2cos

4

0

4

0




xx
x

xdxx
x

vduuvudvxdxx    

8

2

4

1
0

84

1

4

2
cos

4

1

4

2
sin

8
0

42cos
4

1
2sin

2
2cos

4

0


















xx
x

xdxx  

 

    PAPER-27 

SECTION A (C3-11-1-08) 

 

Ex-27-1: Differentiate  3 261 x .      

3 261 xy 
 

 3

1
261 xy 

 

        3

2
2

3

2
2

3

2
2 61461

3

12
1261

3

1 
 xxx

x
xx

dx

dy
 

 

Ex-27-2: The function )(xf  and )(xg  are defined for all real numbers x  by  

2)( xxf   and 2)(  xxg  

(i) Find the composite functions )(xfg  and )(xgf .  

 2
2)2()(  xxfxfg  

2)()( 22  xxgxgf  

(ii) (ii) Sketch the curves )(xfy   , )(xfgy   and )(xgfy   indicating 

clearly which is which.     
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)(xf
)(xfg

)(xgf
2

2

 

Ex-27-3: The profit P£  made by a company in its nth year is modelled by the 

exponential function  

bnAeP    

In the first year (when n=1), the profit was £10000. In the second year, the 

profit was £16000. 

(i) Show that 6.1be  and find b and A.    

bnAeP   

)1(...10000 bAe  

)2(...16000 2bAe  

Divide Eq.2 by Eq.1 

)3(...6.1
10000

160002

 b

b

b

e
Ae

Ae
 

47.06.1lnln6.1  bebeb

 

6250
6.1

100001000010000
10000

6.1ln


ee
AAe

b

b  

(ii) What does this model predict the profit to be in the 2oth year? 

75550000£6250 )47.0(20  eAeP bn  

Ex-27-4: When the gas in the balloon is kept at a constant temperature, the 

pressure P in atmospheres and the volume 3mV  are related by the 

equation, 
V

k
P  . 
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 Where k is a constant. [This is known as Boyle’s Law] 

When the volume is 3100 m , the pressure is 5 atmospheres, and the volume 

is increasing at a rate of 310 m  per second. 

(i) Show that 500k .       

V

k
P   

500
100

5  k
k

 

(ii) Find 
dV

dP
 in terms of V.      

1 kV
V

k
P  

22

2 500

VV

k
kV

dV

dP
   

(iii) Find the rate at which the pressure is decreasing when 100V   

dt

dV

dV

dP

dt

dP
  

05.0
10000

500500

100 2


 VVdV

dP
 

 
s

Atm

dt

dV

dV

dP

dt

dP
5.010)05.0(   

Ex-27-5: (i) Verify the following statement: 

‘ 12 p is a prime number for all prime numbers p less than 11’  

numberprimep  314122 2

 

numberprimep  718123 3

 

numberprimep  31132125 5

 

numberprimep  1271128127 7

 

(iii) Calculate 8923 , and hence disprove this statement:   ‘ 12 p is a 

prime number for all prime numbers p ’  
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Ex-27-6: Fig-27-6 shows the curve yxe y  22 . 

 

PO
x

x

Fig-27-6

 

(i) Show that 
12

2
2 


ye

x

dx

dy
.      

yxe y  22

 

 
12

2
21222

2

22











y

yy

e

x

dx

dy
x

dx

dy
e

dx

dy
x

dx

dy
e  

(ii) Hence find to 3 significant figures the coordinates of the point P, 

shown in Fig.6, where the curve has infinite gradient. 

)5.0ln(25.0012
12

2 22

2



 yee

e

x

dx

dy yy

y

).3(347.0
2

)5.0ln(
fsy   

yxe y  22

 

8467.0)347.0()347.0(222  eyex y

 

920.08467.02  xx  

 

  SECTION B (P-27) 

Ex-27-7: A curve is defined by the equation  xxy  1ln2 . 

(i) Find 
dx

dy
, and hence verify that the origin is a stationary point of the 

curve.        

 xxy  1ln2  
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x

xxx
x

x

x
x

x
x

dx

dy




















1

)1ln()1(22
1ln2

1

2
1ln2

1

1
2  

0
1

1ln20

01

)1ln()1(22










xx

xxx

dx

dy
             

(ii) Find 
2

2

dx

yd
, and use this to verify that the origin is a minimum point. 

        

 x
x

x

dx

dy



 1ln2

1

2
 

 
042

1

2

0)1(

2

)1(

2)2(1
22

2










xxx

xx

dx

yd
 

Because 04
2

2


dx

yd
, then point P(0,0) is a minimum. 

Using the substitution x1 , show that   










du

u
udx

x

x 1
2

1

2

 hence evaluate 

 

1

0

2

1
dx

x

x
, giving your answer in an exact form.  

 
dx

x

x

1

2

 

dxduxulet 1  

And 
22 )1(1  uxuxand  

du
u

udu
u

uu
du

u

u
dx

x

x
 


















1
2

12)1(

1

222

 

xu 1  

1
0

1 



x

xu  

2
1

1 



x

xu  
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  1ln2
2

1
2ln4

2

4

1

2
ln2

2

1
2

1

2

1

21

0

2

uu
u

du
u

udx
x

x

2

1
2ln2

2

1
22ln

1

1

0

2




dx
x

x
 

Using integration by parts and your answer to part (iii),    

evaluate   

1

0

.)1ln(2 dxxx     

 

1

0

)1ln(2 dxxx  

xdxdvandxulet 2)1ln(   

2
2

2

2

1

1
x

x
vand

xdx

du



  

 
2

1
2ln

0

1
)1ln(

1
)1ln()1ln(2 2

2
2

1

0




  xxdx
x

x
xxvduuvudvdxxx  

2

1
2ln2

2

1
2ln2ln

2

1
2ln

0

1
)1ln()1ln(2 2

1

0

 xxdxxx  

 

Ex-27-8: Fig-27-8 shows the curve  )(xfy  , where xxf 2sin1)(   for 


4

1

4

1
 x  

  

O
x

x

Fig-27-8

2

4

1


4

1

 

(i) State a sequence of two transformations that would map part of the 

curve xy sin  onto the curve )(xfy    
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Ans: The steps are as follows: 

(a) 1)()(  xfxf  

(b) 









2
)(

x
fxf  

(ii) Find the area of the region enclosed by the curve  )(xfy   , the x-

axis and the line 
4

1
x .           

  






 







4

2
cos

2

1

44

2
cos

2

1

4

4

4
2cos

2

1
2sin1

4

4









xxdxx  

 
2

0
4

0
44

2
cos

2

1

44

2
cos

2

1

4

4

4
2cos

2

1
2sin1

4

4
















xxdxx

 

(iii) Find the gradient of the curve )(xfy   at the point (0, 1).  

xxfy 2sin1)(   

2
0

2cos2 



x

x
dx

dy
gradient  

Hence write down the gradient of the curve )(1 xfy   at the point (1,0).

      

xy 2sin1  

12sin  yx  

)1(sin2 1   yx  

)1(sin
2

1 1   yx  

)1(sin)( 11   yyf  

)1(sin)( 11   xxf  

yxxxfy sin1)1(sin)( 1  
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yx sin1   

1
0cos

1
cos1 




yydx

dy

dx

dy
y  

(iv) Sketch the domain of  )(1 xf  . Add a sketch of )(1 xfy   to a copy of 

Fig.8. 

(v) Find an expression for )(1 xf  .   

 

PAPER-28 

SECTION A (C3-2-6-08) 

Ex-28-1: solve the inequality 321  x . 

321  x  

 3 1 2 3x     

  122132321)(  xxxxa  

 ( ) 1 2 3 2 3 1 2 3 1 2 4 2b x x x x x               

Ans: 1 2x    

Ex-28-2: Find  dxxe x33  

   .int3 3 partbyegrationvduuvudvdxxe x

 

dxedvandxuLet x33   

xx edxevanddxdu 33

3

1
3    

   .
3

1

3

3

3

3 33333 Cexedxee
x

vduuvudvdxxe xxxxx

 

 

Ex-28-3: (i) State the algebraic condition for the function )(xf  to be an  
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even function. What geometrical property does the graph of an even 

function have? 

EvenisxfThenxfxfIfa )()()()(   

OddisxfThenxfxfIfb )()()()(   

neitherisThenxfxfandxfxfIfc )()()()()(   

(ii) State whether the following functions are odd, even or neither. 

(A) 23)( xxf   . 

   evenxfxxxf  )(33)( 22
 

(B) xxxg sincos)(   . 

neitherxfxxxxxg  )(sincos)sin()cos()(  

(C) 
xx

xh



3

1
)(  . 

oddxh
xxxxxx

xh 








 )(
11

)()(

1
)(

333
 

 

Ex-28-4: Show that 10ln
6

1

23

4

1

2


 dx
x

x
  

x

du
dxx

dx

du
xuLet

6
623 2   

      10ln
6

1

5

50
ln

6

1
5ln

6

1
248ln

6

1

1

4
23ln

6

1
ln

6

1

6

1

62

2

4

1

2











  xu
u

du

x

du

u

x
dx

x

x

 

Ex-28-5: Show that the curve  xxy ln  has a stationary point when 
e

x
1

  

xxy ln  

e
exxxx

x
x

dx

dy 1
1ln0ln10ln

1 1 







 

 

Ex-28-6: In a chemical reaction, the mass m grams of a chemical after t 

minutes is modelled by the equation tem 2.03040   . 
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(i) Find the initial mass of the chemical. What is the mass of the 

chemical in the long term? 

mg
t

em t 103040
0

3040 2.0 


 
 

mg
e

e
t

em t 40040
30

4030403040 2.0 





  

(ii) Find the time when the mass is 30 grams. 

3

1

30

10
10403030304030 2.02.02.0 




  ttt eee  

3ln5
2.0

3ln
3ln03ln1ln2.0

3

12.0 



  tte t  

(iii) Sketch the graph of m against t. 

tem 2.03040   

40

10

t

m

 

Ex-28-7: Given that  ,1032 22  yxyx  find 
dx

dy
 in terms of x and y.  

1032 22  yxyx  

   
 

xy

xy

dx

dy
xy

dx

dy
xy

dx

dy
yy

dx

dy
xx

26

22
222606222




  

Ex-28-8: Fig-28-8 shows the curve )(xfy  , where 
x

xf
cos1

1
)(


 , for 

.
2

1
0  x  P is the point on this curve with x-coordinate 

6

1
. 
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x

y

0

Fig-28-8

)(xfy 

P


6

1

2

1

1


2

1

 

(i) Find the y-coordinate of P. 

x
xf

cos1

1
)(


  

536.0
866.1

1

866.01

1

6
cos1

1

6
cos1

1

6




















 


xxx

y  

(ii) Find )(/ xf . Hence find the gradient of the curve at point P. 

x
xf

cos1

1
)(


  

  1
cos1

cos1

1
)(





 x

x
xf  

   
 2

2/

cos1

sin
sincos11)(

x

x
xx

dx

df
xf






 

   
1436.0

482.3

5.0

866.01

5.0

6
cos1

6
sin

6
cos1

sin
)(

222

/ 








































xx

x

dx

df
xf  

(iii) Show that the derivative of 
x

x

cos1

sin


is 

xcos1

1


. Hence find the exact 

area of the region enclosed by the curve )(xfy  , the x-axis, the y-

axis and the line 
3

1
x . 

v

u

x

x
y 




cos1

sin
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   2

22

22
cos1

sincoscos

cos1

sinsincoscos1

x

xxx

x

xxxx

v

dx

dv
u

dx

du
v

dx

dy















  xx

x

dx

dy

cos1

1

cos1

1cos
2 





  

(iv) Show that 







 1

1
arccos)(1

x
xf . State the domain of this inverse 

function, and add a sketch of )(1 xfy  to a copy of Fig.8. 

x
xf

cos1

1
)(


  

y

y
xyxyxyy

x
y







1
cos1cos1cos

cos1

1
 








 





y

y
x

y

y
x

1
arccos

1
cos  








 
 

y

y
yf

1
arccos)(1

 








 
 

x

x
xf

1
arccos)(1  

Ex-28-9: The function )(xf  is defined by 24)( xxf   for  22  x . 

 

y

x

P(a,b)

-2 2O
Fig-28-9  

(i) Show that the curve  24 xy  is a semicircle of radius 2, and 

explain why it is not the whole of this circle. 

24 xy   

224404 222  xxxx  
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For this values of 22  x  the value of 
24 xy  is always 

positive 

24 xy   

244 22222  rryxxy  

Fig-28-9 shows a point P(a, b) on the semicircle. The tangent at P is 

shown. 

(ii) (A) Use the gradient of OP to find the gradient of the tangent at P 

in terms of a and b. 

     
22

2

1
2

2

1
22

44
24

2

1
44

a

a

axx

x
xx

dx

dy
xxy









2222

2
4

)(
4,

4
a

axPat
xb

by
ybecause

b

a

a

a









  

(B) Differentiate 24 x and deduce the value of ).(/ af  

     xx
dx

dy
xxy 24

2

1
44 2

1
2

2

1
22 



 

   
2

/

2

2

1
2/

4
)(

4
24

2

1
)(

a

a
af

x

x
xx

dx

dy
xf









 

(C) Show that your answers to parts (A) and (B) are equivalent. 

 The function )(xg  is defined by .40),2(3)(  xforxfxg   

(iii) Describe a sequence of two transformations that would map the 

curve )(xfy  onto the curve ).(xgy  Hence sketch the curve 

)(xgy  .  

(iv) Show that if .369)( 22 xyxthenxgy  . 

    222
434443243)2(3)( xxxxxxfxg 





   

  2222 449443)()( xxxxxxxfxg   

xyxyxxx 6394936 22222   
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    PAPER-29 

    SECTION A (C3-15-1-09) 

 Ex-29-1: Solve the equation 32  x . 

3 (2 ) 3x     

( ) (2 ) 3 2 3 3 2 1 1a x x x x              

( ) (2 ) 3 3 5 3 2 5b x x x x              

Ans: 1 5x    

 

Ex-29-2: (i) Differentiate xx 2cos  with respect to x  

 (ii) Integrate xx 2cos  with respect to x  

 (a) If if vuy  , then 
dx

du
v

dx

dv
u

dx

dy
  

xxy 2cos  

  xxxxxx
dx

du
v

dx

dv
u

dx

dy
2cos2sin22cos2sin2   

(b) 

If  xdxx 2cos
 

   .int2cos partbyegrationvduuvudvxdxx  

xdxdvandxuLet 2cos  

xxdxvanddxdu 2sin
2

1
2cos    

   .2cos
4

1
2sin

2
2sin

2

1
2sin

2
2cos Cxx

x
xdxx

x
vduuvudvxdxx

 

 

Ex-29-3: Given that  1ln
2

1
)(  xxf  and  xexg 21)(  , show that )(xg is the 

inverse of )(xf .  
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Note: yxyx 10log   and  yexyx ln  

   yy xxyx 1011011log   

   yy exexyx  111ln  

 1ln
2

1
)(  xxf  

    yy exexyxxy 22 1121ln1ln
2

1
  

OKxgexfeyf xy )(1)(1)( 2121  

 

Ex-29-4: Find the exact value of dxx 

2

0

41 , showing your working. 

4
4441

du
dxdxdu

dx

du
xuLet   

 
    



























  2

3

2

32

3

2

3

2

3

2

1

2

12

0

0181
6

1

0

2

6

41

12

2

2

3
4

1

4

1

4
41

x
uuduu

du
udxx  

     
3

13

6

26
127

6

1
19

6

1
41 2

3

2

32

0







 dxx  

 

Ex-29-5: (i) State the period of a the function xxf 2cos1)(  , where x is 

in degrees. 

xy cos1

x
2



2



2

3

2

0

1

xy cos

x
2



2



2

3

1

1
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(ii) State a sequence of two geometrical transformations which    maps 

the curve xy cos , onto the curve )(xfy  .  

(iii) Sketch the graph of )(xfy   for 00 180180  x   

 

xy 2cos1

x
0180

2

0

1

090090
0180

 

Ex-29-6: (i) Disprove the following statement 

 '
11

,'
qp

thenqpIf   

2,1  qpLet  

qp   

2

11
1

1


qp
But  

(ii) State a condition on p and q  so that the statement is true. 

Both  p  and q  should be positive or both negative. 

Ex-29-7: The variables  x  and y  satisfy the equation 53

2

3

2

 yx . 

(i) Show that 
3

1











x

y

dx

dy
. Both x  and y  are functions of t .  

3

1

3

1

3

1

3

1

3

1

3

1

3

2

3

2

3

2

3

2
0

3

2

3

2
5








y

x

dx

dy
x

dx

dy
y

dx

dy
yxyx  

3

1

3

3

1

3

1











x

y

x

y

x

y

dx

dy
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(ii) Find the value of 
dt

dy
 when 68,1 

dt

dx
andyx . 

126
1

8
6

81

3

1

3

1























yandx
x

y

dt

dx

dx

dy

dt

dy
 

Ex-29-8: Fig-29-8 shows the curve xxy ln
8

12  . P is the point on this curve 

with x-coordinate 1, and R is the point 









8

7
,0 . 

P

x

y

0

Fig-29-8
Q











8

7
,0R

 

(v) Find the gradient of PR. 

Gradient 
12

12

xx

yy
m




  

Find )1,1(10
8

1
1

1
ln

8

1

1

2 P
x

xx
x

y 





.  

8

7
1

01

8

7
1

12

12 


















xx

yy
m  

(vi) Find 
dx

dy
. Hence show that PR is a tangent to the curve. 

xxy ln
8

12   
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8

7
1

8

1
2

18

1
2

1

8

1
2 













xx
x

x
x

dx

dy
 

(vii) Find the exact coordinates of the turning point Q. 

4

1
1160

8

116
0

8

1
2

1

8

1
2 2

2












 xx

x

x

x
x

x
x

dx

dy
 

  2ln
4

1

16

1
2ln

8

1

16

1

4

1
ln

8

1

4

1

4

1ln
8

1 2

2

2 























x
xxy  

(viii) Differentiate xxx ln . Henc, or otherwise, show that the area of the 

region enclosed by the curve xxy ln
8

12  , the x-axis and the lines 

1x  and 2x  is 2ln
4

1

24

59
 .  

xxx ln  

xxx
x

x
dx

dy
xxxy ln1ln11ln

1
ln 








  

   
8

1
2ln

4

1

3

7
11ln22ln2

8

1

3

1

3

8

1

2

ln
8

1

1

2

3
ln

8

1 32

1

2 







 xxx

x
dxxx

 

Ex-29-9 Fig-29-9 shows the curve )(xfy  , where 
22

1
)(

xx
xf


 . The curve 

has asymptotes x=0 and x=a.   

a
x

y

0

Fig-29-9

 

(i) Find a. Hence write down the domain of the function. 
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22

1
)(

xx
xf


  

For asymptotes 

  axxxxxxxxf  2020202)( 22

  

(ii) Show that 

 2

3
22

1

xx

x

dx

dy




 . 

        2

3
2

2

3
2

2

1
2

2
2

2

22
222

2

1
2

2

1 






 xx

x
xxx

dx

dy
xx

xx
y

  
   2

3

2

3
2

3
2

2

1

2

1
21

xx

x

xx

x
xxx

dx

dy












 

The function  )(xg  is defined by 
21

1
)(

x
xg


  . 

(iii) (A) Show algebraically that )(xg  is an even function. 

 
)(

1

1

1

1
)(

1

1
)(

222
xg

xx
xg

x
xg 








  

evenxgxg )()(   

(B)      Show that  ).()1( xfxg   

    2222 2

1

121

1

11

1
)1(

1

1
)(

xxxxx
xg

x
xg













)(
2

1
)1(

2
xf

xx
xg 


  

(C)       Hence prove that the curve y=f(x) is symmetrical, and state its 

line of symmetry. 

 

    PAPER-30 

    SECTION A (C3-5-6-09) 

 Ex-30-1: Evaluate dxx
6

0

3sin



. 
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3

1
10

3

1
0cos

2
cos

3

1
0cos

6

3
cos

3

1

0

6

3

3cos
3sin

6

0











































x
dxx  

 

Ex-30-2: A radioactive substance decays exponentially, so that its mass M 

grams can be modelled by the equation ktAeM  , where t is the time 

in years, and A and k are positive constants. 

(i) An initial mass of 100 grams of the substance decays to 50 grams in 

1500 years. Find A and k. 

ktAeM   

100
00

0 





  AAe
t

Ae
t

MmassInitial kt

 

50100
1500

100
1500

50
1500

1500 








 kktkt e
t

e
t

Ae
t

M  

 5.0lnln15005.050100 15001500   ekee kk

 

  Yearskk 410621.4
1500

69315.0

1500

5.0ln
5.0ln1500 







  

(ii) The substance becomes safe when 99% of its initial mass has decayed. 

Find how long it will take before the substance becomes safe. 

  grammassnitialof 1100
100

1
%1   

01.01001
44 10621.410621.4 
  eeAeM tkt

 

Yearstt 9965
10621.4

605.4
01.0ln10621.4

4

4 









 

 

Ex-30-3: Sketch the curve  11arccos2  xforxy .  
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Ex-30-4: Fig-30-4 shows a sketch of a graph of 12  xy . It meets the x- and 

y-axis at (a, 0) and (0, b) respectively. 

x

y

0
Fig-30-4

a

b

 

12  xy  

)1(2  xy  

1220022)1(2)(  aabxatyxxyi  

2022)1(2)(  bxatbyxxyii  

 Find the values of a and b. 

 

Ex-30-5: The equation of a curve is given by  xe y sin12  . Henc, 

(i) By differentiating implicitly, find  
dx

dy
 in terms of x and y. 

xe y sin12   

x
dx

dy
e y cos22 








 

ye

x

dx

dy
2

cos
2   

ye

x

dx

dy
22

cos
  

(ii) Find an expression for y in terms of x, and differentiate it to verify 

the result in part (i). 

xe y sin12   
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 xyey sin1ln2ln2   

 xy sin1ln
2

1
  






















ye

x

x

x

dx

dy
2

cos

2

1

sin1

cos

2

1
 

  

Ex-30-6: Given that 
1

1
)(






x

x
xf , show that ff(x)=x. Hence write down the 

inverse function )(1 xf  . What can you deduce about symmetry of the 

curve ?)(xfy  .  

1

1
)(






x

x
xf  

x
x

x

xx
x

xx

x

x
x

x

x

x
xff 
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x
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1)1(111)1(
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x

x
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)(
1

1
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1
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1 11 xf
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x
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y
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y
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Ex-30-7: (i) Show that 

  (A)    3322 yxyxyxyx  , 

      3332222322 yxyxyyxxyyxxyxyxyx   

(B) 222

2

4

3

2

1
yxyxyyx 








 , 

 222222

2

4

3

4

1

4

3

2

1
yxyxyyxyxyyx 








  

(ii) Hence prove that, for all real numbers x and y,  33 yxthenyxif   
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 2

2

2233

4

3

2

1
)( yyxyxyxyxyxyx  

0
4

3

2

1 2

2









 yyx  

0 yxthenyxif  

0
4

3

2

1
)( 2

2

33 




















 yyxyxyx  

3333 0 yxyx   

Ex-30-8: Fig-30-8 shows the line xy   and parts of the curves )(xfy   and  

)(xgy  , where 1)(  xexf , xxg ln1)(  . The curves intersect the axes at 

the points A and B, as shown. The curves and the line xy   meet at the 

point C. 

 

C

x

y

0

Fig-30-8

)(xgy 

A

B)(xfy 

xy 

 

(ix)  Find the exact coordinates of points A and B. Verify that the 

coordinates of C are (1, 1). 

)0,(1lnln10)( 11  eAexxx
Aat

xg  

),0(
0

)( 111  


 eBe
x

e
Bat

xf x
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(x) Prove algebraically that )(xg  is the inverse of )(xf . 

  yxxexyexfy x ln11ln1ln)( 1  

 

)(ln1)(ln1)( 11 xgxxfyyf    

(xi) Evaluate dxxf
1

0

)( , giving your answer in terms of e  

dxedxxf x




1

0

1

1

0

)(  

dudxxuLet  1  

uu eduedxxf  

1

0

)(  

e
eeeeedxedxxf xx 1

1
0

1
)( 1010111

1

0

1

1

0

 

  

(xii) Use integration by parts to find  xdxln . Hence show that   

e
dxxg

e

1
)(

1

1




 

If  xdxln
 

   .intln partbyegrationvduuvudvxdx  

dxdvandxuLet  ln  

xvand
x

dx
du   

    .lnlnlnln Cxxdxxx
x

dx
xxxvduuvudvxdx

 

Find the area of the region enclosed by the lines OA and OB, and the arcs AC 

and BC.  
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Ex-30-9: Fig-30-9 shows the curve 
13

2




x

x
y . P is a turning point, and the 

curve has a vertical asymptote ax  .  

 

x

y

0

Fig-30-9

ax 

P

 

 (i) Write down the value of a. 

(ii) Show that 
 

 2
13

233






x

x

dx

dy
 . 

(iii) Find the exact coordinates of the turning point P. Calculate the 

gradient of the curve when x=0.6 and x=0.8, and hence verify that P 

is a minimum point. 

(iv) Using the substitution 13  xu , show that 

.
1

2
27

1

13

2

du
u

udx
x

x
 











 Hence find the exact area of the region 

enclosed by the curve, the x-axis and the line 
3

2
x  and x=1. 

 

PAPER-31 

SECTION A (C3 May 2014) 

 

Ex-31-1:

  
6 6 6

0 0 0

1 1 1 1
1 sin 3 sin 3 cos3 cos 06

3 6 3 2 3 6 3
0

x dx dx xdx x x
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Ex-31-2:  ln 1 cos2y x   

     32
5.01

2

3
2

6

2
cos1

6

2
sin2

6
2cos1

2sin2

6







































xx

x

xdx

dy
Gradient   

 

Ex-31-3: Solve the equation xx 423   

        xx 423    

 (a) 
2

1

6

3
36423  xxxx   

 (b) 
2

3

2

3
32423 


 xxxx  

 

Ex-31-4: 20cos)(  xbxaxfy  

 21331)0cos()0(  aaaf  

 

      
2

1

2
202sin

2
sin

0














bbbb

x
bxb

xdx

dy
Gradient  

xy
2

1
cos2  

yx
2

1
cos2  

2
2

1
cos  xy  

 2cos
2

1   x
y

 

   2cos2 11   xxfy  

 
 

Ex-31-5: 3

3

4
rV   

  


128

5

256

10
10

84

1

4

1
443

3

4
22

222 
dt

dV

r
r

dt

dV

dt

dr
r

dt

dr
r

dt

dV
 

 
 

Ex-31-6: 
tkAeV   

teV 2.020000   

615.16374
2214028.1

2000020000
20000

1
20000

1 2.0

2.02.0 







e
e

t
e

t
V t  

38.3625£615.1637420000 Loss  
tkAeV   
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1431.01431.0
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13
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1
1500013000 
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t
e kktk

 

50559239.5
3

4
ln0569.0
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4

15000

20000
2000015000 0569.0

2.0

1431.0
2.01431.0 
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Ex-31-7: 
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x

x
xfy


  

 
Oddxf
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x
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dx
x

x
Area 
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x

x
Area  

 

222

2

2

2

2

2

2

2
1

22121

2 xxx

x

x

x

yx

x

yx

x
y 








  



 

223 

3

3

3

3

3

3
3322

22

2
2

2

4
4221

2
1

1

x

y

y

x

y

x

dx

dy
x

dx

dy
yxy

xy














  

 ErrorMath
xx

y

dx

dy
Gradient 




0

2
3

3

 

 

Ex-31-8: xxey 2  
  mxy   

OKmxxmemxemx xx   ln
2

1
2ln22  

uvxey x  2  

   xeeex
dx

du
v

dx

dv
u

dx

dy xxx 212 222    
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ln
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ln
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1
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ln22 xe
mx

xe
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Gradient mx 





   

 

 

    PAPER-32 

    SECTION A (C4-1-6-09) 

Ex-32-1: Express  sincos4   in the form   cosR , where 0R  and 

2
0


   

 Hence solve the equation 3sincos4    for  20   

Ans: 

    sinsincoscoscossincos4 RRR   

  sinsincoscossincos4 RR       

4cos R    …(1) 

1sin  R    …(2) 

1sin R    …(2) 
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Dividing Eq.2  by  Eq.1  004.14
4

1
tan  

 12.4
04.14cos

4
404.14cos

0

0  RR  

   004.14cos12.4cossincos4   R  

 Hence solve the equation 3sincos4    for  20   

    728.0
12.4

3
04.14cos304.14cos12.4sincos4 00  

  0 1 0 0 014.04 cos 0.728 43.27 43.27 14.04 29.23 360 29.23 389.23and              

Ex-32-2: Using partial fraction, find 
  

dx
xx

x
  121

 

Ans: 

  
   )12)(1(

)1()12(

121121 










 xx

xBxA

x

B

x

A

xx

x
 

xxBxA  )1()12(  

111)11()12(:1  AABAxAt  

10)10()10(:0  ABBAxAt  

   12

1

1

1

121 








xxxx

x
 

  
    cxx

x

dx

x

dx
dx

xx

x









  12ln

2

1
1ln

121121
 

Ex-32-3: A curve satisfies the differential equation yx
dx

dy 23 , and passes through 

the point (1, 1). Find y  in terms of x . 

  dxx
y

dy
yx

dx

dy 22 33   

  cxydxx
y

dy 32 ln3  

11)1ln(ln 33  cccxy  

 13 3

1ln  xeyxy  
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Ex-32-4: The part of the curve 
24 xy   that is above the x-axis is rotated about 

the y-axis. This is shown in Fig-32-4. 

  Find the volume of revolution produced, giving your answer in terms of   

x

y

Fig-32-4

dy
xr 

)4,0(

x

y

Fig-32-4
 

   







  8816

0

4

2
4)4(

24

0

22 y
ydyydyxdyrV  

 

Ex-32-5: A curve has parametric equations 

  
3atx  ,  

21 t

a
y


   where a  is a constant. 

  Show that 
 2213

2

ttdx

dy




  

Hence find the gradient of the curve at the point 







aa

2

1
,  

Ans: 

  
3atx  ,  

21 t

a
y


    

23at
dt

dx
 ,  

 221

2

t

at

dt

dy




    

dx

dt

dt

dy

dx

dy
  Remember that 

23

11

at

dt

dxdx

dt
  

   22222 13

2

3

1

1

2

ttatt

at

dx

dt

dt

dy

dx

dy
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 Hence find the gradient of the curve at the point 







aa

2

1
,  

133  tataatx  

121
12

1

1

2

22






 tt

t

a
a

t

a
y  

  6

1

12

2

)11(3

2

13

2

1 222













tttdx

dy
 

   

Ex-32-6: Given that 3cotcos 2  ec , show that 02cotcot 2    for 

 20   

Note: Use the following to remind yourself 

 )1....(1cossin 22    

 Divide each side by 2sin  

 






 22

22

2

2

2

coscot1
sin

1

sin

cos

sin

sin
ec  

 Divide each side by 2cos  

 






 22

22

2

2

2

sec1tan
cos

1

cos

cos

cos

sin
  

Ans: 

  22 cot1cos ec  

 03cotcot1 2    

 02cotcot 2    

 Hence solve the equation 3cotcos 2  ec  for 
01800    

   01cot2cot02cotcot 2    

  001 43.243,43.632tan2cot02cot  If  

  001 225,3151tan1cot01cot  If  
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   SECTION B (P-34) 

Ex-32-7: When a light ray passes from air to glass, it is deflected through an angle. 

The light ray ABC starts at point A(1, 2, 2), and enters a glass object at 

point B(0, 0, 2). The surface of the glass object is a plane with normal 

vector n . Fig-32-7 shows a cross-section of the glass object in the plane of 

the light ray and n . 

 

A

n

Fig.7





B

C

Fig-32-7

 

(i) Find the vector 


AB and a vector equation of the line AB. 
Ans: 

 


























































0

2

1
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2

1

2

0

0

AB  








































0

2

1

2

2

1

r   This is correct 

xyxy
yx

2222
2

2

1

1










 

OR 




































0

2

1

2

0

0

r   This is also correct 

 xy
yx

2
2

0

1

0






 , therefore both of them the same 
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The surface of the glass object is a plane with equation 2 zx . AB makes an 

acute angle   with the normal to this plane. 

 

(ii) Write down the normal vector n , and hence calculate  , giving your 
answer in degrees. 

Note: If the normal to the plane is knjnin

n

n

n

n 321

3

2

1





















, then the equation of 

the plane is: 0321  dznynxn , where 


 nad .  and 


a is the position vector 

of a point on the plane 



















1

0

1

n  

Note: Angle between 
















c

b

a
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f

e

d

 is  , where 

222222
cos

fedcba

f

e

d

c

b

a
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1

n   
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1
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2

1

BA  
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B





A



B





A



 B




 

0

222222
57.71

10

1

52

1

0)2()1(101

0

2

1

1

0

1

cos 
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The line BC has vector equation 










































1

2

2

2

0

0

r . This line makes an acute angle 

  with the normal to the plane 

(iii) Show that 
045 . 

 























1

0

1

n  because it is in the opposite direction.     










































1

2

2

2

0

0

r  

0

222222
45

2

1

23

3

92

12

)1()2()2()1(01

1

2

2

1

0

1

cos 
















































   

 

(iv) Snell’s Law states that  sinsin k , where k  is a constant called the 

refractive index. Find k . 
Ans: 

 34.1
7071.0

9487.0

45sin

57.71sin

sin

sin
sinsin

0

0





 kk  

 34.1 k  

The light ray leaves the glass object through a plane with equation 1 zx . 

Units are centimetres. 

(v) Find the point of intersection of the line BC with the plane 1 zx , 

hence find the distance the light ray travels through the glass object. 

Ans: 

The line BC has vector equation 










































1

2

2

2

0

0

r . 

The line BC has vector equation 



























































1

2

2

2

0

0



z

y

x

r . 
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2x      2y      2z    and also 1 zx  from the question 

133122    

Therefore, point of intersection is:   







































































































1

2

2

1

2

2

2

0

0

1

2

2

2

0

0

r , 

 the point is: (-2, -2, 1) 

 

Ex-32-8: Archimedes, about 2200 years ago, used regular polygons inside and  

 circles to obtain approximations for  . 

(i) Fig-32-8-1 shows a regular 12-sided polygon inscribed in a circle of radius 1 

unit, centre O. AB is one of the sides of the polygon. C is the midpoint of 

AB. Archimedes used the fact that the circumference of the circle is greater 

than the perimeter of this polygon. 

  

A BC

2

AB
AC 




015
12

360

2

1











1 1

Fig-32-8-1
 

(A) Show that 
015sin2AB . 

Ans: 

 00 15sin2
21

15sinsin  AB
ABAC

  

(B) Use a double angle formula to express 
030cos  in terms of 

015sin . Using the 

exact value of 
030cos , show that 32

2

1
15sin 0   

Ans: 

 

  15sin15cos15sin15sin15cos15cos)1515cos(30cos 2020000000   

  022020 15sin2115sin15cos30cos   
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  ?
2

30cos1
15sin30cos115sin215sin2130cos

0
0002020 




1

060
060

030

1

1

2

1

030

 

 
2

3
30cos 0   

32
2

1

2

2

32

2

2

3
1

2

30cos1
15sin

0
0 










  

(C) Use this result to find an exact expression for the perimeter of the polygon. 
Ans: 

3232
2

1
215sin2 0 








AB  

Perimeter= 321212 AB  

Hence show that 326   

Ans: polygonofperimetercircletheofPerimeter   (see Fig.8) 

 326321222  r  

(ii) In Fig.8.2, a regular 12-sided polygon lies outside the circle of radius 1 unit, which 

touches each side of the polygon. F is the midpoint of DE. Archimedes used the 

fact that the circumference of the circle is less than the perimeter of this polygon. 

  

D EF

2

DE
DF 




015
12

360

2

1











1

O
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(A)   Show that 
015tan2DE . 

Ans: 

 00 15tan2
21

15tantan  DE
DE

FE
FE

  

(B)   Let  
015tant . Use a double angle formula to express 

030tan    

in terms of t . Hence  show that 01322  tt  

 Ans: 

   
200

00
000

1

2

115tan15tan1

15tan15tan
1515tan30tan

t

t

tt

tt












  

0132321
3

1

2

3

2

1

30cos

30sin

1

2
30tan 22

0

0

2

0 


 tttt
t

t
  

(C)   Solve this equation, and hence show that  3212   

Ans: polygonofperimetercircletheofPerimeter   (see Fig.8.2) 

 tDEr 2415tan241222 0    

2 2 3 1 0t t    

2 3 12 4 2 3 16 2 3 4
3 2

2 2 2
t

      
       

3 2

2 3

t

t

  

  
 

Circumference < Perimeter 

 

 

2 24 2 3

12 2 3





  

  
 

  

(iii) Use the results in parts (i) (C) and (ii) (C ) to establish upper and 

lower bounds for the value of  , giving your answers in decimal form. 

Ans: 
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    6 2 3 12 2 3

3.106 3.215





   

  

 

 

   PAPER-33 

SECTION A (C4-1-1-09) 

Ex-33-1: Express 
)1(

23
2 



xx

x
 in  partial fraction. 

Ans: 

 
  11

23
22 








x

CBx

x

A

xx

x
 

2
1

2

01

23
2







xx

x
A  

  )1(

22

1

2

1

23
2

22

22 













xx

CxBxx

x

CBx

xxx

x
 

CxBxxx  22 2223  

When 122231  CBCBx  

When 522231  CBCBx  

3211242  BCandBB  

  1

232

1

23
22 








x

x

xxx

x
 

 

Ex-33-2: Show that   ...,
9

4

3

2
121 2

3

1

 xxx  and find the next term in the 

expansion. State the set of values of x  for which the expansion is valid. 

Note:   Use the general case. 

Ans: 
n

nnnn
n b

bannnbannbana
ba 












...
!3

)2()1(

!2

)1(

!1!0
)(

33221
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       2 3 4

1 1 2 1 2 ( 3)
1 1 ...,

2! 3! 4!

n n n n n n n n n n
x nx x x x

     
       

 

2 3
1

3

1 2 1 2 5
(2 ) (2 )

1 3 3 3 3 3
(1 2 ) 1 2 ...

3 2! 3!

x x

x x

    
        

            
 

 

 

1 2

3
2 2 4

(1 2 ) 1 ...
3 9 2

x
x x

 
     

 
 

1

23
2 4

(1 2 ) 1 ...
3 9

x x x       

The next term is: 

3

3 3

1 2 5
(2 )

80 403 3 3

3! 27 6 81

x
x x

   
      
     


 

OR  

Note: The following can be used when n is a positive integer!! 

  1 2 2 3 3 ...
0 1 2 3

n n n n n
n n n n

a b a a b a b a b         
            

       
  

 
!

! !k

n n
n

k n k k
c

 
  

 
   and 

1

1 1

n n n

k k k

     
      

      
 

Note: General case: 

 
       2 3 4

1 1 2 1 2 ( 3)
1 1 ...,

2! 3! 4!

n n n n n n n n n n
x nx x x x

     
       

  

Note: Learn this 

 
       

...,
!4

)3(21

!3

21

!2

1
11 432 x

nnnn
x

nnn
x

nn
nxx

n 






  

  ...,)2(
!3

2
3

1
1

3

1

3

1

)2(
!2

1
3

1

3

1

)2(
3

1
121 32

3

1


































 xxxx  
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  ...,
81

40

9

4

3

2
121 32

3

1

 xxxx  

Valid for 
2

1

2

1
12  xx  

 

Ex-33-3: Vectors a  and b are given by kjia  2 and kjib  24  

Find constants   and   such that kjba 34    

kjba 34    

    kjkjikji 34242    

      kjkji 34242    

042        …(1) 

42          …(2) 

842         …(2) 

Adding Eq.1 and 2 

284    

  1424    

 

Ex-33-4: Prove that 
 






sinsin

sin
cotcot


  

 

















sinsin

sin

sinsin

sincoscossin

sin

cos

sin

cos
cotcot





  

 

Ex-33-5: (i) Write down normal vectors to the planes 22  zyx  and  

1 zx . Hence find the acute angle between the planes. 

Ans: 

(i) 
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2

1

1

 
 
 
 
 

 and 

1

0

1

 
 
 
  

 

Angle between planes is  , where 

   

   
2 22 2 2 2

2 1 1 0 1 1 1
cos

122 1 1 1 0 1


      

 

     

 

073.2    or  1.28 rads   

(ii) Write down a vector equation of the line through (2, 0, 1) perpendicular to 

the plane 22  zyx . 

 
Find the point of intersection of this line with the plane. 

 (i) 

2 2 2 2

0 1

1 1 1

r



 



     
     

         
          

 

     2 2 2 1 2

5 6 2

1

2

  





      

  

  

 

So point of intersection is 
1 1

1, ,
2 2

 
 
 

 

 

Ex-33-6: (i) Express  sin3cos   in the form   cosR , where 0R   

and   is acute, expressing   in terms of   

Ans:     sinsincoscoscossin3cos RRR   

   sinsincoscossin3cos RR       

1cos R    …(1) 

3sin R    …(2) 
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Dividing Eq.2 and Eq.1  
0603tan  

 2
60cos

1
160cos

0

0  RR  

    









3
cos260cos2cossin3cos 0 

 R  

(ii) Write down the derivative of tan . 
 

  













2

22
sec

cos

1

cos

sinsincoscos

cos

sin
tan 













d

d

d

d
 

Hence show that 

  4

3

sin3cos

13

0

2



 





d  

 


















 

d
dd

d   






























































3

0

2
3

0

3

0 2
2

3

0

2 3
sec

4

1

3
cos

4

1

3
cos2

sin3cos

1

4

3

3
0tan

4

1

33
tan

4

1

0

3
3

tan
4

1

3
sec

4

1 3

0

2 















































d  

 

    SECTION  B(P-33) 

Ex-33-7: Scientists can estimate the time elapsed since an animal died by measuring 

its body temperature. 

(i) Assuming the temperature goes down at a constant rate of 1.5 degrees 

Fahrenheit per hour, estimate how long it will take for the temperature to 

drop. 

 (A) from F098 to F089  

  (B) from F098 to F080  

 Ans: 

  (A) 
9

6
1.5

hours  

  (B) 
18

12
1.5

hours   
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In practice, rate of temperature loss is not likely to be constant. A better model is 

provided by Newton’s law of cooling, which states that the temperature   in 

degrees Fahrenheit t  hours after death is given by the differential equation. 

   0


 k
dt

d
  

 Where 
0

0 F is the air temperature and k  is a constant. 

 (ii) Show by integration that the solution of this equation is  

ktAe  0 , where A is a constant. 

 Ans: 

   0

d
k

dt


     

0

d
kdt



 
 

   

 0ln kt c     

0

ktAe     

The value of 0 is 50, and the initial value of   is 98. The initial rate of 

temperature is F05.1 per hour. 

(iii) Find A, and show that 03125.0k  
Ans: 

  
098 50

48

Ae

A

 

 
 

Initially 
 98 50 48 1.5

0.03125

d
k k

dt

k


      

 

 

(iv) Use this model to calculate how long it will take for the temperature to 
drop 

(A) from F098 to F089  

(B) from F098 to F080  

Ans: 
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(A) 

 

0.03125

0.03125

98 50 48

39

48

39
ln / 0.03125 6.64

48

t

t

e

e

t hrs





 

 

 
    

 

 

(B) 

 

0.03125

0.03125

80 50 48

30

48

30
ln / 0.03125 15

48

t

t

e

e

t hrs





 

 

 
    

 

 

 (v) Comment on the results obtained in part (i) and (iv). 

 Ans: 

  Models disagree more for greater temperature loss 

 

Ex-33-8: Fig.8 illustrates a hot air balloon on its side. The balloon is modelled by the  

of revolution about the x-axis of the curve with parametric equations 

  sin22x    2sincos2 y     20   

The curve crosses the x-axis at the point A(4, 0). B and C are maximum and 

minimum points on the curve. Units on the axes are metres. 

(i) Find 
dx

dy
 in terms of  . 

Ans: 

 2cos2 2sin , 2cos
dy dx

dx d
  


    

dy

dy d
dxdx

d





  

2cos2 2sin cos2 sin

2cos cos

dy

dx

   

 

 
   

(ii) Verify that 0
dx

dy
 when 

6


  , and find the exact coordinates of B. Hence 

find the maximum width BC of the balloon. 
Ans: 
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When 

1 1
cos sin

3 6 2 2, 0
6 3cos

6 2

dy

dx

 





 

     

Coords of B: 

2 2sin 3
6

3 3
2cos sin

6 3 2

x

y



 

 
   

 

   
     

   

 

3 3
2 3 3

2
BC     

(iii) (A) Show that cosxy   

Ans: 

  

 

2cos sin 2

2cos 2sin cos

2cos 1 sin

2 2sin cos

cos

y

x

 

  

 

 



 

 

 

 



 

(B) Find sin  in terms of x  and show that 22

4

1
cos xx   

Ans: 

  sin22x  

 
1

sin 2
2

x    

 

2 2

2

2

2

cos 1 sin

1
1 2

4

1
1 1

4

1

4

x

x x

x x

  

  

   

 
  
 

 

(C) Hence show that the Cartesian equation of the curve is 432

4

1
xxy   

Ans: 
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Cartesian equation is 
2 2 2 2 2 3 41 1

cos
4 4

y x x x x x x
 

     
 

  

  (iv) Find the volume of the balloon. 

 Ans: 

  

4 4

2 3 4

0 0

1

4
V y dx x x dx 

 
   

 
   

  

 

 

4 5

3

64 51.2
41 1

04 20
12.8 40.2

x x

m







 
 

   
  



 

 

    PAPER-34 

    SECTION  A (C4-1-6-08) 

Ex-34-1:  Express 
2

2

42 


 xx

x
 as a single fraction, simplifying your answer. 

4

43

)2)(2(

42

)2)(2(

)2(2

2

2

)2)(2(2

2

4 22 























 x

x

xx

xx

xx

xx

xxx

x

xx

x
 

 

Ex-34-2: Fig-34-2 shows the curve
xey 21 . 

  

y

x
1O

Fig-34-2

 

The region bounded by the curve, the x-axis, the y-axis and the line x = 1 is rotated 

through 
0360 about the x-axis. 

Show that the volume of the solid of revolution produced is  21
2

1
e . 



 

242 

Ans: 

   222

1

0

1

0

2
2

2

1

0

2 1
22

1
0

2

1
1

0

1

2

1
)1(1 eeexdxedxedxr xxx 


































  


  

 

Ex-34-3:  Solve the equation  sin2cos   for 0 ≤ θ ≤ 2π, giving your answers in 

terms of π.  

Ans:

 

 22222 sin21sinsin1sincossinsincoscos)cos(2cos 

  0)1(sin1sin201sinsin2sinsin21 22    

  0)1(sin1sin2    

 
6

5
,

62

1
sin01sin2


 If   

 
2

3
,

2
1sin01sin





 If  

2

3
,

6

5
,

6


   

 

Ex-34-4: Given that sec2x  and tan3y , show that 1
94

22


yx

    

Ans: 

 22 sec4sec2  xx  

 22 tan9tan3  yy  

1tantan1tansec
9

tan9

4

sec4

94

2222
2222

 
yx

 

 

Ex-34-5:  A curve has parametric equations 
21 ux  ,  

32uy  . 

(i)  Find 
dx

dy
 in terms of u .     

Ans: 
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u
du

dx
ux 21 2     

23 62 u
du

dy
uy     

u
u

u
dx

du

du

dy

dx

dy
3

2

1
6 2    

(ii)  Hence find the gradient of the curve at the point with coordinates (5, 16).  

Ans: 

 u
dx

dy
gradient 3  

 244151 222  uuuux  

OR 

 282162 333  uuuuy  

6)2(33  u
dx

dy
gradient  

 

Ex-34-6: (i) Find the first three non-zero terms of the binomial series  

expansion of 
241

1

x
, and state the set of values of x for which the 

expansion is valid.       

 Ans: 

   rn
x

r

rnnn
x

nn
nxzx









...4321

)1)...(1(
.....

!2

)1(
11 2  

 
      ...621....4

2

1
2

1

2

1

4
2

1
141

41

1

41

1 42222
2

1
2

2

1
2

2





























xxxxx

xx

 

Valid for 
2

1

2

1
14 2  xx   
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(ii)  Hence find the first three non-zero terms of the series expansion of 

2

2

41

1

x

x




       

   ...831...6211
41

1 42422

2

2





xxxxx

x

x
 

 

Ex-34-7: Express xx cossin3   in the form  xRcos , where 0R   

and 
2

0


   .Expressing   in terms of k  

Find the exact coordinates of the maximum point of the curve xxy cossin3 

 for which 0 < x < 2π.      

Ans: 

   sinsincoscoscoscossin3 xRxRxRxx       

3sin R    …(1) 

1cos R    …(2) 

Dividing Eq.1 by Eq.2  
0603tan  

 2
)60sin(

3
3)60sin(

0

0 


 RR  

    









3
cos260cos2coscossin3 0 

 xxxRxx  

3

2

33max3
cos2cossin3














 xx

when
xxx  

 

    SECTION  B (P-34) 

Ex-34-8: The upper and lower surfaces of a coal seam are modelled as planes ABC 

and DEF, as shown in Fig-34-8. All dimensions are metres. 

 



 

245 

Fig-34-8

 

Relative to axes Ox (due east), Oy (due north) and Oz (vertically upwards), the 

coordinates of the points are as follows. 

 

A: (0, 0, −15)  B: (100, 0, −30)  C: (0, 100, −25) 

D: (0, 0, −40)  E: (100, 0, −50)  F: (0, 100, −35) 

 

(i)  Verify that the Cartesian equation of the plane ABC is 3x + 2y + 20z + 300 = 

0.         

Ans: 

 03002023  zyxIf  is the equation of the plane ABC, then points A, 

B, and C must satisfy that equation. 

 OKAatPlane  0300300300)15(200203:  

OKBatPlane  0300600300300)30(20021003:  

OKCatPlane  0300500200300)25(20100203:  

OR 



nlet  be a normal vector 




















b

b

a

n , then the dot product of this normal and the 

vectors 


AB  and 


AC  should be zero. 
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15

0

100

15

0

0

30

0

100

AB  

 




























































10

100

0

15

0

0

25

100

0

AC  

 caca

b

b

a

ABn 3200150100

15

0

100








































 

 cbcb

c

b

a

ACn 






































100101000

10

100

0

 

 2
10

20

10
203

20

3
320 

c
bcifa

c
aca  

0)15(200)15,0,0(02023:

20

2

3






































dAatdzyxPlane

b

b

a

n

 

300 d  

03002023:  zyxPlane  

(ii)  Find the vectors 


DE  and 


DF . Show that the vector kji 202   is 

perpendicular to each of these vectors. Hence find the Cartesian equation 

of the plane DEF.     

Ans: 

 




























































10

0

100

40

0

0

50

0

100

DE  

 


























































5

100

0

40

0

0

35

100

0

DF  
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 OkDEn 






































02000200

10

0

100

20

1

2

 

 OkDFn 




































0100100

5

100

0

20

1

2

 

0)40(200)40,0,0(0202:

20

1

2






































dDatdzyxPlane

b

b

a

n

 

800 d  

800202:  zyxPlane  

 

(iii)  By calculating the angle between their normal vectors, find the angle 

between the planes ABC and DEF.     

0

222222
95.89878.0

20)1(22023

20

1

2

20

2

3

cos 



































   

 

It is decided to drill down to the seam from a point R(15, 34, 0) in a line 

perpendicular to the upper surface of the seam. This line meets the plane ABC at 

the point S. 

(iv)  Write down a vector equation of the line RS. Calculate the coordinates of S.  

Ans: 

15 3 15 3

: 34 2 34 2

0 20 20

RS r



 



     
     

        
     
     

  

   3 15 3 2 34 2 20 20 300 0           

45 9 68 4 400 300 0           

413 413 0    
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1   

So S is (12, 32, -20) 

 

Ex-34-9:  A skydiver drops from a helicopter. Before she opens her parachute, her 

speed vms−1 after time t seconds is modelled by the differential equation:

 
t

e
dt

dv
2

1

10


  

When t = 0, v = 0. 

(i)  Find v in terms of t.        

Ans: 

 

1 1

2 210 20
t t

v e dt e c
 

     

 

1

2

(0) 20 0

20

( ) 20 20
t

v c

c

v t e


  

 

 

 

 

(ii)  According to this model, what is the speed of the skydiver in the long term. 

Ans: 

1

2( ) 20 20
t

v t e


   

( ) 20 0 20v      

So long term speed is 20 /m s  

She opens her parachute when her speed is 10ms−1. Her speed t seconds after this 

is wms−1, and is modelled by the differential equation 

   54
2

1
 ww

dt

dw
 

 (iii)  Express 
  54

1

 ww
 in partial fractions.     

Ans: 
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1

4 5 4 5

A B

w w w w
 

   
 

 
 

1 1 1

45 4 5 9
A

ww
  

 
 

 
 

1 1 1

54 5 4 9
B

ww
   

   
 

 
      

1 1 1

4 5 4 5 9 4 9 5

A B

w w w w w w
   

     
 

  

(iv)  Using this result, show that te
w

w 5.44.0
5

4 



.    

Ans: 

   54
2

1
 ww

dt

dw
 

 
  

1

4 5 2

dw
dt

w w
 

 
 

 
  

1

4 5 2

dw
dt

w w
 

    

 
   

1 1 1

9 4 9 5 2 2
dw dt

w w

 
      

   

 
   

1

9 4 9 5 2

dw dw
dt

w w
  

     

    
1 1 1

ln 4 ln 5
9 9 2

w w t c       

1 4 1
ln

9 5 2

w
t c

w

 
   

 
 

When t=0, w=10 
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1 10 4
ln 0

9 10 5

1 2
ln

9 5

c

c

 
  

 

 

 

1 4 1 1 2
ln ln

9 5 2 9 5

w
t

w

 
   

 
 

1 4 1 2 1
ln ln

9 5 9 5 2

w
t

w

 
   

 
 

1 4 2 1
ln

9 5 5 2

w
t

w

 
   

 
 

5 20 9
ln 4.5

2 10 2

w
t t

w

 
    

 
 

4.55 20

2 10

tw
e

w





 

 

 
4.5

5 4

2 5

t
w

e
w







 

4.5 4.54 2
0.4

5 5

t tw
e e

w

 
  


 

 

(v)  According to this model, what is the speed of the skydiver in the long term?  

         

Ans: 

 

    PAPER-35 

    Section A(C4-9-6-10) 

Ex-35-1: Express 
1

2

12 


 xx

x
 as a single fraction, simplifying your answer. 

Ans: 

1

23

)1)(1(

22

)1)(1(

)1(2

1

2

)1)(1(1

2

1 22 























 x

x

xx

xx

xx

xx

xxx

x

xx

x
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Ex-35-2: Fig-35-2 shows the curve 
21 xy   . 

 

x

y

10

1

Fig-35-2  

(i) The following table gives some values of x  and y . 

 

x

y
0

1

0.25

1.0308

0.5 0.75

1.25

1

1.4142
 

Find the missing value of y , giving your answer correct to 4 decimal places. 

Ans: 

1180.125.15.011 22  xy  

x

y
0

1

0.25

1.0308

0.5 0.75

1.25

1

1.41421.1180
 

Hence show that, using the trapezium rule with four strips, the shaded area 

is approximately 1.151 square units.   

Ans: 

 32140 222
2

yyyyy
h

Area 

 

25.0
4

01








n

ab
h

 

  151.1151475.1)2118.9(125.0)25.11180.10308.1(24142.11
2

25.0
Area

 

Jenny uses a trapezium rule with 8 strips, and obtains a value of 1.158 square 

units. Explain why she must have made a mistake.      

Ans: 

 Explain that the area is an over-estimate. 
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 Or The curve is below the trapezia, so the area is an over-estimate. 

This becomes less with more strips. Or greater number of strips improves 

accuracy so becomes less. 

(ii) The shaded area is rotated through 
0360 about the x-axis. Find the exact 

volume of the solid of revolution formed.  

       

1

0

2

1

0

1

0

2

1

0

2
2

1

0

1

0

22 11 dxxdxdxxdxxdxydxrVolume   

3

2

3

1
1

0

1

3

31

0

2

1

0


 

















 

x
xdxxdxVolume  

 

Ex-35-3: The parametric equations of a curve are 

  2cosx    cossiny  for  0  

  Show that the Cartesian equation of the curve is 14 22  yx  

  Sketch the curve. 

Ans: 

 2cos2cos 22  xx   

2222 42sin2sin
4

1

2

2sin

2

cossin2
cossin yyy  


  

14142cos2sin 222222  yxxy  

1

2

1

 

Ex-35-4: Find the first three terms in the binomial expansion of x4  in ascending 

power of x . 

  

 State the set of values of x  for which the expansion is valid. 
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Ans: This is from the Formula sheet. Use the general case. 

Note: Binomial expansions 

When n is a positive integer 

  1 2 2 3 3 ...
0 1 2 3

n n n n n n
n n n n

a b a a b a b a b b         
             

       
 

Where 

 
!

! !

n

r

n
C

n r r



   

1

1 1

n n n

r r r

     
      

      
 

General Case: 

 
    2 2 3 31 1 1 2

...
1! 2! 3!

n nn
n n

n n a b n n n a bna b
a b a

    
       

 

1 11 2 31 2 32 22
11

22

1 1 1 1 11 1 4 1 2 44
2 2 2 2 224 4 4 ...

1! 2! 3!

x xx

x x

      
       

             

 

1
3

32
21

2

1 1 1
1 2 4

1 2 2 2
4 4 2 ...

4 4 8 2! 3!

x
x

x x x

  
   

         
 

 

 

1
3

32
21

2

1 1 1
1 2 4

1 2 2 2
4 4 2 ...

4 64 3!

x
x

x x x

  
   

           

Valid for  
1 1

4

4 4

x

x

  

  

 

 

Ex-35-5: (i) Express 
  12

3

 yy
 in partial fractions. 

  (ii) Hence, given that x  and y satisfy the differential equation 

   ),1)(2(2  yyx
dx

dy
 

   Show that 
3

1

2 xAe
y

y





, where A is a constant. 
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Ans: 

 
   )1)(2(

)2()1(

1212

3












 yy

yByA

y

B

y

A

yy
 

 3)2()1(  yByA  

 13330)12(:2  AAAyAt  

 1330:1  BByAt  

   1

1

2

1

12

3










yyyy
 

(ii) dxx
yy

dy
dxx

yy

dy
yyx

dx

dy 222 3
)1)(2(

3

)1)(2(
)1)(2( 





  

  








 dxx
y

dy

y

dy
dxx

yy

dy 22 3
12

3
)1)(2(

3
 

    cxyy  31ln2ln  

333

1

2

1

2
ln 3 xcxcx Aeeee

y

y
cx

y

y


















 

 

3

1

2 xAe
y

y





  

 

Ex-35-6: Solve the equation    tan2145tan 0  , for  00  

Ans:  





tantan1

tantan
tan




  

   









tan1

1tan

45tantan1

45tantan
45tan

0

0
0









  

     1tantan21tan1tan21
tan1

1tan
45tan 0 




 




  

0tan4tan21tantan2tantan21 22    

  000tan202tantan2   If  

0435.632tan02tan  If  
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SECTION B (P-35) 

Ex-35-7: A straight pipeline AB passes through a mountain. With respect to axes 

Oxyz , with Ox due East, Oy due North and Oz vertically upwards, A has 

coordinates )0,100,200( and B has coordinates )100,200,100( , where 

units are metres. 

(i) Verify that  




















100

100

300

AB and find the length of the pipeline. 

Ans: 

 




















0

100

200

A    




















100

200

100

B   






















































100

100

300

0

100

200

100

200

100

AB  

mAB 332662.331110000)100()100()300( 222   

 

(ii) Write down a vector equation of the line AB, and calculate the angle it 
makes with the vertical. 

 




































100

100

300

0

100

200

r  

Angle is between 

3

1

1

r

 
 

  
 
 

  and  

0

0

1

 
 
 
 
 

 

3 0 1 0 1 1 1
cos

11 1 11


    
    

072.45   

A thin flat layer of hard rock runs through the mountain. The equation of the plane 

containing this layer is 32032  zyx  
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(iii) Find the coordinates of the point where the pipeline meets the layer of 

rock. 

Ans: Meets plane of layer when 

      200 300 2 100 100 3 100 320        

 

800 320

2

5







 
 

 

200 300 80
2

100 100 140
5

0 100 40

r

      
     

       
     
     

 

 So meets layer at (-80, 140, 40) 

(iv) By calculating the angle between the line AB and the normal to the plane of 

the layer, find the angle at which the pipeline cuts through the layer. 

(iv) Normal to plane is

1

2

3

 
 
 
 
 

 

Angle is between 

3

1

1

r

 
 

  
 
 

  and  

1

2

3

 
 
 
 
 

 

3 1 1 2 1 3 8
cos 0.6446

11 14 11 14


    
     

049.86   

Angle with layer = 
040.1  

 

Ex-35-8: Part of the track of a roller-coaster is modelled by a curve with the 

parametric equations 

   sin2 x , cos4y   for  20   

  This is shown in Fig-35-8. B is a minimum point, and BC is vertical. 
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x

y

A

B

C

0

Fig-35-8
 

 (i) Find the values of the parameter at A and B. 

Hence show that the ratio of the lengths OA and AC is    1:1    

Ans: 

At  A , 
22

3
,

2
0cos40





  yy  

1
2

sin
2

2

2



























xx  

 At  B , 4cos41cos   BMinimumy  

 


2sin2 


xx  

  0,1A    42 B  

 1OA   1)1(2  AC  

 )1(:)1(:  Ratio  

 (ii) Find 
dx

dy
 in terms of  . Find the gradient of the track at A. 

 Ans: 

   sin2 x , cos4y    




cos2
d

dx
, 


sin4

d

dy
   

dx

d

d

dy

dx

dy 


  Remember that 







cos2

11




d

dxdx

d
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 cos2

sin4

cos2

1
sin4















dx

d

d

dy

dx

dy
 

2
2

4

2
cos2

2
sin4

2
cos2

sin4

2







































dx

dy
 

 (iii) Show that, when the gradient of the track is 1,   satisfies the  

equation 

  2sin4cos    

Ans: 

  OK
dx

dy



 2sin4cossin4cos21

cos2

sin4





 

 

 (iv) Express  sin4cos   in the form   cosR  

  Hence solve the equation 2sin4cos    for  20   

Ans: 

    sinsincoscoscossin4cos RRR   

  sinsincoscossin4cos RR       

1cos R    …(1) 

4sin  R    …(2) 

4sin R    …(2) 

Dividing Eq.2 and Eq.1  
0764tan  

 13.4
76cos

1
176cos

0

0  RR  

   076cos13.4cossin4cos   R  

    4843.0
13.4

2
76cos276cos13.4sin4cos 0  

   0010 157661614843.0cos76     

0 0 0 0 076 360 61 421 421 76 345           
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    PAPER-36 

    (C4-15-1-10) 

Ex-36-1: Find the first three terms in the binomial expansion of 
 2

21

21

x

x




 in 

ascending powers of. State the set of values of x  for which the expansion is 

valid. 

Ans:The following is from the Formula sheet. See use general case: 

Note: General case: 

 
       2 3 4

1 1 2 1 2 ( 3)
1 1 ...,

2! 3! 4!

n n n n n n n n n n
x nx x x x

     
       

 
   















 
....)2(

!2

)12)(2(
)2)(2(1)21(2121

21

21 22

2
xxxxx

x

x
 

 ...1241)21( 2  xxx  

...24821241 322  xxxxx  

 

Ex-36-2: Show that 





tan2

tan1
2cot

2
  

  Hence solve the equation  tan12cot   for 
00 3600    

Ans: 

Remember:  





tantan1

tantan
tan




   from the formulae sheet  

 









2tan1

tan2

tantan1

tantan
tan2tan







  










tan2

tan1

tan1

tan2

1

2tan

1
2cot

2

2






  

Hence solve the equation  tan12cot    for 
00 3600    
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01tan2tan3tan1tan2tan2tan1
tan2

tan1
2cot 222

2




 





 

   01tan1tan301tan2tan3 2    

  00 43.198,43.18
3

1
tan1tan301tan3  If  

  00 315,1351tan01tan  If  

 

Ex-36-3: A curve has parametric equations 

  
tex 2   

t

t
y




1

2
 

(i) Find the gradient of the curve at the point where .0t  

(ii) Find y in terms of x . 

Ans: 

 
tex 2 , 

t

t
y




1

2
   

te
dt

dx 22 , 
     222

1

2

1

222

1

22)1(

tt

tt

t

tt

dt

dy












    

dx

dt

dt

dy

dx

dy
  Remember that 

te

dt

dxdx

dt
22

11
  

   2222 1

1

2

1

1

2

teetdx

dt

dt

dy

dx

dy
tt 











  

 
1

01

1

0 22








ttetdx

dy
t

 

2

ln
ln22 x

txtex t    
x

x

x

x

t

t
y

ln2

ln2

2

ln
1

2

ln
2

1

2


















  

 

Ex-36-4: The points A, B and C have coordinate )1,8,0()3,2,1(),2,3,1(  and  

respectively.  
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 (i) Find the vectors 


AB and 


AC  

Ans: 

  


































































1

1

2

2

3

1

3

2

1

AB   




























































3

11

1

2

3

1

1

8

0

AC  

 (ii) Show that the vector kji 32   is perpendicular to the plane  

ABC. Hence find the equation of the plane ABC. 

Note: if the normal vector 






















3

1

2

n is perpendicular to the plane ABC, then it must also 

be perpendicular to vectors 


























1

1

2

AB  and 
























3

11

1

AC , because these two vectors are 

in the plane ABC. Therefore, the dot product of 


n  and 


AB  should be zero, or the dot 

product of 


n  and 


AC  should be zero. 

0314

1

1

2

.

3

1

2

. 











































ABn       -> OK 

09112

3

11

1

.

3

1

2

. 









































ACn    -> OK 

Note: If the normal to the plane is knjnin

n

n

n

n 321

3

2

1





















, then the equation of the 

plane is: 0321  dznynxn , where 


 nad .  and 


a is the position vector of a point 

on the plane 

55)2(33)1(2
)2,3,1(

032 


 d
Aat

ddzyx  

0532:  zyxplanetheofequationThe  
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OR   55)3(32)1(2
)3,2,1(

032 


 d
Bat

ddzyx  

0532:  zyxplanetheofequationThe  

 

Ex-36-5: (i) Verify that the lines 






































1

0

3

4

3

5

r and 




































0

1

2

2

4

1

r   

meet at the point (1, 3, 2). 

 Ans: 

If the two lines meet at the same point, then both of them should have the 

same values. 

  )1....(423451232135    

2624243134403    

2   and 1  


















































































































2

3

1

24

03

65

1

0

3

2

4

3

5

1

0

3

4

3

5

r  

And 














































































































2

3

1

02

14

21

0

1

2

2

4

1

0

1

2

2

4

1

r  

Therefore, both of the lines satisfy the same point. 

 (ii) Find the acute angle between the lines. 

Ans: 

Angle between 
















1

0

3

 and  


















0

1

2

is  , where 
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095.31848.0
07.7

6

50

6

1419

0)1()1(023

0

1

2

1

0

3

cos 





































   

 

     PAPER-37 

Some extra information: 

Ex-37-1: Find the vector equation of the line passing through through the points     

(1, 3) and (5,8). 

The direction of the line is 


























5

4

3

1

8

5
 

The vector equation of the line is 
5

3

4

1

5

4

3

1 























yx
r   

Find the point of intersection of the lines 


















3

4

3

1
r  and 



















8

3

1

6
kr  

The same point satisfies both equations: 

)1....(5343641  kk   

)2....(2838133  kk   

Solving the above equations: 2  and 1k , therefore point of intersection is 




























































9

9

63

81

3

4
2

3

1

3

4

3

1
r  

And 


























































9

9

81

36

8

3

1

6

9

3

1

6
kr  

 

Ex-37-2: Find the angle between the lines: 






































1

0

2

3

2

1

r   and  




































3

1

1

1

0

1

kr  
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55

1

115

32

311)1(02

3

1

1

1

0

2

cos
222222











































   

01 7.97
55

1
cos 








   

Ex-37-3: The equation of a straight line through (a, b, c) with direction 

















f

e

d

 is given 

by 




































f

e

d

c

b

a

r   

OR  
f

cz

e

by

d

ax 






   

 

Ex-37-4: Intersection of a plane and a line: Find the parametric form of the line and 

substitute into the plane. 

E.g:  



























































fc

eb

da

f

e

d

c

b

a

r







 into 0321  dznynxn  will give an 

equation in  which can be solved. 

Like: Find the intersection of the line 
1

1

3

2

5

5 







 zyx
 and the plane 

535  zyx  

The line is  

































 1,32,55

1

3

5

1

2

5

zyxr  and substitute into the 

plane: 5)1()32(3)55(5    

)2,1,0(secint1 istioner   
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Ex-37-5: In Fig-37-5, OAB is a thin bent rod, with OA= a  meters, bAB  metres and 

angle 
0120OAB . The bent rod lies in a vertical plane. OA makes an angle 

 above the horizontal. The vertical height BD of B above O is h  metres. 

The horizontal  through A meets BD at C and the vertical through A meets 

OD at E. 

 

A

Fig-37-5



0120

B

C

D

h
a

b

EO

 

 

 (i) Find angle BAC in terms of  . Hence show that 

   060sinsin   bah  

Ans: 

   0000 609090120  BACAngle  

BCCDh      sinaAECD        060sin  bBC  

 060sinsin   baBCCDh  

(ii) Hence show that  cos
2

3
sin

2

1
bah 








  

  000 60sincos60cossinsin60sinsin  bbabah   

 cos
2

3
sin

2
cos

2

3
sin

2
sin b

b
a

bb
ah 








  

The rod now rotates about O, so that   varies. You may assume that the formulae 

for h  in part (i) and (ii) remains valid. 

(iii) Show that OB is horizontal when 
ba

b




2

3
tan  
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When OB is horizontal, then 

 cos
2

3
sin

2

2
0cos

2

3
sin

2
0

bba
b

b
ah 







 









  

ba

b




2

3
tan

cos

sin





 

In the case when 1a  and  cos3sin2,2  hb  

 cos3sin2cos
2

32
sin

2

2
1cos

2

3
sin

2


















 b

b
ah  

(iv) Express  cos3sin2   in the form   sinR . Hence, for this case, 

write down the maximum value of h  and the corresponding value of  . 

Ans: 

     sincoscossinsincos3sin2 RRR   

   sincoscossincos3sin2 RR       

2cos R    …(1) 

3sin  R    …(2) 

3sin R    …(2) 

Dividing Eq.2 and Eq.1  
089.40

2

3
tan  

 646.2
89.40cos

2
289.40cos

0

0  RR  

   089.40sin646.2sincos3sin2   R  

 089.40sin646.2cos3sin2  h  

00000 89.13089.40909089.40max  when
h  

 

Ex-37-6: Fig-37-6  illustrates the growth of a population with time. The proportion of 

the ultimate (long term) population is denoted by x , and the time in years 

by t . When ,5.0,0  xt and as t  increases, x  approaches 1. 
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0.5

1

t

x

Fig-37-6

 

One model for this situation is given by the differential equation 

    xx
dt

dx
 1  

(i) Verify that 
te

x



1

1
 satisfies this differential equation, including the 

initial condition. 

Ans: 

   
  





































 t

t

tt

t
ttt

t e

e

ee

e
ee

dt

dx
e

e
x

11

1

1
1)(1

1

1
2

21
 

)1(
1

1
1

1

1

11

1
xx

eee

e

edt

dx
ttt

t

t


















































 

(ii) Find how long it will take, according to this model, for the population to 

reach three-quarters of its ultimate value. 

1
1

1






xofvalueultimatetwhenvalueultimate

e
x

t
 





















 

 3

1
ln

3

1
ln

3

1
1343433

1

1

4

3
tteee

e

ttt

t

 

An alternative model for this situation is given by the differential equation

 xx
dt

dx
 12  

With  05.0  twhenx  as before. 

(iii) Find constants CandBA,  such that 
x

C

x

B

x

A

xx 


 1)1(

1
22
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1)1()1(

1

)1()1(

1)1(

1 2

2

2

22











CxxBxxA

xx

CxxBxxA

x

C

x

B

x

A

xx
 

1)1()1( 2  CxxBxxA  

1100:1  CCxat  

1100:0  AAxat  

1221421142:2  BBBCBAxat  

111  CBA  

(iv) Hence show that 
xx

x
t

1

1
ln2 










  

  cxx
xx

dx

x

dx

x

dx

xx

dx
tdt

xx

dx
dtxx

dt

dx









    )1ln(ln

1

1)1()1(
1

222

2  

    2693.0693.025.01ln5.0ln
5.0

1
0)1ln(ln

1
 cccxx

x
t  

xx

x
xx

x
t

1

1
ln22)1ln(ln

1











  

 

(v) Find how long it will take, according to this model, for the population to reach 

three-quarters of its ultimate value. 

 From the graph the ultimate value of the population (x) is 1. 

xx

x
t

1

1
ln2 










  

 

yearst 77.1
3

2
3ln

4

3

1

4

3
1

4

3

ln2 
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     PAPER-38 

SECTION A (C4-23-1-07) 

Ex-38-1:  Solve the equation 1
2

1





x

x

x
       

Ans: 

 22221
)2(

2
1

2

1 22
2








 xxxxxxx

xx

xx

x

x

x
 

2 x  

Ex-38-2:  Fig-38-2 shows part of the curve 31 xy   

  

x

y

O
Fig-38-2

2

 

(i)  Use the trapezium rule with 4 strips to estimate giving your answer 
correct to 3 significant figures.       

 Ans: 

 32140 222
2

yyyyy
h

Area 

 

5.0
4

02








n

ab
h

 

31 xy 
 

x

y
0

1

0.5

1.061

1 1.5

2.092

2

31.4142
 

 
0.5

1 3 2(1.061 1.4142 2.092) 3.2836 3.28
2

Area       

 

 



 

270 

(ii)  Abdullah and Abdul Rahman  each estimate the value of this integral 
using the trapezium rule with 8 strips. 
Abdullah gets a result of 3.25, and Abdul Rahman gets 3.30. One of 
these results is correct. Without performing the calculation, state 
with a reason which is correct.       
           

 Ans: 
Abdullah’s value of 3.25 is correct. The area should decrese as the 
strips increases. 

 
 

Ex-38-3: (i)  Use the formula for   sin , with 045 and 060 to show  

that 
22

13
105sin 0 

        

Ans: 

     sincoscossinsin   

    0000000 60sin45cos60cos45sin)105sin(6045sin   

  
22

31

2

3

2

1

2

1

2

1
)105sin( 0 

  

 
(ii) In triangle ABC, angle BAC = 45°, angle ACB = 30° and AB = 1 unit 

(see Fig-38-3). 

B

C

A

Fig-38-3

1

030

045

 
 

Using the sine rule, together with the result in part (i), show that 

2

13 
AC           

Ans: 
 

 
  2

13

22)5.0(

13

30sin

105sin

30sin

1

105sinsinsin 0

0

00





 AC

AC

C

AB

B

AC
 

 
 

Ex-38-4:  Show that 



2sec

tan1

tan1
2

2





 

Hence, or otherwise, solve the equation for 2
tan1

tan1
2

2









  for 01800  
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Ans: 

 

























2sec

cos

1

sincos

sincos

cos

sincos

cos

sincos

cos

sin
1

cos

sin
1

tan1

tan1
22

22

2

22

2

22

2

2

2

2

2

2
























 

0000

2

2

150,30300,602
2

1
2cos22sec

tan1

tan1










 

 

Ex-38-5:  Find the first four terms in the binomial expansion of  3

1

31 x  

State the range of values of x for which the expansion is valid.  
  
Ans: 
 

General Case: 

 
    2 2 3 31 1 1 2

...
1! 2! 3!

n nn
n n

n n a b n n n a bna b
a b a

    
       

 
        2 3 41 1 2 1 2 3

1 1 ...
1! 2! 3! 4!

n n n b n n n b n n n n bnb
b

     
        

 
     

2 3

1

3

1 1 1 1 1 1
3 1 3 1 2 3

3 3 3 3 3 3
1 3 1 ...

1! 2! 3!

x x x

x

        
          

               

 
1

2 3
3

5
1 3 1 ...

3
x x x x       

Valid for  

1 3 1

1 1

3 3

x

x

  

  
 

 

Ex-38-6:  (i)  Express in partial fractions  
  112

1

 xx
.    

  
Ans: 

 
   )1)(12(

)12()1(

112112

1












 xx

xBxA

x

B

x

A

xx
 

1)12()1(  xBxA  

11)12(01  BBxAt  
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2)1(1110  BABAxAt  

   1

1

12

2

112

1










xxxx
 

OR 

    

1 1

112 1 1 1
2 1

22

A B

x x x
xx x

  
   

  
 

 

     
1 1 1

1
0.52 1 2 0.5 1 2 0.5

A
xx

   
   

 

     
1 1 1

1
12 0.5 2 1 0.5 2 0.5

B
xx

    
    

 

  
1 1 1

12 1 1 1

2

x x x
x

  
  



 

(ii)  A curve passes through the point (0, 2) and satisfies the differential 

equation 
  112 


xx

y

dx

dy
 

Show by integration that  
1

14






x

x
y       

  
dx

xxy

dy

xx

y

dx

dy


















1

1

12

2

112
 

 





112

2

x

dx

x

dx

y

dy
 

  cxxy  )1ln(12lnln  

 
1

)12(

1

12
ln)1ln()12ln(ln



















x

xA
y

x

xA
cxxy  

1

)12(






x

xA
y  

2
1

2  A
A

 

1

24

1

)12(2











x

x

x

x
y  
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SECTION B (P-38) 
 

Ex-38-7:  Fig-38-7 shows the curve with parametric equations  

cosx ,  2sin
8

1
sin y ,   20   

The curve crosses the x-axis at points A(1, 0) and B(-1,0), and the positive y-
axis at C. D is the maximum point of the curve, and E is the minimum point. 
 
The solid of revolution formed when this curve is rotated through 360° 
about the x-axis is used to model the shape of an egg. 

Fig-38-7

 
 

 

C

y

E
Fig-38-7

x
A(1, 0)B(-1, 0)

D

 
 (i)  Show that, at the point A, 0 . Write down the value of   at the 

point B, and find the coordinates of C.       
 Ans: 

  at A, cos 1 0     
 

  at B, cos 1       

  at C, 0 cos 0
2

x


       

  
1

sin sin 1
2 8

y


     

 

(ii)  Find 
dx

dy
in terms of  . 

Hence show that, at the point D,       

01cos4cos2 2   .        
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Ans: 

 

1
cos cos 2

cos 2 4cos4

sin 4sin

dy

dy d
dxdx

d

 
 

 






  


 

 0
dy

dx
  when cos2 4cos 0    

 
22cos 1 4cos 0      

 
 

(iii)  Solve this equation, and hence find the y-coordinate of D, giving your 
answer correct to 2 decimal places.       

 Ans: 
 

  
4 16 8 1

cos 1 6
4 2


 

    

  

1
1 6

2

cos

1
1 6

2

no good

ok







 

 


 

 

  
1

cos 1 6 1.7975
2

rad       

  
1

sin sin 2 1.0292
8

y       

 

The Cartesian equation of the curve (for  0  ) is 

   214
4

1
xxy  . 

 
(iv)  Show that the volume of the solid of revolution of this curve about 

the x-axis is given by 

    
1

2 3 4

1

1
16 8 15 8

16
x x x x dx



     

Evaluate this integral.  
        

 Ans:   
1 1

2 2 2

1 1

1
16 8 1

16
V y dx x x x dx 

 

       

 

   
1

2 3 4

1

1
16 8 15 8

16
V x x x x dx
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5

2 3 4

1
8 15 8

16
16 2 3 4 5

1

x
V x x x x

  
     

 


 

  
2

32 10 1.35 4.24
16 5

V



 

     
 

 

 
 
  
 
Ex-38-8:  A pipeline is to be drilled under a river (see Fig-38-8). With respect to 

axes Oxyz, with the x-axis pointing East, the y-axis North and the z-
axis vertical, the pipeline is to consist of a straight section AB from 
the point to the point directly under the river, and another straight 
section BC. All lengths are in metres. 

 

 
Fig-38-8

 
   

 
(i)  Calculate the distance AB.        
 Ans: 

       
2 2 2

40 0 0 40 20 0 60AB m         

 
The section BC is to be drilled in the direction of the vector . 
 

(ii)  Find the angle ABC between the sections AB and BC.     
 Ans: 

  

40 2

40 20 2

20 1

BA
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2 3

2 4

1 1 13
cos

9 26 3 26


   
   
    
   
       

 
0148   

 
  
 

The section BC reaches ground level at the point C(a, b, 0). 
 

(iii) Write down a vector equation of the line BC. Hence find a and b.  
Ans: 

 

40 3

0 4

20 1

r 

   
   

    
      

 

 

 at C: 0 20z     

   40 3 20 100a     

   0 4 20 80b      

 

(iv)  Show that the vector kji 256   is perpendicular to the plane ABC. 

Hence find the Cartesian equation of this plane.     
Ans: 

 

 

    PAPER-39 

SECTION  A (C4-1-1-08) 

Ex-39-1: Express sin4cos3 x  in the form  xRcos , where 0R   

and 
2

0


   . 

Hence solve the equation 2sin4cos3  x  for −π ≤ θ ≤ π.    

Ans: 

    sinsincoscoscossin4cos3 RRR   
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  sinsincoscossin4cos3 RR       

3cos R    …(1) 

4sin R    …(2) 

Dividing Eq.2 and Eq.1  053
3

4
tan  

 5
6.0

3

53cos

3
353cos

0

0  RR  

     00 53cos553cos5cossin4cos3   R  

    42.6653
5

2
53cos253cos52sin4cos3 000  x

000 42.1195342.66   

OR  0 0 0 02
cos 53 53 66.42 13.42

5
            

Ex-39-2: (i) Find the first three terms in the binomial expansion of 
x21

1


 

    State the set of values of x for which the expansion is valid.  

Ans: 

   rn
x

r

rnnn
x

nn
nxzx









...4321

)1)...(1(
.....

!2

)1(
11 2  

 
     
























































...2

2

1
2

1

2

1

2
2

1
1)2(1

21

1

21

1 2
2

1

2

1
xxx

xx

 

    



























































 ....

2

3
1...2

2

1
2

1

2

1

2
2

1
1

21

1 22
xxxx

x

 

Valid for 
2

1

2

1
12112  xxx  from Formula sheet. 

(ii)  Hence find the first three terms in the series expansion of 
x

x

21

21




. 
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Ans: 

 
        

























































 
...2

2

1
2

1

2

1

2
2

1
121)2(121

21

21

21

21 2
2

1

2

1
xxxxx

x

x

x

x  

        





























































 ....

2

3
121...2

2

1
2

1

2

1

2
2

1
121

21

21 22
xxxxxx

x

x  

...3
2

7
31...322

2

3
1

21

21 32322 



 xxxxxxxx

x

x  

 

Ex-39-3: Fig-39-3  shows part of the curve 
21 xy  , together with the line y = 2. 

  

y

x
1O

1

2

Fig-39-3

 

The region enclosed by the curve, the y-axis and the line y = 2 is rotated through 
0360 about the y-axis. 

Find the volume of the solid generated, giving your answer in terms of π.  

Ans: 

 

y

x
1O

1

2

dy

 

 
2

1
2

1
2

2

4

1

2

2
1

2

1

22

1

2

2

1

2 
 


























  y

y
dyydyxdyrV  
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Ex-39-4:  The angle θ satisfies the equation    cos45sin 0  . 

(i)  Using the exact values of 
045sin and 

045cos , show that 12tan  . 

Ans:    cos45sincos45cossin45sin 000   

    coscos
2

2
sin

2

2
45sin 0   

  cos
2

22
cos

2

2
1cos

2

2
cossin

2

2












 















  

12
2

2

2

22
tan

cos

sin
cos

2

22
sin

2

2





















 














 
 




  

  (ii)  Find the values of θ for 
00 3600   .     

Ans: 
00 5.202,5.224142.012tan    

 

Ex-39-5:  Express 
)4(

4
2 xx

 in partial fractions.     

Ans: 

 
4)4(

4
22 




 x

CBx

x

A

xx
  

 
)4(

)()4(

4)4(

4
2

2

22 









 xx

xCBxxA

x

CBx

x

A

xx
 

 44 22  CxBxAAx  

 144400400  AAAxat  

15445441  CBCBACBAAxat  …(1) 

48424424442  ACBCBAAxat  …(2) 

 Subtracting Eq.1 from 2 1B   and  0C  

 
4

1

)4(

4
22 


 x

x

xxx
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Ex-39-6:  Solve the equation 3cos ec , for 
00 3600   .    

Ans: 

 3cos ec  

 00 52.160,47.19
3

1
sin3

sin

1
cos  


ec  

 

SECTION  B (P-39) 

 

Ex-39-7:  A glass ornament OABCDEFG is a truncated pyramid on a rectangular base 

(see Fig-39- 7). All dimensions are in centimetres. 

 

  

G(3, 6, 24)

D(9, 6, 24)

C(15, 0, 0) B(15, 20, 0)

A(0, 20, 0)

F(3, 14, 24)

E(9, 14, 24)

y

x

z

Fig-39-7

O

 

(i)  Write down the vectors 


CD  and 


CB .     

Ans: 

   kjikjiCD 2466)024()06(159 


 

   jkjikjiCB 200200)00()020(1515 


 

(ii)  Find the length of the edge CD.       

Ans: 

 kjiCD 2466 


 

222 2466 CD  
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(iii) Show that the vector 4i + k is perpendicular to the vectors 


CD   

and 


CB . Hence find the Cartesian equation of the plane BCDE.  

 Ans: 

If kin  4  is perpendicular to kjiCD 2466 


, then their dot 

product should be zero. 

    OKkjikiCDn 




































02424

24

6

6

1

0

4

24664  

    OKjkiCBn 




































0

0

20

0

1

0

4

204  

Note: The plane through point  0000 ,, zyxP  perpendicular to ckbjain 


 has 

the equation: 0

0

0

0









































zz

yy

xx

c

b

a

 

  60401540

0

0

15

1

0

4









































 zxzx

z

y

x

 

OR 

  60401540

0

20

15

1

0

4









































 zxzx

z

y

x

 

OR 

  604024940

24

6

9

1

0

4









































 zxzx

z

y

x

 

 

(iv)  Write down vector equations for the lines OG and AF. 

Show that they meet at the point P with coordinates (5, 10, 40).  [5] 
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Ans: 

 





































24

6

3

0

0

0

OG  

 





































24

6

3

0

20

0

AF  

Note: For finding the point of intersection of the two lines, the same point should satisfy 

both equations: 

  33  

3

5
2012666206    
























































































40

10

5

24

6

3

3

5

0

0

0

24

6

3

0

0

0

OG  
























































































40

10

5

24

6

3

3

5

0

20

0

24

6

3

0

20

0

AF  

Therefore they both meet at point P(5, 10, 40) 

 

You may assume that the lines CD and BE also meet at the point P. 

The volume of a pyramid is 
3

1
area of baseheight. 

(v)  Find the volumes of the pyramids POABC and PDEFG. 

Hence find the volume of the ornament.      

Ans: 

 40h   

 31
: 20 15 40 4000

3
POABC V cm      
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   31
: 8 6 40 24 256

3
PDEFG V cm       

 
34000 256 3744vol of ornament cm     

  

Ex-39-8: A curve has equation  

222 4 kyx   

where k is a positive constant. 

(i)  Verify that coskx  , sin
2

1
ky    

are parametric equations for the curve.      

Ans: 

If coskx    and  sin
2

1
ky   are the parametric equation of the above 

equation, then it should satisfy that equation: 

 
2

2
2222 coscoscos

k

x
kxkx    

 
2

2
22

2
2 4

sinsin
4

sin
2

1

k

yk
yky    

 
222

2

2

2

2
22 41

4
1cossin kyx

k

x

k

y
   

 (ii)  Hence or otherwise show that 
y

x

dx

dy

4
 .            

Ans:  

coskx   




sink
d

dx
  




 cos
2

1
sin

2

1
k

d

dy
ky   

 
y

x

k
k

k
k

dx

d

d

dy

dx

dy

4sin2

1
cos

sin

1
cos

2

1
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(iii)  Fig-39-8 illustrates the curve for a particular value of k. Write down this value of k

         

y

x
O

1

2

 

 

y

x
O

1

2

y

x
O

b

a

1
2

2

2

2


b

y

a

x
1

12 2

2

2

2


yx

44 22  yx

Fig-39-8
 

Ans: 

222 4 kyx    …(1) 

44 22  yx   …(2) 

Comparing Eq.1 and 2, then 242  kk  

(iv)  Copy Fig. 8 and on the same axes sketch the curves for k = 1, k = 3 and k = 4.  

Ans: 

 

Fig-39-8

 

 

On a map, the curves represent the contours of a mountain. A stream flows down the 

mountain. Its path on the map is always at right angles to the contour it is crossing. 
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(v)  Explain why the path of the stream is modelled by the differential equation 

x

y

dx

dy 4
 .          

Ans: 

 
1

grad of stream path
grad of contour

   

 
1 4

4

dy y

dx xx

y

   
 
 
 

 

 

(vi)  Solve this differential equation. 

Ans: 

  
x

y

dx

dy 4
  

  
x

dx

y

dy


4
 

   
x

dx

y

dy

4
 

  kxy lnlnln
4

1
  

  4)ln(ln4ln4ln kxkxy   

  4

1xky   

  
16

1
161 11  kk  

  
16

4x
y   

Given that the path of the stream passes through the point (2, 1), show that its 

equation is 
16

4x
y  . 
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    PAPER-40 

SECTION  A (C4-1-6-07) 

 

Ex-40-1: Express  cos3sin  in the form   sinR , where R  and  are 

constants to be determined, and 00 900  . 

Ans: 

   sincoscossinsincos3sin RRR   

  sincoscossincos3sin RR       

1cos R    …(1) 

3sin  R    …(2) 

3sin R    …(2) 

Dividing Eq.2 and Eq.1  
057.713tan  

16.3
316.0

1

57.71cos

1
157.71cos

0

0  RR  

     00 57.71sin16.357.71sin16.3sincos3sin   R  

Hence solve the equation 1cos3sin   for 00 3600  . 

   
16.3

1
57.71sin157.71sin16.31cos3sin 00  

 00 45.1857.71   

 

045.18045.18

00 55.16145.18180 

 

 

00000 02.9057.7145.1845.1857.71    

00000 12.23357.7155.16155.16157.71  and  
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Ex-40-2: Write down normal vectors to the plane 10432  zyx and 

52  zyx . 

Hence show that these planes are perpendicular to each other. 

Ans: 

   



















4

3

2

1N  and 



















1

2

1

2N  

   046214)2(312

1

2

1

.

4

3

2

. 21 




































NN  

 

Ex-40-3: Fig-40-3 shows the curve xy ln  and part of the line 2y . 

2

1

y

x
O Fig-40-3

 
 

The shaded region is rotated through 0360 about the y-axis. 

(i) Show that the volume of the solid of revolution formed is given by 


2

0

2 dye y . 

2

1

y

x
O

dy ),( yx

 
yexxy  ln  

  

2

0

2

2

0

2

0

22

2

0

2 dyedyedyxdyrV yy   

(ii) Evaluate this, leaving your answer in an exact form. 
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   1
20

2

2

42

2

0

2

2

0

2   eedyedyrV yy 
  

 

Ex-40-4: A curve is defined by parametric equations 

t

t
y

t
x






1

2
,1

1
 

Show that the Cartesian equation of the curve is 
x

x
y






2

23
 

Ans: 

 
1

1
1)1(11

1
1

1







x
txttxttxt

t

t

t
x  

 
2

32

11

122

1

11
1

1)1(2

1

1
1

1

1
2

1

2
































x

x

x

x

x

x
x

x

x

x

t

t
y  

 

Ex-40-5: Verify that the point (-1, 6, 5) lies on both the lines 






































3

2

1

1

2

1

r  and 





































2

0

1

3

6

0

r  

Ans: 

 






















































































31

22

1

3

2

1

1

2

1

z

y

x

r  

When 211  x  

OKy 642)2(2222    

OKz 561)2(3131    

 
















































































23

6

2

0

1

3

6

0

z

y

x

r  

When 11  x  

OKy 6  

OKz 523)1(2323    
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Find the acute angle between the lines. 

Ans: 

Angle between 
















3

2

1

 and  
















 2

0

1

is  , where 

00 2.338.1461808.146
70

7

41941

)2(30211
cos 




 isangleacute

 

Ex-40-6: Two students are trying to evaluate the integral dxe x




2

1

1 . 

Aisha  uses the trapezium rule with 2 strips, and starts by constructing the 
following table. 

xe1

x 1

1696.1

5.1

1060.1

2

0655.1
 

 
(i)  Complete the calculation, giving your answer to 3 significant figures.  

 5.0
2

12








n

ab
h  

    11.10655.1)106.1(21696.1
2

5.0
2

2
1

2

1

210  
 yyy

h
dxe x  

 
Ahmad  uses a binomial approximation for and then integrates this. 

(ii)  Show that, provided xe  is suitably small,   xxx eee 2
2

1

8

1

2

1
11   . 

 Ans: 

     
1

2
2

1 1

1 2 2
1 1 ...

2 2!

x x xe e e  

 
 
       

 

   
1

22
1 1

1 1 ...
2 8

x x xe e e        

 

(iii)  Use this result to evaluate dxe x




2

1

1  approximately, giving your 

answer to 3 significant figures. 
Ans: 
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2

2

1

1 1
1

2 8

x xI e e dx  
   

 
  

 

 2 2 4 1 2

2
1 1 1 1 1 1

2 1
2 16 2 16 2 16

1

x xI x e e e e e e          
             
     

 

  1.9335 0.8245 1.11 3 . .I S F    

 
 
 
 

 SECTION  B (P-40) 

 
Ex-40-7: Data suggest that the number of cases of infection from a particular 

disease tends to oscillate between two values over a period of 
approximately 6 months. 
(a)  Suppose that the number of cases, P thousand, after time t 

months is modelled by the equation 
t

P
sin2

2


 . Thus, when 

.1,0  Pt  

(i)  By considering the greatest and least values of P, write down 
the greatest and least values of P predicted by this model.  

Ans: 

 
max

2
2

2 1
P  


 

 
min

2 2

2 1 3
P  


 

  

(ii)  Verify that P satisfies the differential equation tP
dt

dP
cos

2

1 2   

 
  Ans: 

   
12

2 2 sin
2 sin

P t
t


  


 

     
 

2

2

2cos
2 2 sin cos

2 sin

dp t
t t

dt t


    


 

  
   

2

2 2

1 1 4 2cos
cos cos

2 2 2 sin 2 sin

t dp
P t t

dtt t
  

 
 

 
     
 

(b)  An alternative model is proposed, with differential equation  
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    tPP
dt

dP
cos2

2

1 2      

 

As before, 1P  when 0t . 

 

(i)  Express 
 12

1

PP
 in partial fractions.     

Ans: 

 
 

1 1

112 1
2

22

A B

P P P
PP P

  
  

 
 

 

1
1

1
2 0

2

A

P P

  
 

  
 

 

1
1

2
1

2

B
P

P

 



 

 
1 1 1 1 1 2

112 1 2 1
2

22

P P P P P
PP P

      
  

 
 

 

 
 
(ii)  Solve the differential equation (*) to show that 

t
P

P
sin

2

112
ln 







 
      

  Ans: 
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     tPP
dt

dP
cos2

2

1 2   

 

   
2

1
cos

2 2

dP
tdt

P P


   

 

   
2 1 1

cos
2 1 2

dp tdt
P P

 
  

 
   

 

   
2 1

cos
2 1 2

dp
dp tdt

P P
 

    

 
1

ln 2 1 ln sin
2

P P t C     

When t = 0, P=1 
 

    ln 2 1 ln1 0 ln1 ln1 0 0 0C C           

    
1

ln 2 1 ln sin 0
2

P P t     

   
2 1 1

ln sin
2

P
t

P

 
 

 
 

    

This equation can be rearranged to give 
t

e

P
sin

2

1

2

1



  

(iii)  Find the greatest and least values of P predicted by this 

model.         

 Ans: 

 max 1

2

1
2.847

2

P

e

 



 

 min 1

2

1
0.718

2

P

e


 



 

 
 

 
Ex-40-8: In a theme park ride, a capsule C moves in a vertical plane (see 

Fig40-8). With respect to the axes shown, the path of C is modelled 
by the parametric equations 

   2cos5cos10 x ,  2sin5sin10 y ,    20   

 
where x and y are in metres. 
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O

C(x, y)

x

y

Fig-40-8

 

(i)  Show that 




2sinsin

2coscos






dx

dy
 

  2cos5cos10 x  

  2sin10sin10 
dt

dx
 

  2sin5sin10 y  

  2cos10cos10 
dt

dy
 









2sinsin

2coscos

2sin10sin10

2cos10cos10











dx

dt

dt

dy

dx

dy
 

 
 

Verify that 0
dx

dy
 when 

3

1
 . Hence find the exact coordinates of the 

highest point A on the path of C.  
            

0
3

0

2

3

2

3

2

1

2

1

3

2
sin

3
sin

3

2
cos

3
cos

3

1
2sinsin

2coscos


































































dx

dy
 

2

5

2

5

2

10

3

2
cos5

3
cos10

3

12cos5cos10 
























x  

2

315

2

35

2

310

3

2
sin5

3
sin10

3

12sin5sin10 
























y  

Point 














2

315
,

2

5
 

 

(ii)  Express 22 yx   in terms of  . Hence show that 

cos10012522  yx          

  2cos5cos10 x  
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    2cos252coscos100cos1002cos5cos10 2222  x  

  2sin5sin10 y  

    2sin252sinsin100sin1002sin5sin10 2222  y  

 2sin252sinsin100sin1002cos252coscos100cos100 222222  yx

 

     2sinsin1002coscos1002cos2sin25cossin100 222222  yx  

 2sinsin1002coscos10012522  yx  

   22 sincossinsincoscoscos2cos   

   cossin2sincoscossinsin2sin   

 2 2 2 2125 100cos cos sin 200sin sinx y cos            

2 2 2 2 2125 100cos cos sin 2sinx y             

2 2 2 2125 100cos cos sinx y           

2 2 125 100cosx y      

 
(iii)  Using this result, or otherwise, find the greatest and least distances of C 

from O.            
Ans: 

 125 100 15Max    

 

 125 100 5Min    

 
 
You are given that, at the point B on the path vertically above O, 

  01cos2cos2 2    
 
(iv)  Using this result, and the result in part (ii), find the distance OB. Give your 

answer to 3 significant figures.         
Ans: 

 01cos2cos2 2    
 

 
2 12 2 2 3 1 3

cos
4 4 2


     

    

 at B, 
1 3

cos
2


 

  

 

  2 125 50 1 3 75 50 3 161.6OB         

 

161.6 12.7 ( )OB m    
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    PAPER-41 

Additional Information 

02  cbxax  
 

Applications of Discriminate acb 42   
 

(a) when 042  acb , there are TWO real distinct solutions 
 

Ex-41-1:  Solve this: 0232  xx  
 

018921434 22  acb  

 

2
2

13

2

893

)1(2

)2)(1(433

2

4

1
2

13

2

893

)1(2

)2)(1(433

2

4

22

2

22

1





























a

acbb
x

a

acbb
x

 

 

(b) when 042  acb , there are TWO real equal solutions 
 

Ex-41-2: Solve this: 0962  xx  
 

00363691464 22  acb  

 

3
2

6

2

06

2

36366

)1(2

)9)(1(466

2

4

3
2

6

2

06

2

36366

)1(2

)9)(1(466

2

4

22

2

22

1



































a

acbb
x

a

acbb
x

 

 

(c) when 042  acb , there are NO real solutions. The roots are complex 
numbers. 

 
 

Ex-41-3:   Solve this: 01022  xx  
 

?36404101424 22  acb  
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31
2

62

2

362

2

4042

)1(2

)10)(1(422

2

4

31
2

62

2

362

2

4042

)1(2

)10)(1(422

2

4

22

2

22

1

j
j

a

acbb
x

j
j

a

acbb
x


































 

 
Application Examples: 
 
Ex-41-4:  (i) Find the range of values of k for which the equation  

052  kxx  has one or more real roots.   
 

Ans: For real roots: 042  acb         

4

25
2542540452  kkkk    

 (ii) Solve the equation  025204 2  xx      
 

2

5

2

5

8

20

8

020

8

40040020

)4(2

)25)(4(4)20(20

2

21

22

2,1















xx

a

bb
x

 

 

Ex-41-5: Find the set of values of k  for which the equation 022 2  kxx  has 
no real roots.         

Ans: The equation 022 2  kxx  has no real roots when 

0)4)(4(0160)2)(2(404 222  kkkkacb  

 

4-4

(0,-16)

k

y

 
44  k  
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(x – 4) (x + 4) < 0

 x = - 4  x = 4

+--

++- 0

0

+-+

(x + 4) (x - 4)

(x – 4)(x + 4) 

(x - 4)

(x + 4)

Ans:      - 4 < x < 4
 

 

 

(ii) Find the set of values of k  for which the equation 032 2  kxx  has 
no real roots.      

The equation 032 2  kxx  has no real roots when 042  acb , hence 

8

9
980))(2(432  kkk  

 

Ex-41-6: Find the range of values of k  for which the equation 0182 2  kxx  
does not have real roots.        

Ans: The equation 0182 2  kxx  has no real roots when 

14401440182404 2222  kkkacb  

 

1212  k  
 

 

Ex-41-7: Find the set of values of k for which the graph of 522  kxxy  does 

not intersect the x-axis. 

Ans: The equation 522  kxxy  has no real roots when 

  0204054204 222  kkacb  

55505 22  kkk  

 
 

Ex-41-8: Find the range of values of k for which the equation 052  kxx  has 
one or more real roots. 

 Ans: 

 
4

25
25404504

22  kkkacb  
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Ex-41-9: Show that the graph of 1132  xxy  is above the x-axis for  

all values of x. 
Ans:       

 
4

35

2

3

4

44

4

9

2

3
11

4

9

2

3
113

222

2 

























 xxxxxy  

 

Ex-41-10: Find the set of values of x for which the graph of 102 2  xxy  is 

above the x-axis.  
 Ans: 

The graph will be above x-axis when 0y , hence 0102 2  xxy  

    0252  xx  

ORx>2

(2,0)
x

y

(-2.5,0)

(0,-10)

x< -2.5

 
 

Ex-41-11: Find the set of values of x for which the graph of 102 2  xxy  is 

below the x-axis.  
 Ans: 

The graph will be below x-axis when 0y , hence 0102 2  xxy  

    0252  xx  

 

(2,0)
x

y

(-2.5,0)

(0,-10)
-2.5<x< 2
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PAPER-42 

Amplitude 

Ex-42-1: tttf 5cos5sin)(        …(1) 

 

    )2...(5coscos5sinsin)(

sin5sincos5cos)5cos(5cos5sin)(

tAtAtf

tAtAtAtttf









 

 

0451tan

1
1

1
tan

cos

sin

1cos

1sin

:21























A

A

A

andA

andEqsComparing

 

 
 

)455cos(25cos5sin)(

2
)45cos(

1

0

0








ttttf

A
 

 
 

 

Ex-42-2: )605cos(5sin)( 0 tttf  

 

)155cos(518.0)(518.0
)15cos(

5.0

cos

5.0
15

5.0

1339.0
tan1339.0sin5.0cos

5sinsin5coscos)5cos(5cos5.05sin1339.0)(

5cos5.05sin1339.05sin866.05cos5.05sin)(

60sin5sin60cos5cos5sin)605cos(5sin)(

0

0

0

000














ttfAand

AandA

tAtAtAtttf

ttttttf

ttttttf






  

 

Ex-42-3: tttf 10cos510sin2)(        …(1) 

 

    )2...(10cossin10sincos)(

sin10coscos10sin)10sin(10cos510sin2)(

tAtAtf

tAtAtAtttf
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02.685.2tan

5.2
2

5
tan

cos

sin

5sin

2cos

:21























A

A

A

andA

andEqsComparing

 

 
 

)2.6810sin(385.510cos510sin2)(

).4(385.5
)2.68cos(

2

0

0








ttttf

FSA
 

 
 

Ex-42-4: )758cos(48sin3)( 0 tttf  

 

 

)85.398cos(348.1)(348.1
)85.39cos(

035.1

cos

035.1
85.39

835.0
035.1

864.0
tan864.0sin035.1cos

8sinsin8coscos

8cos)5cos(10cos035.18sin864.0)(

8cos035.18sin864.08sin864.38cos035.018sin3)(

75sin8sin475cos8cos48sin3)758cos(48sin3)(

0

0

0

000













ttfAand

AandA

tAtA

tAtAtttf

ttttttf

ttttttf










 

 
 

    PAPER-43 

Completing The Square 

 

Ex-43-1:  Solve this: 02  cbxax  by completing the square. 
 

02  cbxax  

02 









a

c
x

a

b
xa  

02 









a

c
x

a

b
x  

0
22

22

2 

































a

c

a

b

a

b
x

a

b
x  
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0
42 2

22











a

b

a

c

a

b
x  

0
4

4

2 2

22














a

bac

a

b
x  

0
4

4

2 2

22














a

acb

a

b
x  

 

2

22

4

4

2 a

acb

a

b
x











  

a

acb

a

acb

a

b
x

2

4

4

4

2

2

2

2 












  

 

a

acbb
x

2

42

2,1


  

 

a

acbb
x

a

acbb
x

2

4

2

4 2

2

2

1





  

 
 

Ex-43-2: Solve this: 0232  xx  
 

0118921434 22  acb  

 

2
2

13

2

893

)1(2

)2)(1(433

2

4

1
2

13

2

893

)1(2

)2)(1(433

2

4

22

2

22

1





























a

acbb
x

a

acbb
x

 

 

Ex-43-3: Solve this: 0232  xx  by completing the square method 
 

02
2

3

2

3
3

22

2 
















 xx  

0
4

9
2

2

3
2









x  

0
4

1

2

3
2









x  

4

1

2

3
2









x  
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2

1

4

1

2

3









x  

 

2

1

2

3
2,1 x  

1
2

2

2

1

2

3
1 x  

2
2

4

2

1

2

3
2 x  

 
 

Ex-43-4: Solve this: 2 6 9 0x x    
 

2 24 6 4 1 9 36 36 0 0b ac            

 
2

1

2

2

4 6 36 36 6 0 6 0
3

2 2 2 2

4 6 36 36 6 0 6 0
3

2 2 2 2

b b ac
x

a

b b ac
x

a

         
     

         
     

 

 
 

Ex-43-5: Solve this: 0962  xx  by completing the square method 
 

    09336
222  xx  

  0993
2

x  

  03
2
x  

31 x  

32 x  

 
 
 

Ex-43-6: Solve this: 01022  xx  
 

?36404101424 22  acb  

 

31
2

62

2

362

2

4042

)1(2

)10)(1(422

2

4

31
2

62

2

362

2

4042

)1(2

)10)(1(422

2

4

22

2

22

1

j
j

a

acbb
x

j
j

a

acbb
x
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Ex-43-7: Solve this: 01022  xx  by completing the square method 
 

  010112 222  xx  

  091
2

x  

  91
2

x  

  91
2

x  

  3911
2

jx   

311 jx   

312 jx   

 
 

Ex-43-8: Solve this: 03103 2  xx  by completing the square method 
 

01
3

10
3 2 








 xx  

01
3

102  xx  

01
6

10

6

10

3

10
22

2 
















 xx  

0
36

100
1

6

10
2









x  

0
36

64

6

10
2









x  

36

64

6

10
2









x  

 

6

8

36

64

6

10









x  

 

6

8

6

10
2,1 x  

3

1

6

2

6

8

6

10
1 x  

3
6

18

6

8

6

10
2 x  

 
 

Ex-43-9: Solve this: 03103 2  xx  by completing the square method 

03103 2  xx  

03103 2  xx  
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01
3

10
3 2 








 xx  

01
3

102  xx  

01
6

10

6

10

3

10
22

2 
















 xx  

0
36

100
1

6

10
2









x  

0
36

64

6

10
2









x  

0
36

64

6

10
2









x  

36

64

6

10
2









x  

6

8

36

64

6

10









x  

6

8

6

10
2,1 x  

3
6

18

6

8

6

10
1 x  

3

1

6

2

6

8

6

10
2 x  

 
 

Ex-43-10: Solve this: 01710 2  xx  by completing the square method 
 

0
10

1

10

7
10 2 








 xx  

0
10

1

10

72  xx  

0
10

1

20

7

20

7

10

7
22

2 
















 xx  

0
400

49

10

1

20

7
2









x  

0
400

9

20

7
2









x  

20

3

400

9

20

7









x  
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20

3

20

7
2,1 x  

2

1

20

10

20

3

20

7
1 x  

5

1

20

4

20

3

20

7
2 x  

 
 

Ex-43-11: Solve this: 06 2  xx  by completing the square method 

06 2  xx  

062  xx  

  062  xx  

062  xx  
 

06
2

1

2

1
22


















x  

0
4

24

4

1

2

1
2









x  

4

25

2

1
2









x  

2

5

4

25

2

1









x  

2

1

2

5
2,1 x  

2
2

4

2

1

2

5
1 x  

3
2

6

2

1

2

5
2 x  

 

Ex-43-12: Solve this: 034 2  xx  by completing the square method 

034 2  xx  

0
4

3

4

1
4 2 








 xx  

0
4

3

4

12  xx  

0
4

3

8

1

8

1
22


















x  

0
64

48

64

1

8

1
2









x  

64

49

8

1
2









x  
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8

7

64

49

8

1









x  

8

1

8

7
2,1 x  

1
8

8

8

1

8

7
1 x  

4

3

8

6

8

1

8

7
2 x  

 
 

0342  xx

y

-1
x

   013  xx

   013  xx

3x

1x

-3

342  xxy 0y
0y

0y

0342  xxy

31  xorx

0342  xxy

13  x

 

 

Ex-43-13: Solve the inequality  0342  xx  
Ans: 

  0342  xx  

      013  xx  

(x + 3) (x + 1) > 0

 x = - 3  x = - 1

+--

++- 0

0

+-+

(x + 3) (x + 1)

Ans:      - 3 > x     or       x > - 1

(x + 3) (x + 1)
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562  xxy

-1
x

1x

5x

0562  xxy

15  x

0562  xxy

-5

(-3, 4)

 562  xxy

  593
2

 xy

  43
2
 xy

  43
2
 xy

  043
2

 xy

  43
2

 x

  43
2
x

  23 x

0562  xxy

0562  xxy

0562  xxy

15  xorx

y

 
Ex-43-14: Solve the inequality  0562  xxy  

Ans: 

  0562  xx  

  0562  xx  

      015  xx  

 
 

(x + 5) (x + 1) > 0

 x = - 5  x = - 1

+--

++- 0

0

+-+

(x + 5) (x + 1)

Ans:      - 5 > x     or       x > - 1

(x + 5) (x + 1)
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2xy 

y

(0,0)

x

1 2 3 4-4 -3 -2 -1

(1,1)(-1,1)

(1,4)(-1,4)

24xy  2

4

1
xy 

  2xxfy 

2

4

1

2

1
xxfy 










  242 xxfy 

(1, 0.25)(-1, 0.25)

 
 

x

y

x y

3)(  xxfy

0 3

- 3 0

(- 3, 0)

(0, 3)

x y

3)(  xxfy

0 3

 3 0

(3, 0)

x

y x y

3)(  xxfy

0 - 3

- 3 0

(- 3, 0)

(0, 3)

x y

3)(  xxfy

0 3

 3 0

(0, - 3)
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x

y

(0, 3)

3)(  xxfy

xx  when 0x

xx  when 0x

3)(  xxfy when 0x

3)(  xxfy when 0x

3)(  xxfy when 0x3)(  xxfy when 0x

 
 

 

  12
2
 xy

y

(2, -1)

Line of symmetry is x = 2

x

  12
2
 xy

y

(2, 1)

Line of symmetry is x = 2

x

  12
2
 xy

y

(-2, 1)

Line of symmetry is x = - 2

x

 
 

 

 

  12
2
 xy

y

(-2, -1)

Line of symmetry is x = - 2

  22
2
 xy

y

(2, -2)

  32
2
 xy

y

(2, 3)

Line of symmetry is x = 2

xx

x

Line of symmetry is x = 2  
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  22
2
 yx

y

(2, 2)

Line of symmetry is y = 2

x

  22
2
 yx

y

(2, - 2)

Line of symmetry is y = - 2

x

  21
2
 yx

y

(-2, 1)

Line of symmetry is y = 1

x

 
 

 

 

 

  21
2
 yx

y

(2, 1)

Line of symmetry is x-axis or y = 1

x

  11
2
 yx

y

(-1, -1)

Line of symmetry is x-axis or y = - 1

x

  12
2
 yx

y

(-1, 2)

Line of symmetry is x-axis or y = 2

x

 
 

   

    PAPER-44 

Long Division and its Applications 

Ex-44-1: Divide 
232  zz

z
 using long division 

 

232  zz

4321 1573   zzzz

z
123  zz

  
123  z

21 693   zz
  

21 67   zz
321 14217   zzz

  
32 1415   zz

432 304515   zzz
 

43 3031   zz
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Ex-44-2: Divide 
232  xx

x
 using long division.  

 
 

x
2
 - 3x + 2

x
-1

 + 3x
-2

 + 7x
-3

 + 15x
-4

x

x – 3  + 2x
-1

-   +     -

3  - 2x
-1

 3  - 9x
-1

 + 6x
-2

-    +        -

 7x
-1

 - 6x
-2

7x
-1

 - 21x
-2

 + 14x
-3

-       +          -

 15x
-2

   - 14x
-3

15x
-2

   - 45x
-3

 + 30x
-4

-          +          -

 31x
-3

 - 30x
-4

 

844  xx2x

242 23  xxx

34 2xx 
-     +

xx 42 3 

-    +

xx 44 2 

23 42 xx 

xx 84 2 
-     +

84 x
84 x

-     +
0

 
 

 

 

    PAPER-45 
 

Simpson’s Rules + Others … 

Ex-45-1: The diagram shows a sketch of the curve with equation )(xfy  . 



 

312 

y

x
6

4

O

 

(a) On Fig.1, below, sketch the curve with equation )3( xfy  , indicating the 

values where the curve cuts the coordinate axes. 

(b) On Fig.2, sketch the curve with equation )( xfy  . 

(c) Describe the sequence of two geometrical transformations that maps the 

graph of )(xfy   onto the graph of )
2

1
( xfy   

y

x

)(xf

6

4

O

y

x

)(xf

6

4

O

- 4
)(xf

)3( xf

2

y

x

)(xf

6O

- 4
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)(xfy 

x

0

8.0
5

04








n

ab
h

             hnafhafhafhafbfaf
h

xdxxf

b

a

)1(322
2

27)(

4

0

3  

0.8 1.6 2.4 3.2 4.0

327)( xxfy 

327)( xxf 

    1961524.5270270)(
3

 faf

    2451883.5512.0278.0278.00)(
3

 fhaf

Trapezoid  Rule

4,0  ba

    5763788.5096.4276.1276.10)2(
3

 fhaf

    3893662.6824.13274.2274.20)3(
3

 fhaf

    7309767.7768.32272.3272.30)4(
3

 fhaf

      539392.9642742740)5(
3

 bffhaf

  7309767.73893662.65763788.52451883.52539392.91961524.5
2

8.0
27)(

4

0

3   xdxxf

b

a

).3(8.25847746.2527)(

4

0

3 fsxdxxf

b

a

 

             hafhafhafhafbfaf
h

xdxxf

b

a

4322
2

27)(

4

0

3  

             hafhafhafhafbfaf
h

xdxxf

b

a

4322
2

27)(

4

0

3  
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)(xfy 

x

0

8.0
5

04








n

ab
h

          6.38.222.14.027)(

4

0

3 fffffhxdxxf

b

a

 

0.8 1.6 2.4 3.2 4.00.4 1.2 2.0 2.8 3.6

327)( xxfy 

327)( xxf 

  2023072.5064.0274.027)4.0(
3

f

  3598507.5728.1272.127)2.1(
3

f

  9160798.5827227)2(
3

f

  9965706.6952.21278.227)8.2(
3

f

  5823074.8656.46276.327)6.3(
3

f

 5823074.89965706.69160798.53598507.52023072.58.027

4

0

3  x

  ).3(6.25645693.25057116.328.027

4

0

3 fsx 

Mid-Ordinate Rule
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)(xfy 

x

0

8.0
5

04








n

ab
h

              ...422...34
3

27)(

4

0

3   hafhafhafhafbfaf
h

xdxxf

b

a

0.8 1.6 2.4 3.2 4.0

327)( xxfy 

327)( xxf 

    1961524.5270270)(
3

 faf

    2451883.5512.0278.0278.00)(
3

 fhaf

Simpson’s��Rule

4,0  ba

    5763788.5096.4276.1276.10)2(
3

 fhaf

    3893662.6824.13274.2274.20)3(
3

 fhaf

    7309767.7768.32272.3272.30)4(
3

 fhaf

      539392.9642742740)5(
3

 bffhaf

              ...422...34
3

27)(

4

0

3   hafhafhafhafbfaf
h

xdxxf

b

a

    7309767.75763788.523893662.62451883.54539392.91961524.5
3

8.0
27)(

4

0

3   xdxxf

b

a

     ).3(4.23436927.23307356.132634555.114735544.14
3

8.0
27)(

4

0

3 fsxdxxf

b

a
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)(xfy 

x

0

Trapezoid  Rule

44

0 








n

ab
h

           ...322
2

sin)(
0

  hafhafhafbfaf
h

xdxxdxxf

b

a



xxxfy sin)( 

  00sin0sin0)(  xxfaf

626657.07071067.08862269.0
4

sin
444

0)( 




























ffhaf

 ba ,0

xxxfy sin)( 

12533141.112533141.1
2

sin
224

2
0)2( 





























ffhaf

0854019.17071067.05349901.1
4

3
sin

4

3

4

3

4

3
0)3( 





























ffhaf

      007724539.1sin
4

4

4

4
0)4( 

















 


bffffhaf

  0854019.112533141.1626657.0200
24

sin)(
0




 




xdxxdxxf

b

a

           ...322
2

sin)(
0

  hafhafhafbfaf
h

xdxxdxxf

b

a



  ).3(23.22284811.26747806.5
24

sin)(
0

fsxdxxdxxf

b

a




 




4



2



4

3 
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)(xfy 

x

0
4



2



4

3 

44

0 








n

ab
h












































  8

7

8

5

8

3

8
sin)(

0




ffffhxdxxdxxf

b

a

xxxfy sin)( 

2398112.03826834.0626657.0
8

sin
88

















 
f

 ba ,0

xxxfy sin)( 

0027805.19238795.00854019.1
8

3
sin

8

3

8

3

















 
f

  ).3(49.24910135.21716569.3
4

sin)(
0

fsxdxxdxxf

b

a

 




Mid-Ordinate Rule

8



8

3

8

5

8

7

2945842.19238795.04012478.1
8

5
sin

8

5

8

5

















 
f

634481.03826834.06579788.1
8

7
sin

8

7

8

7

















 
f












































  8

7

8

5

8

3

8
sin)(

0




ffffhxdxxdxxf

b

a

 634481.02945842.10027805.12398112.0
4

sin)(
0

 




xdxxdxxf

b

a
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)(xfy 

x

0
4



2



4

3 

44

0 








n

ab
h

              ...422...34
3

sin)(
0

  hafhafhafhafbfaf
h

xdxxdxxf

b

a



xxxfy sin)( 

  00sin0sin0)(  xxfaf

626657.07071067.08862269.0
4

sin
44

0)( 



















fhaf

Simpson’s��Rule

 ba ,0

xxxfy sin)( 

12533141.112533141.1
2

sin
224

2
0)2( 





























ffhaf

0854019.17071067.05349901.1
4

3
sin

4

3

4

3

4

3
0)3( 





























ffhaf

      007724539.1sin
4

4
0)4( 








 


bfffhaf

     ).3(38.2382086.212533141.120854019.1626657.0400
34

sin)(
0

fsxdxxdxxf

b

a




 




            hafhafhafbfaf
h

xdxxdxxf

b

a

22...34
3

sin)(
0
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    PAPER-46 

Remainder of a polynomial f(x) 

    652321)( 23  xxxxxxxf  

As it can be seen very clearly that  1x ,  2x and  3x  are the factors of  .xf

Hence, .3,2,10)(  xxxwhenxf  So,       03,02,01  fff  

Note: if     652321)( 23  xxxxxxxf  is divided by any of its factors, the 

remainder will be zero. 

 

Ex-46-1:     619621332)( 23  xxxxxxxf  

As it can be seen very clearly that  32 x ,  13 x and  2x  are the factors of  .xf

Hence, .2,
3

1
,

2

3
0)(  xxxwhenxf  So,   02,0

3

1
,0

2

3


















 fff  

 

Note: if     619621332)( 23  xxxxxxxf  is divided by any of its factors, 

the remainder will be zero. 

 

Ex-46-2:     61119621323)( 23  xxxxxxxf  

As it can be seen very clearly that  x23 ,  13 x and  2x  are the factors of  .xf

Hence, .2,
3

1
,

2

3
0)(  xxxwhenxf  So,   02,0

3

1
,0

2

3


















fff  

Note: if     61119621323)( 23  xxxxxxxf  is divided by any of its 

factors, the remainder will be zero. 

 

Ex-46-3: If 41119610611196)( 2323  xxxxxxxf  is divided by 

 x23 ,  13 x ,  2x , the remainder is 10, because  

4
2

3
11

2

3
19

8

27
64

2

3
11

2

3
19

2

3
6

2

3
223































































f  
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10
4

40

4

16

4

66

4

171

4

81
4

2

33

4

171

4

81

2

3









f  

4
3

1
11

9

1
19

27

1
64

3

1
11

3

1
19

3

1
6

3

1
23































































f  

104
9

54
4

3

11

9

19

27

6

3

1









f  

        1042276484211219262
23

f  

 

Note: if 

    411196106111961021323)( 2323  xxxxxxxxxxf  is 

divided by any of its factors, the remainder will be 10 as follows. 

4196 23  xxx2x

3116 2  xx

23 126 xx 
-      +

xx 1911 2 

-       +

43 x

xx 2211 2 

63 x
-     +

10

4196 23  xxx13 x

62 2  xx

23 26 xx 
-      -

xx 193 2 

+       +

418  x

xx  23

+       +

10

618  x

4196 23  xxx32 x

253 2  xx

23 96 xx 
-      -

xx 1910 2 

+        +

44  x

xx 1510 2 

+     +

10

64  x

 

The function cbxxxf  4)(  is such that 0)2( f . Also, when )(xf is divided by 3x

, the remainder is 85. Find the values of a  and b . 

Ans: cbxxxf  4)(  

 1622022)2( 44  cbcbf   

162  cb   …(1) 

And      44
38538533)3(  cbcbf  

 481853  cb  

 43  cb   …(2) 

Hence, 
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162  cb   …(1) 

 43  cb   …(2) 

 

Subtracting Eq.2 from Eq.1: 

  41632  bb  

2032  bb  

205 b  

4b  

162  cb   …(1) 

  88161681642  ccc  

So: 

4b  

8c  

 

    PAPER-47 

Some additional practice 

Ex-47-1: You are given that 6)( 4  axxxf  and that  2x is a factor of )(xf . 

Find the value of a .       

 

Ans: 6)( 4  axxxf  

 If 2x  is a factor of 6)( 4  axxxf , then 06)2(2)2( 4  af  

5101662  aa  

 

Ex-47-2: When 73  kxx  is divided by )2( x , the remainder is 3. Find the value of 

k .          
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Ans: 1287323722)2(7)( 33  kkfkxxxf  

 6 k  

 

Ex-47-3: Consider the function 12)( 2  xxxf  

0221211)1(2)1()1( 2 f , therefore, if 12)( 2  xxxf , is divided 

by 1x , the remainder will be zero as shown below. 

 

122  xx
1x

1x

xx 2

-     -

1x
1x

-   -
0

 

Ex-47-4: Consider the function 22)( 2  xxxf  

1232212)1(2)1()1( 2 f , therefore, if 22)( 2  xxxf , is divided 

by 1x , the remainder will be 1 as shown below. 

 

222  xx
1x

1x

xx 2

-     -

2x
1x

-    -

1  

Ex-47-5: Consider the function 52)( 2  xxxf  

4265215)1(2)1()1( 2 f , therefore, if 52)( 2  xxxf , is divided 

by 1x , the remainder will be 4 as shown below. 
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522  xx
1x

1x

xx 2

-     -

5x
1x

-    -
4  

Ex-47-6: Consider the function 84)( 4  xxxf  

0161688168)2(4)2()2( 4 f , therefore, if 84)( 4  xxxf , is divided 

by 2x , the remainder will be 0 as shown below. 

844  xx2x

242 23  xxx

34 2xx 
-     +

xx 42 3 

-    +

xx 44 2 

23 42 xx 

xx 84 2 
-     +

84 x
84 x

-     +
0  

 

Ex-47-7: The function cbxxxf  4)(  is such that 0)2( f . Also, when )(xf is 

divided by 3x , the remainder is 85. Find the values of a  and b . 

 

Ans: cbxxxf  4)(  

 1622022)2( 44  cbcbf   

162  cb   …(1) 

And      44
38538533)3(  cbcbf  

 481853  cb  

 43  cb   …(2) 

Hence, 



 

324 

 

162  cb   …(1) 

 43  cb   …(2) 

 

Subtracting Eq.2 from Eq.1: 

  41632  bb  

2032  bb  

205 b  

4b  

162  cb   …(1) 

  88161681642  ccc  

So: 4b   and   8c  

 

    PAPER-48 

Some additional practice 

Ex-48-1: You are given that 6)( 4  axxxf  and that  2x is a factor of 

)(xf . Find the value of a .      

Ans: 6)( 4  axxxf  

 If 2x  is a factor of 6)( 4  axxxf , then 06)2(2)2( 4  af  

5101662  aa  

 

Ex-48-2: When 73  kxx  is divided by )2( x , the remainder is 3. Find the 

value of k .         

Ans: 1287323722)2(7)( 33  kkfkxxxf  

 6 k  
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Ex-48-3: Consider the function 12)( 2  xxxf  

0221211)1(2)1()1( 2 f , therefore, if 12)( 2  xxxf , is divided 

by 1x , the remainder will be zero as shown below. 

 

122  xx
1x

1x

xx 2

-     -

1x
1x

-    -
0

 

 

Ex-48-4: Consider the function 22)( 2  xxxf  

1232212)1(2)1()1( 2 f , therefore, if 22)( 2  xxxf , is divided 

by  1x , the remainder will be 1 as shown below. 

 

222  xx
1x

1x

xx 2

-     -

2x
1x

-    -

1  

 

Ex-48-5: Consider the function 52)( 2  xxxf  

4265215)1(2)1()1( 2 f , therefore, if 52)( 2  xxxf , is divided 

by  1x , the remainder will be 4 as shown below. 
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522  xx
1x

1x

xx 2

-     -

5x
1x

-    -
4  

 

Ex-48-6: Consider the function 84)( 4  xxxf  

0161688168)2(4)2()2( 4 f , therefore, if 84)( 4  xxxf , is divided 

by  2x , the remainder will be 0 as shown below. 

 

844  xx2x

242 23  xxx

34 2xx 
-     +

xx 42 3 

-    +

xx 44 2 

23 42 xx 

xx 84 2 
-     +

84 x
84 x

-     +
0  

Ex-48-7: The polynomial 67)( 3  xxxp  

(a) Use the factor theorem to show that  1x  is a factor.  

(b) Express 67)( 3  xxxp  as the product of three linear factors. 

If 1x  is a factor of 67)( 3  xxxp , then   06)1(71)1(
?

3
p  

OK 0671  
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673  xx1x

62  xx

23 xx 
-     -

xx 72 

+     +

66  x

xx  2

66  x
+     +

0  

      2316167)( 23  xxxxxxxxxp  

 

 

Ex-48-8: The polynomial )(xp  is given by 10)( 3  xxxp  

(a) Use the factor theorem to show that  2x  is a factor of )(xp .  

(b) Express )(xp  in the form   )(2)( 2 baxxxxp  , where a  and b are constants. 

Ans: 10)( 3  xxxp   

010281022)2( 3 p  

Because p(2)=0, then x-2 is a factor of p(x). 

 

   PAPER-49 

 

Solving Trigonometric Equations. 
Ex-49-1: Find the solution to the equations in the ranges indicated. 

2
900 



2

3
2700 



000180 00
000023600 
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2
900 



2

3
2700 



00 0180 00
000023600 

 
 

 Ex-49-2:   00 36008.15.1sin2  xforx   

  

       9.0
2

8.1
5.1sin x  

        9.0sin5.1 1x  

       0000 83.475,16.424,84.115,16.645.1 x  

        









5.1

83.475
,

5.1

16.424
,

5.1

84.115
,

5.1

16.64
x  

        22.317,77.282,226.77,77.42x  

 
 

Ex-49-3:   00 5002616cos8  xforx   

       6216cos8 x  

      416cos8 x  

      5.0
8

4
16cos 


x  

       5.0cos16 1  x  

      0000 600,480,240,12016 x  

     

0000 5.37
16

600
,30

16

480
,15

16

240
,5.7

16

120
x  

 
 
 

Ex-49-4:   00 3004660sin5  xforx   

       6460sin5 x  

      260sin x  

      4.0
5

2
60sin 


x  

       4.0sin60 1  x  

      

58.1643,42.1416,58.1283,42.1056,58.923,42.696,58.563,42.336,58.20360 00000000x  

      
00000000 393.27,393.21,607.17,393.15,607.11,393.9,607.5,393.3x  

 

016.64
00

016.64

084.115

0120

000240

00 360120 

00 360240 
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Ex-49-5:   00 909010123cos5.2  xforx   

       12103cos5.2 x  

      23cos5.2 x  

      8.0
5.2

2
3cos 


x  

       8.0cos3 1  x  

      0000 87.216,13.143,87.216,13.1433 x  

       
0000 29.72,71.47,29.72,71.47 x  

 

Ex-49-6:   00 2400715
2

cos8 







 xfor

x
  

       
8

7
15

2
cos 










x
 

       
01 96.28

8

7
cos15

2


















 x

  

        
000 36096.28,96.2815

2











x
 

 

        0000 92.8796.431596.28
2

 x
x

 

          

Ex-49-7:   00 12001612cos40  xforx   

       4.0
40

16
12cos 


x  

      

         00000000001 72042.246,72058.113,36042.246,36058.113,42.246,58.1134.0cos12  x

   0000 108042.246,108058.113,    

         
00000000 535.110,465.99,535.80,465.69,535.50,465.39,535.20,465.9x  

         

  

Ex-49-8:     00 9004812cos65  xforx   

         154812cos6 x  

         0000001 41.980,59.819,41.620,59.459,41.260,59.99
6

1
cos812 







 
 x   

        
000000 41.972,59.811,41.612,59.451,41.252,59.9112 x  

         
000000 034.81,633.67,034.51,633.37,034.21,325.7x  

 
 
 

 
 

013.143

00
087.216

013.143

087.216
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     PAPER-50 

Integration by substitution and by parts 
 

 

Ex-50-1: Find the integral of  523 x  with respect to x . 

 

   ?23
5
dxx  

2
223

du
dx

dx

du
xu   

    cxcuduuduudxx  
66555

23
12

1

12

1

2

1

2

1
23  

 
 

Ex-50-2: Find    

2

1

3
31 dxx  

 

    ?31

2

1

3

  dxx

 

3
331

du
dx

dx

du
xu   

      444433

2

1

3
)31(61

12

1

1

2
31

12

1

12

1

3

1

3

1
31   xuduuduudxx

     75.5016625
12

1
31

2

1

3
 dxx  

 
 

Ex-50-3: Find  



dx

x

x

32

1
 

 

2
232

du
dx

dx

du
xu   

2

5

2

23

1

1

2

3
1

2

3
3232













uuu
x

u
xuxxu  

cuu
u

du
du

u

du
du

u

u
du

u

u
du

u

u
dx

x

x











   ln

4

5

4

1

4

5

4

1

4

5

4

15

4

1

2

5

2

1

32

1

 

    cxxdx
x

x





 32ln

4

5
32

4

1

32

1
 

 
 



 

331 

Ex-50-4: Find  



2

1 12

2
dx

x

x
 

 

2
212

du
dx

dx

du
xu   

2

5

2

41
2

2

1
1212










uu
x

u
xuxxu  

  












duuduu

u

du
du

u

u
du

u

u
du

u

u

x

x
2

1

2

1
2

1 4

5

4

1

4

5

4

15

4

1

2

5

2

1

12

2
 

2

1

2

3

2

1

2

3

8

5

6

1

2

1

4

5

3

2

4

1
uuuu 

















  

         
8

15
127

6

1
13

8

5
127

6

1

1

2

12
8

5

1

2

12
6

1

12

2
2

1

2

32

1





 xxdx

x

x
 

 
4

7

2

3

12

21

2

3

8

15

6

1

2

3

8

15
133

6

1

32

2

1


 dx

x

x
 

 
 

Ex-50-5: Find 


 dx
x 13

1
 

3
313

du
dx

dx

du
xu   

 


12
3

2

3

2

3

2

3

1

3

1

3

1
2

1

2

1

xuuduu
u

du

u

du
 

 
 

Ex-50-6: Find 
 

?
1

23

2

 


dx
x

x
  

 

2

23

3
31

x

du
dxx

dx

du
xu   

 

   





 c
x

uduu
u

du

ux

dux
dx

x

x

)1(3

1

3

1

3

1

3

1

31
3

12

222

2

23

2

 

 

Ex-50-7: Given that 12  x
dx

dy
 and 5y  when 0x , find y. 

 12  x
dx

dy

 
 

   dxxdydxxdy 1212
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   dxxy 12
 

2
212

du
dx

dx

du
xu   

   







 cxuduuduudxxy 2

3
2

3

2

1

12
3

1

3

2

2

1

2

1

2

1
12  

  50521
3

1
2

3

 cccxy  

   512
3

1
2

3

 xy  

 

Ex-50-8: Find   



4

0 4

4
dx

x

x
 

 

dudx
dx

du
xu  14  

uxxu  44  

 






duudu

u

u
du

u

u
dx

x

x
2

14

0

44

4

4
 

   
3

16
80

3

2

0

4

4
3

2

3

2
2

3
2

3

 xu   

 

 Ex-50-9: Find   


3

1

0 13

1
dx

x
 

 

3
313

du
dx

dx

du
xu   

0

3

1

13
3

2

3

2

3

2

3

1

3

1

3

1

13

1
2

1

2

13

1

0

 




xuuduu
u

du

u

du
dx

x
 

 12
3

2

0

3

1

13
3

2

13

13

1

0




 xdx
x
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Integration by Parts 
  

The formula for integration by parts is:   dx
dx

du
vuvdx

dx

dv
u   

Ex-50-10:   dxxe x

  
 

spartbyegrationvduuvudvdxxe x

   .int3

 

dxedvandxuLet x  
xx edxevanddxdu     

     .Cexedxexedxexevduuvudvdxxe xxxxxxx  

 
 

Ex-50-11:   xdxx 2cos  

   .int2cos partsbyegrationvduuvudvxdxx  
xdxdvandxuLet 2cos  

xxdxvanddxdu 2sin
2

1
2cos    

   .2cos
4

1
2sin

2
2sin

2

1
2sin

2
2cos Cxx

x
xdxx

x
vduuvudvxdxx  

 

 

 Ex-50-12:    xdxx ln12  

 

     .intln12 partsbyegrationvduuvudvxdxx  

 dxxdvandxuLet 12ln   

  xxdxxvanddx
x

du  
212

1
 

         






 
 dxxxxxdx

x

xx
xxxvduuvudvxdxx 1ln.lnln12 2

2
2

         Cx
x

xxxdxxxxxxdxx   2
ln1lnln12

2
22  

 
 

Ex-50-13: Using integration by parts,  dxxx 21  

 

   .int21 partsbyegrationvduuvudvdxxx  

  dxxdxxdvandxuLet 2

1

2121   

     2

3

2

3

2

1

21
3

1
21

3

2

2

1
21 xxdxxvanddxdu 
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        Cxx
x

dxxx
x

vduuvudvdxxx 







   2

5

2

3

2

3

2

3

21
5

2

6

1
21

3
.21

3

1
21

3
21

 

    Cxx
x

dxxx  2

5

2

3

21
15

1
21

3
21

 
 
 

Ex-50-14:    dxex x2

2

0

1  

     .int1

2

0

2 partsbyegrationvduuvudvdxex x

 

dxedvandxuLet x21   
xx edxevanddxdu 22

2

1
   

     
0

2

4

1

0

2
1

2

1
).(

2

1

2

1
11 22222

2

0

xxxxx eexdxeexvduuvudvdxex 







  

 

          
4

1

4

3

4

1

4

1

2

1
1

4

1
0121

2

1

0

2

4

1

0

2
1

2

1
1 44444222

2

0

 eeeeeeexdxex xxx

 
 

 Ex-50-15: 
2

1

3 ln xdxx   

 

   .intln

2

1

3 partsbyegrationvduuvudvxdxx  

dxxdvandxuLet 3ln   

4

1 4
3 x
dxxvanddx

x
du    

16

1
102ln4

1

2

16

1

1

2
ln

4
.

1

4

1

4
lnln 4

4
4

42

1

3 







   xx

x
dxx

x

x
xvduuvudvdxxx

 

16

15
2ln4   

 
 

Ex-50-16: 


2

2

cos





xdxx   

 

  .int partsbyegrationvduuvudv  
xdxdvandxuLet cos  
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xxdxvanddxdu sincos    

 










.

2

2
cos

2

2
sinsinsincos

2

2











xxxxdxxxvduuvudvxdxx
 

000
222

cos
2

cos
2

sin
22

sin
2

cos
2

2























































xdxx  

 
 

Ex-50-17: The area under the graph of xy ln  between x=1 and x=5 is given by 

?ln

5

1

 xdx

 
 

   .intln

5

1

partsbyegrationvduuvudvxdx  

dxdvandxuLet  ln  

xdxvanddx
x

du  
1

 

45ln5)15(1ln5ln5
1

5

1

5
ln.lnln

5

1

   xxxdx
x

x
xxvduuvudvdxx  

 
 

Ex-50-18: The area under the graph of xxy sin  and the x axis between x=0 

and 2x is given by 
 

?sin

2

0

 



xdxx

 
 

   .intsin

2

0

partsbyegrationvduuvudvxdxx



 

xdxdvandxuLet sin  
xdxvanddxdu cossin    

0

2
sin

0

2
cos.)cos(cossin

2

0



xxxdxxxxvduuvudvdxxx   
 

    


2)0sin(2sin02cos2
0

2
sin

0

2
cossin

2

0

 xxxdxxx  
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Narrated Anas (RA): The Prophet(SAW( used to say, “O Allah! Our Lord!  

Give us in this world that, which is good and in the Hereafter that,  

which is good and save us from the torment of the Fire” (Al-Bukhari) 

 

 

 

 

 

 
 

 

Dear Brothers and Sisters!      �     � �    � � �      

children, my family and the entire Muslims of the world in your daily 

I kindly request each one of you to remember me, my parents, my

Prayers. If you have not done it so far, then please do it now.
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abdullahwardak53@gmail.com
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